Orbitsin Central Force Fields |

Consider the central force field F'(r) associated with a spherical density
distribution p(7).

As we have seen before, the orbits are planar, so that we consider the polar
coordinates (r, )

- - | d37 —
The equations of motion are: | ;3 = F'(7)é;

Solving these requires a careful treatment of the unit vectors in polar
coordinates:

€, = cos 0€; + sin O€,,
€p = —sinbe, + cosO€,
d"? - d o ° —_
o = qi(rcos@é, + rsinbe,)

— 1 cos0&, — r0sin €, + 7 sin Oe, + r0 cos Oe,
= 7€, + 10y
and similarly one obtains that

d°F _ (# — r0?)€, + (210 + r0)éy

dt2
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We thus obtain the following set of equations of motions:

¥ — r0?

270 -+ r0

F(r)=—9,
0

Multiplying the second of these equations with 7 yields, after integration, that
% (rzé) — 0. This simply expresses the conservation of the orbit’s angular

momentum L = 720, i.e., the eguations of motion can be written as

i —rg2 = 942

. dr
r20 L = constant

In general these equations have to be solved numerically. Despite the very
simple, highly symmetric system, the equations of motion don’t provide
much insight. As we’ll see later, more direct insight is obtained by focussing
on the conserved quantities. Note also that the equations of motion are
different in different coordinate systems: in Cartesian coordinates (x, y):

oo odb
v o= Fp = —%;
.e od
y = F = —%
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As shown before, one can use the second equation of motion (in polar

coordinates) to eliminate 0 in the first, which yields the radial energy
equation

24 L 4 e(r)=E

which can be rewritten as
d J2
d—: = :I:\/Z[E — <I>(r) — 5.3

where the == sign is required because r can both increase and decrease.
Solving for the turn-around points, where dr /dt = 0, yields

1 _ 2[E—-%(r)]
r2 —J2

which has two solutions: the apocenter r4 and the pericenter r— < 7.
These radii reflect the maximum and minimum radial extent of the orbit.

It is customary to define the orbital eccentricity as

T — T_

e:r++r_

where e = 0 and e = 1 correspond to circular and radial orbits, resp.



The Lagrangian

The equations of motion as given by Newton’s second law depend on the
choice of coordinate system

Their derivation involves painful vector calculus when curvi-linear
coordinates are involved

In the Lagrangian formulation of dynamics, the equations of motion are valid
for any set of so-called generalized coordinates (g1, g2, -5 gr ), With 1 the
number of degrees of freedom

Generalized coordinates are any set of coordinates that are used to describe
the motion of a physical system, and for which the position of every particle
In the system is a function of these coordinates and perhaps also time:

¥ = 7(q;, t). If ¥ = 7(q;) the system is said to be natural.

Define the Lagrangian function: | L =T — V

with T and V' the kinetic and potential energy, respectively.
In Cartesian coordinates, and setting the mass m = 1, we have
1/ . .
L=35(&*+ 9%+ 2%) — ®(z,y, 2)

In Generalized coordinates we have that L = £(q;, qG;).



Actions and Hamilton’s Principle

Define the action integral (also just called the action)

I=[cdt

which is the integral of the Lagrangian along a particle’s trajectory as it
moves from time g to 1.

Hamilton’s Principle, also called Principle of least action: The equations of
motion are such that the action integral is stationary (i.e., dI = 0) under
arbitrary variations dq; which vanish at the limits of integration tq to ;.

Note that these stationary points are not necessarily minima. They may also
be maxima or sadle points.

In order to derive these equations of motion, we first familiarize ourselves
with the calculus of variations
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We are interested in finding the stationary values of an integral of the form

I = :j}f(ya y)diB

where f(y, ) is a specified function of y = y(x) and y = dy/dx.
y X(1)

y(X)

X(0)

X

Consider a small variation dy (), which vanishes at the endpoints of the
integration interval: dy(xg) = dy(x1) =0
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Using that
o Of .
Of = gLoy + 5509

with 0y = %éy(w), the stationary values obey

1
— of of d —
o
Using integration by parts, and dy(xo) = dy(x1) = O, this reduces to
_ (lasr, a (&r _
0

which yields the so-called Euler-Lagrange equations

af d (Bf) —0
Oy dz \ 8y )

These are second-order differential equations for y (), whose solutions
contain two arbitrary constants that may be determined form the known
values of y at xg and x1.
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Application of the Euler-Lagrange equations to the Lagrangian £(q;, q;)
yields

oL _ d (L) _
9q; dt \ 9q; ]

which are the Lagrange equations (one for each degree of freedom), which
represent the equations of motion according to Hamilton’s principle. Note
that they apply to any set of generalized coordinates

In addition to the generalized coordinates we also define the generalized
momenta p; (also called conjugate momenta) and the generalized forces Fj:

— 0L — 0L

pi:ﬁ(liz C

NOTE: in general p; and F; are not components of the momentum vector p

or the force vector F'!!! Whenever g; is an angle, the conjugate momentum
Pp; is an angular momentum.
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As an example, let’s consider once again motion in a central force field. Our

generalized coordinates are the polar coordinates (7, ), and the Lagrangian
IS

L= %7’“2 + %TZéz — ®(r)

The Lagrange equations are

oL d oL 12 odP d /. oo 12 odP
W_E(W) 0 = 10 _W_E(r) 0 = 7©—rb  Or
oL d oL d 2 20 [, —

86 ~  dt (%) 0 = _E(r 9) = 70 cst

Note that the Lagrangian formulation allows you to write down the equations
of motion much faster than using Newton’s second law!
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The Hamiltonian H(q;, p;) is related to the Lagrangian £(q;, ;) via a
Legendre Transformation

In general, a Legendre Transformation is a transformation of a function

f(x,y) tog(u,y), where u = % and % =

g(u,y) =f —uw

NOTE: You might be familiar with Legendre Transformations from
Thermodynamics where they are used to compute different thermodynamic
potentials from the internal energy U = U (S, V'), such as
enthalpy: H = H(S,p) =U +pV
Helmholtz free energy: F' = F(T, V) =U — T S

Using a similar Legendre transformation we write the Hamiltonian as

H(G, Pst) = 3 pi4i(@, D) — £(d, @(d, P t)

=1

To compute H(q, p, t), first compute L(, q, t), next compute the

conjugate momenta p; = AL /9q;, compute H = p - g — L(q, q, t) and
finally express the ¢; in terms of p and ¢
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Differentiating H with respect to the conjugate momenta yields

n
R

The second and third terms vanish since p; = 9L /9q;, so that we obtain
that 9H /Op; = ¢;. Similarly we obtain that

—_ 8Q'L oL 0q;
c’?qJ sz _—_Zadia—qg‘

Here the first and third terms cancel, and since the Lagrange equations tell
us that 0L/8q; = p;, we obtain that 9H/0q; = —p;.

This yields the Hamiltonian equations of motion

OH __ . OH __ .
op; i dq; . Pi

Note that whereas Lagrange’s equations are a set of n second-order
differential equations, Hamilton’s equations are a set of 2n first-order
differential equations. Although they are easier to solve, deriving the
Hamiltonian itself is more involved.
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The Hamiltonian description is especially useful for finding conserved
quantities, which will play an important role in describing orbits.

If a generalized coordinate, say g;, does not appear in the Hamiltonian, then
the corresponding conjugate momentum p; is a conserved quantity!!!

In the case of motion in a fixed potential, the Hamiltonian is equal to the total
energy, i.e., H = FE

DEMONSTRATION: for a time-independent potential ® = ® (&) the

Lagrangian is equal to £ = %52 — &(&). Since P = L /OE = T we

havethat H = & - & — 222 + (%) = 222+ ®(Z) = E

The 2n-dimensional phase-space of a dynamical system with 2 degrees of
freedom can be described by the generalized coordinates and momenta

(@, p). Since Hamilton’s equations are first order differential equations, we
can determine ¢(t) and p(t) at any time t once the initial conditions

(@o, Po) are given. Therefore, through each point in phase-space there
passes a unique trajectory I'[§(qo, Po, t), P(do, Po, t)]. No two trajectories
I'; and I'; can pass through the same (gp, Po) unless I'y = I's.
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As an example, let’s consider once more the motion in a central force field.
Our generalized coordinates are the polar coordinates (r, 8), and, as we

have seen before the Lagrangianis £ = 172 4 11202 — &(r)

2
The conjugate momenta are p,, = % — rand pg = % = r20
so that the Hamiltonian becomes
2
1 1p
H — § —|— 5—3 <I>(’r')

Hamilton’s equations now become

OH __ _pg | 8% __ . OH .

or = T8 T gp = —Pr 20 = 0= —Po

OH __ o OH __ pe _ g

op, — Pr =T 8pe_r2_6
which reduce to

P —r0? = — %f pe = 120 = cst

Note that 8 does not appear in the Hamiltonian: consequently pg is a
conserved quantity



Noether’s Theorem

In 1915 the German mathematician Emmy Noether proved an important
theorem which plays a trully central role in theoretical physics.

Noether’s Theorem: If an ordinary Lagrangian posseses some continuous,
smooth symmetry, then there will be a conservation
law associated with that symmetry.

Invariance of £ under time translation — energy conservation
Invariance of £ under spatial translation — momentum conservation
Invariance of £ under rotational translation — ang. mom. conservation

Gauge Invariance of electric potential — charge conservation

Some of these symmetries are immediately evident from the Lagrangian:

If £ does not explicitely depend on t then E is conserved

If £ does not explicitely depend on g; then p; is conserved
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DEFINITION: Let A(q, p) and B({q, p) be two functions of the generalized
coordinates and their conjugate momenta, then the Poisson bracket of A

and B is defined by

n
_ O0A OB O0A OB
4, B] = z.;l dq; Op;  Op: 3%]

Let f = f(q, P, 1) then
df = §Ldg; + 5Ldp; + it

where we have used the summation convention. This differential of f,
combined with Hamilton’s equations, allows us to write

df _ 8f | 8f oM _ 0f oM
dt ~— ot 9q; Op; Op; 9q;

which reduces to

it = ot T H]

This is often called Poisson’s equation of motion. It shows that the

time-evolution of any dynamical variable is governed by the Hamiltonian

through the Poisson bracket of the variable with the Hamiltonian.
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Using the Poisson brackets we can write

dH __ 8H _ OH _ oL
dt 8t+[H’H]_ ot ~— Ot

where the latter equality follows from H = p - cj’— L.

For an equilibrium system with a time-independent potential, 9® /9t = 0,
we have that 9H /9t = 0 and thus also dH /dt = 0. Since in this case the
Hamiltonian is equal to the total energy, this simply reflects the energy

conservation. Note that for any conservative system, H does not explicitely
depend on time, and thus dH /dt = 0

With the help of the Poisson brackets we can write Hamilton’s equations in a
more compact form

d; = g, H] Di = [pi, H]

Note that it is explicit that these equations of motion are valid in any system
of generalized coordinated (q1, g2, -., ¢ ) and their conjugate momenta
(p1s P25 -5 Pr ). As we will see next, in fact Hamilton’s equations hold for
any so-called canonical coordinate system.



Canonical Coordinate Systems

If we write w; = g; and wy,4+; = p; with?z = 1, .., n and we define the
symplectic matrix ¢ as

+1 fa=08Fn
0 otherwise

Cap = [Wo,wg] = {

with o, 3 € [1, 2n], then

2n
— OA OB
A, Bl = o %::1 CaB pwa Bwp

DEFINITION: Any set of 2n phase-space coordinates {wo,a = 1,..,2n}
is called canonical if [we, wg] = cop.

Hamilton’s equations can now be written in the extremely compact form:

Wo = [Wa, H]

which makes it explicit that they hold for any canonical coordinate system.

Note that the generalized coordinates and momenta (q, p) form a canonical
coordinate system, since they obey the canonical commutation relations

[Qia Qj] — [piapj] =0 [pia qj] — 573j
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Canonical Transformation: a transformation (¢, p) — (Q, P) between two
canonical coordinate systems that leaves the equations of motion invariant.

In order to reveal the form of these transformations, we first demonstrate the
non-unigqueness of the Lagrangian.

Consider a transformation £L — L' = L —I— Where F = F(q,t)

Under this transformation the action integral becomes

t1

= [ L'dt = f Ldt + f At = I + F(t1) — F(to)

to
Recall that the equations of motion correspond to 61 = O (i.e., the action is
stationary). Since the addition of d F'/dt only adds a constant, namely

F(t1) — F(to) to the action, it leaves the equations of motion invariant.
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Now consider our transformation (g, p) — (Q, 13) with corresponding

Lagrangians L({, q, t) and L’(Q, Q, t).
We start by writing the Lagrangians in terms of the corresponding
Hamiltonians:

L(Gpt) = P-7—H(T Pt
L,(Qaﬁat) — ﬁ'Q_H,(Qaﬁat)

In order for the equations of motion to be invariant, we have the requirement
that

L(q,p,t) = L,(éa ﬁ? t) + (:1_1: .
& ¥ =pq-Mna@pt) - |P-§-1(@G P1)
<~ dF = p;dq; — P;dQ; + (H, — H)dt
If we take F' = F(q, Q, t) then we also have that
__ OF F oF



Canonica Transformations |11

Equating the two expressions for the differential d F’ yields the
transformation rules

OF oOF OF
Pi = &4, Pi:_BQi H,:H_FW

The function F'(q, Q, t) is called the generating function of the canonical
transformation (g, p) — (Q, 13)

In order to transform (¢, p) — (Q, 13) one proceeds as follows:
Find a function F'(q, Q) so that p; = 0F/0q;. Thisyields Q;(q;, p;)
Substitute Q; (g, p;) in P; = OF/0Q; to obtain P;(q;, p;)

As an example consider the generating function F'(q, Q) = q;0;.
According to the transformation rules we have that

OF OF
Pi = 5., = Qi P; = —35. = —4a;

We thus have that (Q; = p; and P; = —q;: the canonical transformation
has changed the roles of coordinates and momenta, eventhough the
eguations of motion have remained invariant! This shows that there is no
special status to either generalized coordinates or their conjugate momenta
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For reasons that will become clear later, in practice it is more useful to

consider a generating function of the form S = S({, P, t), i.e., one that
depends on the old coordinates and the new momenta.

To derive the corresponding transformation rules, we start with the
generating function F' = F(q, Q, t), and recall that

dF = pidqi — Pdez —I— (H, — H)dt
using that P;dQ; = d(Qsz) — @Q;d P;, we obtain
d(F + Q;P;) = p;dq; + Q:dP; + (H' — H)dt
Defining the new generator S((q, Q, P, t) = F(q, Q, t) + Q - P, for which
__ a8 as oS oS
dS = 3—%(1% + G—Qfain + G—PidPi + ﬁdt

Equating this to the above we find the transformation rules

_ 0§ 0S8 oS __ r __ oS
Di = 354, Qi—api aQi—O H =H+ 5

Note that the third of these rules implies that S = S({, P, t) as intended.
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The potential strength of canonical transformations becomes apparent from
the following: Suppose one can find a canonical transformation

(q,p) — (Q, 13) such that H(q, p) — ’H’(ﬁ), i.e., such that the new
Hamiltonian does not explicitely depend on the new coordinates (Q;.

Hamilton’s equation of motion then become

OH' _ _ p _ OH' _ _
oq;, — =0 op, — — Qi

Thus, we have that all the conjugate momenta P; are constant, and this in

turn implies that none of Qz can depend on time either. The equations of
motion in our new, canonical coordinate system are therefore extremely
simple:

Q:i(t) = Q;t + k; P, = constant

Here 2; = OH' /O P; are constants and k; are integration constants. Any
generalized coordinate whose conjugate momentum is a conserved quantity,
Is called a cyclic variable. The question that remains now is how to find the

generator S(q, P, t) of the canonical transformation (g, p) — (Q, 13)
which leads to only cyclic variables @Q;.
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Recall the transformation rules for the generator S(q, 13, t):

_ 0S8 __ 08 ! __ oS

If for simplicity we consider a generator that does not explicitely depend on

time, i.e., 8S/8t = 0 then we have that H({, p) = H’(P) = E. If we
now substitute 8.5/ dq; for p; in the original Hamiltonian we obtain

H (g—iaqfi) =F

This is the Hamilton-Jacobi equation, which is a partial differential equation.

If it can be solved for S(q, 13) than, as we have seen above, basically the
entire dynamics are solved.

Thus, for a dynamical system with . degrees of freedom, one can solve the
dynamics in one of the three following ways:

Solve n second-order differential equations (Lagrangian formalism)
Solve 2n first-order differential equations (Hamiltonian formalism)

Solve a single partial differential equation (Hamilton-Jacobi equation)
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Although it may seem an attractive option to try and solve the
Hamilton-Jacobi equation, solving partial differential equations is in general
much more difficult than solving ordinary differential equations, and the
Hamilton-Jacobi equation is no exception.

However, in the specific case where the generator S is separable, i.e., if
- n
S(q, P) = . fi(a:)
=1

with f; a set of n independent functions, then the Hamilton-Jacobi equation

splits in a set of . ordinary differential equations which are easily solved by

quadrature. The integration constants are related to the (constant) conjugate
momenta P;.

A Hamiltonian is called ‘integrable’ if the Hamilton-Jacobi equation is separable

Integrable Hamiltonians are extremely rare. Mathematically speaking they
form a set of measure zero in the space of all Hamiltonians. In what follows,
we establish the link between so-called isolating integrals of motion and
whether or not a Hamiltonian is integrable.
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