
LECTURE 19



Jeans equations in spherical coordinates:

Upon inspection, these are 3 equations for a total of 9 unknowns…..no closure.

To proceed, it is common to make the following assumptions:

1.  System is static  →  time derivatives vanish

2.  Kinematics are also spherical symmetric → no streaming motions
→ mixed 2nd order motions vanish

Only one Jeans eq. remains:



Jeans equations in spherical coordinates:

One equation with two unknowns….

For comparison:
Hydrostatic eq. for collisional fluid

this can be written as
Using that 

Upon defining the anisotropy parameter

The spherical Jeans equation can be written as

which can be solved for any fixed 𝞫 



Jeans modeling of spherical systems

The stellar mass density then follows from  𝜌(r) = ϒ(r) x 𝞶(r), with ϒ(r) the stellar mass-
to-light ratio

Using the Abel transform, we can solve for the inverse relation, and thus obtain the

luminosity density 𝞶(r) directly from the surface brightness 𝚺(R) 

For a spherical system the surface brightness 𝚺(R) is related to the 3D luminosity 

density 𝞶(r) acccording to



Jeans modeling of spherical systems

Similarly, the line-of-sight velocity dispersion, 𝜎p2(R), which can be inferred from spectroscopy, 
is related to both internal dynamics and luminosity density according to



Jeans modeling of spherical systems Example

Assume isotropy, 𝛽(r)=0. In that case we can use the Abel transform to obtain

and the enclosed mass follows from the Jeans equations

from which one finally obtains the radially dependent mass-to-light ratio

which can be used to constrain a potential central Black Hole and/or the contribution

of a dark matter halo.

…But any such constraints are ONLY valid under the assumption of isotropy…



Mass-Anisotropy Degeneracy

Typically, constraints on the mass profile are degenerate with constraints/
assumptions about the anisotropy profile.

Breaking this degeneracy typically requires going to higher order Jeans equations,

that can predict the kurtosis (or the Gauss-Hermite moment h4) of the line-of-sight 
velocity distribution (LOSVD)

van der Marel & Franx (1993)



van der Marel & Franx (1993)

Radial anisotropy typically results in LOSVDs that are more peaked than a Gaussian (h4 > 0) 


Azimuthal anisotropy typically results in LOSVDs that are less peaked than a Gaussian (h4 < 0) 


Making model predictions for h4 (and other Gauss-Hermite moments) requires using 
higher-order Jeans equations….


At this point it becomes easier to use Schwarschild’s orbit superposition method




































There are limits to self-consistent, isotropic, spherical density distributions…



SPHERICAL MODELS: SUMMARY
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SPHERICAL MODELS: SUMMARY

Osipkov-Merritt models











It is not that difficult to show that, under these conditions, 



It is not that difficult to show that, under these conditions, 



It is not that difficult to show that, under these conditions, 



Given a density distribution 𝜌(R,z), one can calculate the corresponding 
f+(𝜀,Lz) using a complex contour integral equation (due to Hunter & Qian 1993) 
that is the equivalent of the Eddington’s formula for spherical systems.

The odd part of the DF,  f-(𝜀,Lz), specifies the rotational streaming motion.




