LECTURE 4



Recap: Hamiltonian Dynamics
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Poisson brackets

{gi,q;} =0, {pi,p;j} =0, {gi,p;} = 6i;

canonical commutation relations

Let F2 be the generator of a canonical transformation
(@.p) — (Q,P) for which all Q are cyclic.
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Hamilton-Jacobi equation

If we can solve the Hamilton-Jacobi equation, we have a complete, trivial solution for the
full dynamics of the Hamiltonian system:

Qi(t) = wit + Q;(0), Pi(t) = P;(0) with w; = OH' /0P,

Unfortunately, solving an n-dimensional PDE is extremely hard...

However, if Hamilton’s characteristic function is separable, which means can be written as
n
W(q, P) = ZVVi(Qi,P)
i=1

then the Hamilton-Jacobi equation reduces to a set of n first-order ODEs, which are easily
solved by quadrature (i.e., can be written as n integral equations).

If the Hamilton-Jacobi equation is separable, we say that the Hamiltonian is integrable

Liouville’s Theorem of Integrable Systems

If a system with n degrees of freedom has n mutually Poisson commuting
integrals of motion 1, Io,...,I, then the system is integrable.




Which of the following Hamiltonian systems is integrable and why?

[1] a single particle with one degree of freedom

p2

H(q,p) = o+ V(q)

ANSWER: yes, no explicit time dependence of Hamiltonian — energy is integral of motion
— integrable according to Liouville’s theorem

Every time-independent Hamiltonian with one dof is integrable

[2] two uncoupled Hamiltonians with one degree of freedom each

H(Ql) q27p17p2) — 7'll(thl) + HZ(QZ)p2)

ANSWER: yes, both J1 and J(2 are uncoupled and time-independent — both are integrals of motion
{H1,JH2}=0 — integrable according to Liouville’s theorem

any Hamiltonian #(qi, ..., gn, P1, .-, Pn) = Y Hi(qi, p;), representing a sum
i=1

of n uncoupled, time-independent Hamiltonians of 1 dof, is integrable




Which of the following Hamiltonian systems is integrable and why?

[3] a free particle with two degrees of freedom moving inside a box

P2 | P
H(xa y7px7py) = ﬁ + ﬁ + V(x,y)

V(x,y) = 0 inside the box and oo outside the box (reflective boundary conditions)

For this Hamiltonian to be integrable, we need two integrals of motion in involution

Neither px nor py are loM, but p»? and p,? are

{p2,0.} = {PaPz> PPy} = Po{Pz, DyDy} + Pa{Dw, DYy} = —20:{DyDy, P2} =
- 2p:v [py{pyapm} +py{py7paf:}] = 4pa:py{pwapy} =0

Last step follows from fact that px and p, are canonical momenta

ANSWER: yes, this Hamiltonian is integrable

NOTE: Hamiltonian itself is also an loM, and it is easy to show that it Poisson commutes with
p<*and p,2. However, since it is NOT independent of p,? and p,? it is not considered an
independent third loM.



Which of the following Hamiltonian systems is integrable and why?

[4] a free particle with two degrees of freedom moving inside a circular stadium

P2 | P,

V(x,y) = 0 inside the circle and oo outside the box

Upon inspection, it is clear that neither px and p, nor px? and p,? are integrals of motion

The Hamiltonian (total energy), though, is an integral of motion (no explicit time-dependence of )

For system to be integrable, we need a second IoM that is in involution with the Hamiltonian

Rotational symmetry — Noether’s theorem demands conservation of angular momentum

L: =Xx py-y px isasecond integral of motion, and it is easy to show that {L.,(} = 0

ANSWER: vyes, this Hamiltonian is integrable



Which of the following Hamiltonian systems is integrable and why?

[6] a free particle with two degrees of freedom moving inside
a square stadium with circular object in center

P2 | P,

V(x,y) = 0 outside the red circle and inside the box, oo everywhere else

Upon inspection, it is clear that neither px and p, nor px? and p,? are integrals of motion

The Hamiltonian (total energy), though, is an integral of motion (no explicit time-dependence of )

For system to be integrable, we need a second |oM that is in involution with the Hamiltonian

This time there is no rotational symmetry; angular momemta not conserved

ANSWER: no, this Hamiltonian is NOT integrable

NOTE: it is easy to see that system is subject to chaos (extreme sensitivity to initial conditions)



Which of the following Hamiltonian systems is integrable and why?

[6] a free particle with two degrees of freedom moving inside Bunimovich stadium

2

2
Y
T V4 Y(z,y)

H(z, Y, Dz, Dy) = o T o

V(x,y) = 0 inside the stadium, oo everywhere else

Bunimovich stadium is constructed by cutting a circle
in two halves, and connecting part by straight lines.
Example is Circus Maximus in ancient Rome

Because of lack of symmetry, no other loM other than Hamiltonian (energy)

ANSWER: no, this Hamiltonian is NOT integrable

even systems with only 2 degrees of freedom can produce chaos




Which of the following Hamiltonian systems is integrable and why?

[7] a particle in a central potential in 3D

P

H(q,p) = H(r,p) = 5 — +V(r)

2m

For system to be integrable, we need (at least) three independent oM in involution

Hamiltonian itself is an loM and the system has spherical symmetry — L = (Lx, Ly, L) is conserved

Hence, each Li is an integral of motion, but they are NOT in involution: {LL} z0

But, we have that {L2,Li} = 0, and thus we have 3 independent |IoM in involution: , L2, L,

ANSWER: yes, this Hamiltonian is integrable

Every central force problem is integrable in 3D, independent of V(r)




Which of the following Hamiltonian systems is integrable and why?

[8] atwo-particle system in 3D

H(r17r27p17p2) — 27’)’11,1 T 2,',;2 + V(T17T2)

For system to be integrable, we need (at least) six independent IoM in involution

Hamiltonian itself is an loM but system has no additional symmetries...

Not even the total inear momentum is conserved, because V = V(f’17 f’z)

ANSWER: no, this Hamiltonian is NOT integrable



Which of the following Hamiltonian systems is integrable and why?

[9] a two-particle system in 3D with V = V(r-r2|)

i | P
H(r, T2, D1, Pa) = om, + oy + V(|r] — 73))

For system to be integrable, we need (at least) six independent IoM in involution

Convert to center-of-mass coordinates:

T =T1—T) R = (miFi + mafy) /M P2 2

F=u@-%) P =gt —> HFR5,P) =+ 2+ V(r)
2M  2u

M = mlmg/M M = mi + Mo

Hamiltonian itself (total energy) is an integral of motion
R is cyclic, and thus P is an integral of motion (3 components)
Spherical symmetry = angular momentum conserved — L. and L2 are also integrals of motion

As you can easily verify, all of these are in involution with each other

ANSWER: yes, this Hamiltonian is integrable

A two-body system with a central force is integrable




Which of the following Hamiltonian systems is integrable and why?

[10] an n-particle system in 3D with central forces

)
H(q17q27---7Qn7p17p2,---;pn) - E , + E :V(|T2—TJ|)

For system to be integrable, we need (at least) 37 independent oM in involution

After converting to the center-of-mass frame we have the following constants of motion:
® Hamiltonian (or total energy), because H # H(t)
® The total angular momentum vector Etot = ). Ti X D; (spherical symmetry)
® The total linear momentum vector f’;ot =) ;D (no external forces)
® The initial position vector of center of mass By = ﬁ(t) — (Poot/ M)t

These 10 constants of motion are known as the 10 Galilean invariants

However, these are not all in involution: For angular momentum, only 2 of 3 are independent; L, and L2
It is also clear that Ry and P,,; are not independent

ANSWER: no, this Hamiltonian is NOT integrable unless n < 2

An N-body system in 3D is NOT integrable for N > 2,
even when all the forces are central




Which of the following Hamiltonian systems is integrable and why?

[11] an n-particle system in 3D with central forces in the limit n— o0

)
H(Qh q2, ---yqn, P1, P2, ;pn) - E , ' + E :V(|’I"z o ’rj|)

As indicated on previous slide, this system is NOT integrable for n>2

However, in the limit n— oo the system becomes collisionless, and we can write

V(G @ r@v) = ) Vet ()

which implies that we can write the Hamiltonian as

N ¢ - N
H(Q17Q27 <y 4N, P15, P2, '“7pN) - Z [ + ‘/ext(qi):| — ZHz(qzapz)
1=1

_ 2m
=1

If the system as a whole has spherical symmetry, such that V. (q) = Vi (r), then this
Hamiltonian is simply the sum of n independent central force problems which is integrable (see [7])

The 3n integrals of motion in involution are: E;, L,; and L2; for all i=1,2,...n particles

If Vext () = Vext (R, 2), such that the system is axisymmetric, then each particle has two
integrals of motion (E and L.). Integrability requires a third, and only a small subset of
axisymmetric systems obey such a third integral of motion (called /3) and are thus integrable.

Triaxial systems have only one “classical’ integral of motion (E); integrability is even less likely



The Structure of Integrable Hamiltonian Systems
If a Hamiltonian system is integrable, the solution to the equations of motion can be written as
Qi(t) = wit + Q:(0), P(t) = Pi(0) with w; =0H'/OP,

The evolution of each Q; is cyclic with frequency w;

We distinguish two different kinds of periodic motion:

Libration: motion between states in which the generalized momentum vanishes

Rotation: motion for which the generalized momentum remains always non-zero

rotation ~ SEPAMAIX 1 bion _ _ .
\ / canonical transformation to cyclic Q




Action-Angle Variables

Consider an integrable Hamiltonian with n degrees of freedom and with (/1,/2,...,Is) a set
of n integrals of motion in involution.

Define: L=(+h)/2 and 5L=(-L)/2

By construction I, and I, are also integrals of motion, and it is trivial to show that {/,, I} = 0

Hence, ([a,lv,/3,...,In) is also a set of n integrals of motion in involution.

QUESTION: is there an optimal set of integrals of motion to use?

ANSWER: yes, the set of action-angle variables.

The actions, I;, take the role of the generalized momenta and are defined as | I; = ]{pi dg;

No Einstein summation!

The angles, 6;, are the corresponding generalized coordinates, and are proper angles.



Action-Angle Variables

What is so special about (1,0)?

If the Hamiltonian is integrable, Hamilton’s characteristic function is separabile:

W(g, P) =Y Wia:, P, P, .., P) = Y Wi(q;, P)

According to the corresponding transformation rules

oW oW ,

Hence, we have that

I; = ]{pi dg; = ]{pi(qz-, P)dg;=I,(P) — P =P()
and since the P; are integrals of motion, so are the actions. After all,

df ol .
at =257 =0




Action-Angle Variables

What is so special about (1,0)?

Since F(=H(P) we have that F(=7((I), which indicates that the angles, 6,, are all cyclic

From Hamilton’s equations of motion we have that

and since the actions are integrals of motion, the frequencies are constant as well

Hence, we have that the standard solution for an integrable Hamiltonian can be written as

so far, nothing special here, since the same holds for (Q,P)



Action-Angle Variables

What is so special about (1,0)?

What makes the action-angle variables so special is the following:

Let us compute by how much the angle changes during one period of its libration/rotation

=1

8, _ [OFW 9 [OW, af{ )t
8qz- L Glzﬁqz qz_ali 8% qz_alz pi qZ_aIz

Since 6;(t) = w;t + 6;(0), we also have that Ab; = w; T', where T is the period

We thus see that  ||w; = 6; = —

The time-derivative of the angle-variable, 6, is the frequency of motion in the "direction’
associated with the ith degree of freedom.



Action-Angle Variables

What is so special about (1,0)?

The action-angle formalism allows you to determine the frequencies of periodic motion
without having to calculate the exact trajectories for the motion

e Calculate I, = %pi dg;

® Express original Hamiltonian as a function of the actions: H=H (1, b, ...,1)

® Compute the frequencies using w; = 87—[/8[2-

Also, the action-angle variables are the
natural coordinates to describe the orbital
structure of the Hamiltonian system.
Holding the actions fixed, the corresponding
angles trace out an n-torus in phase-space




The Structure of Integrable Hamiltonian Systems

If the frequencies are incommensurable, then over time
the phase-space trajectory will densely cover the entire
surface of the n-torus.

We say that the orbit is non-resonant

Non-Resonant

If two or more of the frequencies are commensurable,
(i.e., wi/w; is rational) then the phase-space trajectory is

closed, and the trajectory is a n-1 dimensional manifold
on the surface of the n-torus.

We say that the orbit is resonant

Resonant



The Structure of Integrable Hamiltonian Systems

If a Hamiltonian is integrable, the entire phase-space is foliated with nested n-tori

The surface of each torus is characterized
(labeled) by the corresponding actions
(here Ji rather than 1), and all phase-space
trajectories are restricted to move on the
surface of their n-dimensional torus.

Hence, each trajectory is restricted to move on an
n-dimensional manifold in 2n-dimensional phase space.




The Structure of Integrable Hamiltonian Systems

This is related to an important geometric property of Hamiltonian systems:

For each integral of motion in involution the dimensionality of
the manifold traced out by the particle is reduced by one

To see this, let I = I(q,p) be an integral of motion, then
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Let H = JH(q,p) be another integral of motion, then
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We see that the trajectory (q,p) is limited to the intersection of /=cst and J =cst



