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The Friedmann Equations

In this second part of our brief review of cosmology, we follow Einstein’s
thought-process that resulted in his derivation of the GR Field Equations. Next

we derive the all-important Friedmann equation by substituting the FWR
metric in the Field Equation and briefly discuss some implications.

Topics that will be covered include:

® (General Relativity (conceptual)

o

( ]
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Lecture 2

Cosmological Principle

Universe is homogeneous & Isotropic

@

Riemannian Geometry X

"

Friedmann-Robertson-Walker Metric

Cosmology in a Nutshell

ds® = a?(7) [d7% — dx® — [ (x) (d6° + sin® 0 dg?)]
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Lecture 3

o

- Einstein’s Field Equation

c?

1 8rG
‘. o4 Ry — 59uwR — g = — T

. N,
. Friedmann ’E_g‘mtions

a 2_87TG K02+Ac2
a 3p a? S
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Inertial Frames, Invariance & Covariance

A frame of reference is a standard relative to which motion and rest may be measured.
Any set of points or objects that are at rest with respect to each other can serve as a
frame of reference (i.e., coordinate system, Earth).

An inertial frame is a frame of reference that has a constant velocity with respect to the
“distant stars’ (CMB), i.e., it is moving in a straight line at a constant speed, or it is
standing still. It is a non-accelerating frame, in which the laws of physics take on their
simplest forms, because there are no fictitious forces.

A non-inertial frame is a frame of reference that is accelerating. In a non-inertial frame
the motion of objects is affected by fictitious forces (e.g, centrifugal & coriolis force).

An invariant is a property or quantity that remains unchanged under some transformation
of the frame of reference (i.e., charge of an electron, Planck’s constant, any scalar)

Covariance is the invariance of the physical laws or equations under some transformation
of the frame of reference.
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Cosmology

What have we learned thus far?

Cosmological Principle a(t) expansion/contraction

Note that thus far we have said NOTHING about gravity!!!

Gm1 9

Newtonian Gravity ﬁg _

r2
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Problems with Gravity around 1905

® Newton’s law of gravity appears to give an accurate description of what
happens, but gives no explanation of gravity

® Newton’s law of gravity only holds in inertial systems, and is covariant under
Galilean transformations; however, according to SR inertial systems transform
according to Lorentz transformations, which leave Maxwell equations invariant.

® Since there is matter in the Universe, and you can not shield yourself from it
(i.e., no equivalent to Faraday cage), inertial systems do not exist...

® According to Newton’s law of gravity, moving a distant object has an
immediate effect all throughout space; violation of Special Relativity.

These issues deeply disturbed Einstein. In 1907, beginning with a simple thought
experiment involving an observer in free fall, he embarked on what would be an
eight-year search for a manifest covariant, relativistic theory of gravity (GR).

F This culminated in November 1915 when he presented what are now known as the
I Einstein Field Equations to the Prussian Academy of Science.
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Newtonian & Special Relativity

Galileo, and later Newton, realized that in an inertial frame there is no physical
experiment that can reveal the velocity of that inertial frame.

The outcome of every experiment done by stickman is
completely independent of the velocity of his inertial
frame. When he throws his ball up in the air, it looks

. exactly the same as if he was at rest wrt distant stars...
The windowless Lab

o

, (o

This argues against the notion of absolute velocity; only relative motion is

measurable in physics. This concept that there is no such thing as absolute
velocity is called Newtonian Relativity.
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Einstein’s thought experiments

Consider stick-man in a windowless lab, moving with constant
speed (i.e., his lab is an inertial frame)

\ A~

According to Special Relativity, stick-man can perform no
experiment from which he can determine his velocity!

Now imagine stick-man’s lab being accelerated due to
the gravitational field of the Earth (i.e., stick-man’s lab
is a non-inertial frame in free-fall)

What experiment(s) can stick-man do from which

‘hec ‘mine his accel

=y
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Einstein’s thought experiments

gravity
O
&

acceleration

i»
| Stick-man’s lab is inhibited in its free-fall
Stick-man’s lab is accelerated. He | due to the normal force of the Earth.
experiences an inertial force, which : Stick-man experiences the gravitational
gives him a non-zero weight. | force, giving him a non-zero weight.

Einstein realized that there is no experiment that Stick-man can do that tells
him the difference between gravity and acceleration.

Prmmple of Relatlwty IS reaIIy a pr|n0|ple of impotence: you are unable to tell the difference
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Weak Equivalence Principle

Newton’s 2nd law of motion: F' = m; @ ! graVItg’ggnal field

= q} =» d=—G
™m

Newton’s law of gravity: F, i

|
3
3

Weak Equivalence Principle:
all material objects in free-fall undergo the same acceleration in

a gravitational field, regardless of their mass and composition

- ‘,{\-.4\

. .
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Weak Equivalence Principle

Newton’s 2nd law of motion: F — ina graV'tat'Onal field
= } =» d=—47
m;

Newton’s law of gravity: F,

|
0§
@

Weak Equivalence Principle:
all material objects in free-fall undergo the same acceleration in

a gravitational field, regardless of their mass and composition

;ozsion ] WEP has been confirmed experimentally to high precisi
dlance

Already in 1889 EOtvOs was able to
difference between inertic
accuracy of 1 p
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Strong Equivalence Principle

According to WEP, there is no gravity (locally) in free-falling system.
Einstein’s SR (Minkowksi space) applies to systems in absence of gravity

E> space time of freely falling observer is Minkowski space (\4)

Strong Equivalence Principle: in free-fall in an arbitrary gravitational field, all physical
processes (not just the trajectories of material objects) take place in the same
way that they would if the gravitational field was absent (i.e., in uniform motion)

Alternative formulations:
For an observer in free-fall in a gravitational field, the results of all (local)
experiments are independent of the magnitude of the gravitational field.

All local, freely falling, non-rotating laboratories are fully equivalent for
the performance of any physical experiment

f> ¢ there is a fundamental equivalence between acceleration and gravity
e (G is constant (the same at every space-time point)
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Strong Equivalence Principle

According to WEP, there is no gravity (locally) in free-falling system.
Einstein’s SR (Minkowksi space) applies to systems in absence of gravity

— space time of freely falling observer is Minkowski space (/\/4)

Strong Equivalence Principle: in free-fall in an arbitrary gravitational field, all physical
processes (not just the trajectories of material objects) take place in the same
way that they would if the gravitational field was absent (i.e., in uniform motion)

|Implication: Gravitational Lensing

acceleration gravity
C lnhormgon .
laser

In stick-man’s accelerated lab, the laser-beam | Based on the strong equivalence

appears to follow a curved trajectory, whichis principle, the laser-beam must follow
simply a reflection of upwards acceleration same trajeetory in gravitationa| field.
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Strong Equivalence Principle

According to WEP, there is no gravity (locally) in free-falling system.
Einstein’s SR (Minkowksi space) applies to systems in absence of gravity

— space time of freely falling observer is Minkowski space (/\/4)

Strong Equivalence Principle: in free-fall in an arbitrary gravitational field, all physical
processes (not just the trajectories of material objects) take place in the same
way that they would if the gravitational field was absent (i.e., in uniform motion)

NOTE: gravity can be transformed away by going to
a non- inertial, free-falling reference frame.

BUT: this is only true locally, because of the tidal
field arising from a non-zero (9°®/0x Oy),
one can only transform away the effects of
gravity on scales that are small compared to
variations in the gravitational field.
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Towards a Manifest Covariant Theory

Next Einstein realized that permanence’ of gravity (can only be transformed away
locally), implies it must be related to some intrinsic property of space-time itself.

=) | gravity manifests itself via guu

At any point in any Riemannian space-time /7, one can find a coordinate system
for which g, = 7. locally. This must then be the coordinate system of a
freely falling observer.

Hence, if 9uv = Nuv everywhere (i.e., R4 = My) then there can be no gravity
anywhere. After all, gravity only allows you to have g.. = 1uvlocally.

In other words, flat space-time means no gravity...

S
L

] 720
[ [

E> gravity originates from curvature in space-time
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Towards a Manifest Covariant Theory

Once Einstein realized that gravity is a manifestation of curved space-time, he was
ready for the next step: to find a manifest covariant version of Poisson equation.

V20 = AnGp

Step 1:if @ + g, then it makes sense that Yo B,,,. Here B, is
any tensor that is made out of second derivatives of the metric g,,.

“lep 2 replace density with the energy momentum tensor of a fluid

a0 Rl - Pals
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Riemannian Geometry

To make progress (i.e., determine 55,,,) let us look at Riemannian geometry.
The geometry of any manifold is fully described by the metric tensor gW(X) where
once again we make it explicit that in general g,,,, will be a function of location.

The metric tensor Is also used to raise or lower indices

AP =gt A,
Ay = Gl

9= Gva — 55

From the metric tensor, one can also construct a number of other quantities that
are useful to describe geometry, such as the Christoffel Symbols

FO&ﬁW — % (gaﬁ,v - Ja~y,8 — gﬁv,a) Christoffel Symbol of 1st kind
_ 1 Christoffel Symbol of 2nd kind
F%W — 5 ga“ (g,uﬁ,fy T Ipy,B gﬁ%'“) = affine connection

where we have used the notation(...) , = 9,,(...) = 9(...)/0x"

ASTR 610:Theory of Galaxy Formation © Frank van den Bosch,Yale University



Covariant Derivatives

Important property of affine connection is in defining covariant derivatives:
On the previous page we defined 4, , = 0A,,/0x"

Now consider a new coordinate system 2% = z%(x)

We havethat A, , = (‘;{1” = 8(? gffu
B T T

dxs a4 | 0%z
o+ oz OxvoTr  “

2

Aq

© Frank van den Bosch,Yale University
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Covariant Derivatives

As it turns out (without proof), the covariant derivatives are:

DA )
D A+
AF., = D, AP = _ AR, _TE A®
’ D x? ’

which contain the affine connection.

NOTE: For a scalar field, one has that ¢., = ¢

NOTE:

NU 1 E.
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Riemannian Geometry

From the affine connection, one can construct the Riemann tensor:

R%gys = —Fg%a + Fg&v + F%(;F% - Fg’v 05

Note that this Riemann tensor contains derivatives of the affine connection,
and therefore is related to the second derivative of the metric tensor.

Using contraction, once can construct the Ricci tensor from the Riemann tensor
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The Einstein Tensor

Now let’s head back to our suggestion for the manifest covariant Poisson equation:

BW = [T

Conservation of energy & momentum in SR implies that 7""., = 0

This implies that we seek a tensor B** that obeys B*”., =0

Einstein used this knowledge to seek a tensor that is covariantly conserved.
Using the Ricci tensor, the metric tensor, and the curvature scalar, Einstein
constructed what is nowadays known as the Einstein tensor:
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The Einstein Field Equation

Based on the above considerations, Einstein proposed the following tensor
equation (= manifest covariant), as the GR replacement of the Poisson equation

1 (G

> I8 Oy = ——H

Einstein Field Equation |G, = R, — A
c

where the constant comes from constraint that it reduces to Poisson equation
in Newtonian limit: gravitational field is static and weak (®/c* <« 1) and test-
particles move at low speed (v/c < 1).

Since ¢"”., = 0, it is clear that rather than using G*” one could also use any
combination G"” + k ¢g"”, and still obey the constraint B*”.,, = 0.

/P

~ e Hence, there are plausible alternatives to the above Field Equation.
Einstein himself used that freedom at a later stage: in order to obtain a
static Universe he decided to change his Field Equation to

G

G,uu — Ag,uu — 0—4 T,uu

where A is the cosmological constant.
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The Friedmann Equation

Cosmological Principle * ds® = c*dt® — a*(t)

+ 7r2(dh? + sin® 0 d¢?)

>

For homogeneous & isotropic Universe: 7" = diag(pc®, — P, — P, —P) o0
Substitute FRW metric in g,, —> IS, —> R} ; —> R,, —> R g
et 2

What you get out is: G Q
: . a 4G 3L Ac? S.

00- or time-time component: —=—|p+—= |+ — 7
a 3 c? 3 0

-

©)

=)

| £

Q@

®

=

Q)

X

)

S,

7))

®

|
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Friedmann Equation

The Friedmann equation relates a, and hence a(t), to energy density & curvature.
We can rewrite the Friedmann equation as

(@)Qw _Ke

a 3 a?

where we have absorbed the term with the cosmological constant in p, i.e., we
have “interpreted” A as an energy component with pp = Ac? /871G

Pm = pm.ola/ag) >

As we have seen in Lecture 2: | pr = pro (a/ag)™*

PA — PA,0

Which allows us to write the Friedmann equation in the following form:

ASTR 610:Theory of Galaxy Formation © Frank van den Bosch,Yale University



Friedmann Equation

Interestingly, the Friedmann eq. can also be derived (almost) from Newtonian physics....

Consider a small spherical region of mass M and radius R. Since the Universe is
homogeneous and isotropic, Newton’s first theorem implies that

Newton’s first theorem: a body that is inside a spherical shell of matter experiences no net
gravitational force from that shell.

Integrating this equation once gives %RQ _ &M = (, where C is the integration constant.

R
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The Critical Density

Using the Friedmann equation | H*(t) = ——p(t) —

we see that a flat Universe (i.e. K = 0) implies that |p(t) =

This is called the critical density.

At z=0 we have that peric = 2.78 x 10'*A~ Mg /(A Mpc)?

In cosmology, it is oustomary to write the various denS|ty oomponents In
umtless form

AR N s -,;‘: g AR A R e R ST A e S I AT g (P T NG L SN R A L TR
S et .2:-‘w.-_ o \ e e e R e R S TR NN (e S A S el o A IS el R AR R L R N e T TR el st T )
e Mo S TR ,,,._n,u fa. \4‘_ J‘,. {; —b“ P B S BN AT A A e e P R “.“w; R UV T T e ey AR A Pt RS ) B e 8 s OSSR ol
Sz 2 ,&, _u‘.\}‘?\\ﬁ:’:{;\ & ’5' \.. ’\, }, i ,f" & 4‘ foEss e BT *"a’-f‘ﬁr“ K‘(—- .\3.;.%. ..- é}{_} \t i : 1;.»..5 i vgt&. & ‘_\,;{y;‘ ; ." r*(‘.,,, ‘4"“?‘3_"{5‘ Wi ‘1"@?”. T .L:\.i

i x !

QX(t) N Pecrit (t)

— Z £ (t)
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Friedmann Equation

Now let us rewrite the Friedmann equation in terms of the (‘s

(G a\° a\ * Kc?
HZ(t) — = | Pm,0 <_> ‘|‘pr,0 (_> ‘|';0A,O — ?

3 ao ao
, . i Kc?
= H{ [Qmo(1+2)° + Qo1+ 2)* + Qno] = —-
_ 4 . Kc?
At ¢t = tg (present), this becomes Hj = Hy Qy — —5
0

Kc? Kc? T
hich allo to write —— = — e FEe— (1 Q- EHA (] 2
whi WS us to wri - 2 2 (ao) ( T 2

where '

B(2) = [Qa0+ (1= Q0) (1422 + Qo1+ 2)° + Qo1 +2)]”
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The Critical Density

Some of the best constraints on the energy densities in the present-day Universe
come from the temperature fluctuations in the cosmic microwave background (CMB)

Angular Scale

B %
S
N2
DA \-‘ﬁi'-.;};'gv . 4
SV s e
AN
Anisotropy Power (uK2)

Multipole moment (Z)

Location of first accoustic peak Qo ~ 1.0 (i.e., Universe is flat: K ~ 0)

Oy, 0 ~ 0.044
O e 096
Qp o~ 0.74
Hy ~ 72km/s/Mpc

Qo salne () e e

G i L e
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Ratio of 1st to 2nd peak heights

mp 017
Ratio of 2nd to 3rd peak heights

Supernovae la
Cepheid stars
CMB temperature

UL VAAARR,

+ neutrinos



The Critical Density > ot detatis

for details

Some of the best constraints on the energy densities in the present-day Universe
come from the temperature fluctuations in the cosmic microwave background (CMB)

Location of first accoustic peak =0 O, ~ 1.0 (i.e., Universeis flat: K ~ 0)

Ratio of 1st to 2nd peak heights = ()} ; ~ 0.044

} mp . 07
Ratio of 2nd to 3rd peak heights =» O ; ~ 0.26

Supernovae la =D () o ~ 0.74
Cepheid stars =» FH, ~ 72km/s/Mpc
CMB temperature =» Q. o~ 5x 107° (oeoeid
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Evolution of the Density Parameters

Sedo )
e X X cri H

Pcrit (t) Px,0 Pcrit,0 Pcrit (t)

» O (2) = ool +2)™ where " 5 =0
= E?(2) Yy = YK = 2

Here we have defined the density parameter “associated with the curvature” as

—
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For Further Study... i

il
For specific solutions to the Friedmann equation; see MBW §3.2.3 _
For the relation between time and redshift; see MBW §3.2.5 ,Ga‘a’;XIEU;?SEESR

Other recommended textbooks on cosmology include:

An Introduct|or|1 to COSMOLOGY\
COsmO Ogy Relativity, Gravitation 4
o and Cosmology R !
introductory L tiitaafon : k
I eve I Ta-Pei Cheng

An Introduction to R
ishnu Narlikar
MOdern CosmOIOgy For];zz:‘dtl‘)/ysSirFr::Hoyal‘e

Second Edition

BARBARA RYDEN COSMOLOGY

FROM- THEORY TO PRACTICE

Physical Foundations of
COSMOLOGY
CosMOLE s

STEVEN WEINBERG

Copyrighted Material
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Lecture 2

Cosmological Principle

Universe is homogeneous & Isotropic

@

Riemannian Geometry X

"

Friedmann-Robertson-Walker Metric

Cosmology in a Nutshell

ds® = a?(7) [d7% — dx® — [ (x) (d6° + sin® 0 dg?)]
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Lecture 3

o

- Einstein’s Field Equation

c?

1 8rG
‘. o4 Ry — 59uwR — g = — T

. N,
. Friedmann ’E_g‘mtions

a 2_87TG K02+Ac2
a 3p a? S
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Summary: key words & important facts

Key words
Equivalence Principle Riemann tensor
Christoffel symbols Ricci tensor
covariant derivative Einstein tensor

Why ® Newtonian gravity only holds in inertial systems, is covariant under Galilean
transformations, and moving mass has immediate effect all throughout space.

we
CI e inertial systems do not exist (you can’t shield yourself from gravity)
nee but e SR: inertial systems transform according to Lorentz transformations
G R e SR: universal speed limit; no information can propagate instantaneously

Th ® Since gravity is permanent’ (can only be transformed away locally), it
c must be related to an intrinsic property of space-time itself.

® Space-time of freely falling observer (no gravity) is flat Minkowski space;
o hence, gravity originates from curvature in space-time (Riemann space)

G R ® Einstein Field equation is the manifest covariant version of Poisson equation

ASTR 610:Theory of Galaxy Formation © Frank van den Bosch,Yale University



Summary: key equations & expressions

Poisson Equation V20 = 47Gp
: gy : 8t
Einstein Field Equation R/u/ — . c—4TW

The Friedmann Equation (9
a

| H(2) =H; E*(2)  where

E(z) - [QA’O ™ (1 _ QO) (1 + Z)2 + Qm,O(1 =+ z)g + Qr,O(l + Z)4] i

(1+ 2)?

Q(Z) — 1= (QO — 1) EQ(Z)
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