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Lecture 2: Overview of Cosmology I 
                     (Riemannian Geometry & FRW metric)



In this first part of our brief review of cosmology we focus on geometry. 
Using Riemannian geometry, and the Cosmological Principle,

we show how one arrives at the Friedmann-Robertson-Walker (FRW)

metric, which features predominantly in modern cosmology.

Topics that will be covered include:

Distance Measures
Fundamental Observers
Cosmological Principle
Geometry of Space-Time
Concept of metric
Riemannian Geometry

Thermodynamics of expanding

space-time
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 the halo bias function

NOTE: what follows is a very brief review of cosmology. 

Students are strongly encouraged to read Chapter 3 of MBW

Cosmology is the study of the structure & evolution of the Universe as a whole.

Modern cosmology is founded upon Einstein’s GR, according to which the structure 
of space-time is governed by its matter/energy density.

Note that this is very different from classical physics, where space and time are 
eternal and absolute, independent of the existence of matter.

Since cosmology (without perturbations) is a very simple application of GR, 

it can be understood without a detailed knowledge of GR.

In this review we focus on geometry (how to describe a curved space-time),

which we use to derive the Friedmann-Robertson-Walker (FRW) metric, and on 

GR, which we use to derive the Einstein equation. 

Substitution of FRW metric in Einstein equation yields the Friedmann equations.

Cosmology
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 the halo bias function

General Relativity

Einstein’s Field Equation

Rµ� � 1

2
gµ�R� gµ�� =

8�G

c4
Tµ�

Friedmann Equations
✓
ȧ

a

◆2

=
8�G

3
⇥� Kc2

a2
+

�c2

3

ds2 = a2(�)
�
d�2 � d�2 � f2

K(�)
�
d�2 + sin2 � d�2

��
Friedmann-Robertson-Walker Metric

Riemannian Geometry

Cosmological Principle
Universe is homogeneous & Isotropic

Lecture 2 Lecture 3
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Note that this coordinate system has no physical meaning: any physical law

should be independent of the choice of this coordinate system.

We can make physical laws manifest invariant (valid for any coordinate system)

by writing them in tensor form.

To specify where and when an event occurs in any space or space-time we typically 
require a coordinate system      , where μ is an index.

x

µ

Tensors are geometric objects that can be represented as multi-dimensional arrays 
of numerical values. The rank (or order) of a tensor is the dimensionality of the array 
(i.e., the number of indices needed to label a component).

Newtonian potential:               tensor of rank 0 (= scalar)
Electrical field:                tensor of rank 1 (= vector)

Metric:                tensor of rank 2

�(xµ)

g↵�(x
⌫)

�E(xµ)

Geometry of Space Time
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thus, the value of a scalar field at a given point

is independent of coordinate system used...

Temperature:             tensor of rank 0 (= scalar)

Scalar:

The defining properties of tensors are their transformation rules:
i.e., how do their values change under a coordinate transformation x

i ! x

0j

Contra-variant vector:

Covariant vector:

A0k =
�x0k

�xi
Ai

A0
k =

�xi

�x0k Ai

example of a contra-variant vector is the

tangent to a curve...

example of a covariant vector is the

normal to a surface...

Covariant tensor (rank 2): T 0
ik =

�xm

�x0i
�xn

�x0k Tmn

Mixed tensor (rank 2): T 0i
k =

�x0i

�xm

�xn

�x0k Tm
n

etc.

�0(x0j) = �(xi)

NOTE:

Einstein summation convention

when an index appears twice in a 
single term, it implies summation

of that term over all the values of

the index.
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 the halo bias functionTemperature:             tensor of rank 0 (= scalar)

Clearly, it transforms as a tensor, which is consistent with the fact that the 
concept `tangent to a curve’ is physical, and therefore has to be an invariant.

Consider a curve                      where    is called the affine parameter (which is used 
to parameterize the curve). The direction of the curve’s tangent at any point along 
the curve is given by the contravariant vector:

xµ = xµ(�) �

A⌫ = dx⌫/d�

A0µ =
dx0µ

d�
=

dx�

d�

⇥x0µ

⇥x�
= A� ⇥x0µ

⇥x�

Intermezzo: covariant vs. contravariant
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 the halo bias function

Clearly, it transforms as a tensor, which is consistent with the fact that the 
concept `normal to a surface’ is physical, and therefore an invariant.

Consider a scalar function           . The equation    = constant describes a 
hyper-surface whose normal is given by the covariant vector:

�(x⌫)
Aµ = ⇥�/⇥xµ

�

A0
µ =

⇥�

⇥x0µ =
⇥�

⇥x�

⇥x�

⇥x0µ = A�
⇥x�

⇥x0µ
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Intermezzo: covariant vs. contravariant



Q: How can we describe space-time in a coordinate independent way???

A: We need to focus on the physical invariants, which are the actual 

    `distances’ between events/locations.

space-time:

space:

Einstein 
summation 
convention

ds2 = gµ� dx
µ dx�

dl2 = gij dx
i dxj

Thus, for a given coordinate system      , the geometry of a space or space-time

is described by the metric, which in general depends on location:


NOTE: the numerical values of the metric tensor depend on the choice of the

            coordinate system!

gµ⇥ = gµ⇥(x
�)

x

↵

Geometry of Space Time
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Example 1: 2D Euclidean Space

Consider the Cartesian coordinate system xi = (x, y)

In general: For any Cartesian coordinate system in Euclidean space,      , we

                  have that                 , where (i,j) = (1,2,...,n) and       is the

                  Kronecker delta function

gij = �ij
En

�ij

dl2 = dx2 + dy2 gij =

✓
1 0
0 1

◆

Note: Euclidean manifolds are a subset of more general Riemannian manifolds.

          They are characterized by having zero curvature everywhere.

Geometry of Space Time
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Example 1: 2D Euclidean Space

Next, consider the curvi-linear, polar coordinate system xi = (r, �)

Note that                 even though the space *is* Euclidean.  This demonstrates 
that the metric also depends on the coordinate system.

However, it is *always* true that 

gij 6= �ij

A space is Euclidean if a coordinate systems exists for which                 at

each location. If so, this is the Cartesian coordinate system. 

gij = �ij

In order to compute       for this new coordinate system, we use that       is an 
invariant. Coordinate transformations wrt Cartesian:

dl2dl2

dx =
⇥x

⇥r
dr +

⇥x

⇥�
d�

dy =
⇥y

⇥r
dr +

⇥y

⇥�
d�

dl2 = dx2 + dy2 = dr2 + r2d�2}
gij =

✓
1 0
0 r2

◆

dl2 = gij dx
i dxj

x = r cos �
y = r sin �

Geometry of Space Time
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Example 2: 4D Minkowski Space

In Minkowski space,      , we have that 

Minkowski space is an example of a pseudo-Euclidean space.

Consider the coordinate system x

µ = (ct, x, y, z)

M4 ds2 = c

2dt2 � dx2 � dy2 � dz2

gµ� = �µ� ⌘

0

BB@

1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

1

CCA

ds2 = �c

2dt2 + dx2 + dy2 + dz2NOTE: one is also allowed to define

           The choice of this signature has no impact on the physics as

            long as one is consistent.

Geometry of Space Time
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Example 2: 4D Minkowski Space

The Minkowski metric is used in Special Relativity (SR).

Any two observers will agree on the interval ds between two events A and B, 
even if they use different coordinate systems. Hence, in SR ds represents 

the absolute (=invariant) quantity that replaces the Newtonian concepts of 
absolute space and time. It has the following meaning:

For photons travelling at speed of light, ds = 0

If                then ds is the measured time interval between A 
and B in the restframe of an observer who sees both events 
occurring at his location. 

ds2 > 0

ds2 < 0If                then no observer can experience both events, and 
|ds| is the space-interval between A and B in a frame in which 
the events are simultaneous.

Geometry of Space Time
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Example 3: 2D surface of a sphere

It is useful (though not necessary) to imagine

this 2D sphere embedded in 3D Euclidean space

That means we can use (x,y,z) to specify a point

P on this surface, where we have the constraint

that                                . Alternatively, we can 

define the coordinate system 

x

2 + y

2 + z

2 = a

2

a�

Note that unlike (x,y,z), the coordinates            are intrinsic to the surface. 

The parameter a is just a scale-factor, which appears in the transformation relations, and 
whose relevance becomes clear later.

x = a sin⇥ sin �

y = a sin⇥ cos �

z = a cos�

dl2 = dx2 + dy2 + dz2 = a2(d⇥2 + sin⇥2d�2)

gij =

✓
a2 0
0 a2 sin2 �

◆

xi = (�, �)

(�, �)

Geometry of Space Time
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Example 3: 2D surface of a sphere a�

gij =

✓
a2

1�r2 0
0 a2r2

◆
dl2 = dx2 + dy2 + dz2 = a2


dr2

1� r2
+ r2d�2

�

Alternatively, one can define the unitless parameter

                 (which obeys                ). In terms of this 
parameter, we have that 
r ⌘ sin� r 2 [0, 1]

x = a r sin �

y = a r cos �

z = a
p

1� r2

which implies that:

The 2D sphere is a Riemann space with a constant, positive curvature.

Geometry of Space Time
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Example 4: 2D `saddle’ surface (pringle chips)

This geometry differs from the 2D sphere in that it has a 
negative curvature. Unlike the 2D sphere,

it cannot be embedded in 3D Euclidean space (which is 
why it is difficult to draw/imagine). Note, though, that it 
*can* be embedded in a 3D pseudo-Euclidean space, 
i.e., it obeys                                    , and has that

x

2 + y

2 � z

2 = �a

2

If we define the unitless parameter                   we obtain that

dl2 = dx2 + dy2 � dz2

Pick coordinate system                     that is intrinsic to 
the surface, and related to (x,y,z) via 

x = a sinh⇥ sin �
y = a sinh⇥ cos �
z = a cosh�

r = sinh�

dl2 = dx2 + dy2 � dz2 = a2


dr2

1 + r2
+ r2d�2

�
gij =

✓
a2

1+r2 0
0 a2r2

◆

xi = (�, �)

Geometry of Space Time
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Summary: 2D surfaces

By introducing the curvature parameter K = (+1,0,-1), we obtain the general metric:

dl2 = a2


dr2

1 + r2
+ r2d�2

�
dl2 = a2


dr2

1� r2
+ r2d�2

�
dl2 = a2

⇥
dr2 + r2d�2

⇤

2D Saddle

2D Sphere

2D Euclidean

gij =

✓
a2

1�Kr2 0
0 a2r2

◆

Note that for all these surfaces each point on the surface is equivalent, which means 
that the metric is independent of the location on the surface....

Geometry of Space Time
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Now that we have seen how to derive the metric of a general Riemann space, 
let’s focus on the metric of space-time.

The Universe is homogeneous & isotropic on large scales.
Cosmological Principle: 

Copernican principle: our location in the Universe is in no way special

In that case, why would ANY location be special (Occam’s razor)
Consistent with observations 

Isotropy  ☛ the only motion possible is global expansion or contraction;
Homogeneity  ☛ the metric is independent of location; gµ⇥(x�) = gµ⇥

Thus, we seek a general 3D Riemann space, to be embedded in a (3+1)D space-time.

The metric of a homogeneous and isotropic 3D Riemann space is

dl2 = a2(t)


dr2

1�Kr2
+ r2(d�2 + sin2 � d⇥2)

�

a = a(t)

(r,K, �,⇥)Note:                   are all 
unitless. Only the

scale-factor         has 
the dimensions of 
length!

a(t)

Geometry of Space Time
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Upon embedding this 3D Riemann sphere in a (3+1)D space-time, we

obtain the so-called Friedmann-Robertson-Walker (FRW) metric:

ds2 = c2dt2 � a2(t)


dr2

1�Kr2
+ r2(d�2 + sin2 � d⇥2)

�

The parameter    in the FRW metric is called the proper time. It is the time on a standard 
clock of a fundamental observer.

t

The parameter     in the FRW metric is called the curvature parameter. It indicates

the global curvature of space-time, and can take on the values +1, 0, -1.

K

aThe parameter    in the FRW metric is called the scale factor. It relates the coordinates               
to true physical distances [recall;                 is dimensionless].r 2 [0, 1]

The coordinates               label fundamental observers and are called comoving 
coordinates (i.e., they don’t change under expansion/contraction).

(r, �,⇥)

Fundamental Observers: A fundamental observer is an observer who, in a (unperturbed) 
FRW metric, observes the universe to be isotropic. The set of 

all fundamental observers defines a cosmological `rest-frame’ at each location in space. 

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

The Friedmann-Robertson-Walker Metric



The proper distance is defined as the distance between two fundamental

observers at some proper time t

NOTE: proper distance = scale factor x comoving distance

l =

Z
dl = a(t)

Z r

0

dr0p
1�Kr02

= a(t)�(r)
✢

We have assumed here that one of the fundamental observers is located at                             , while the other 

is at                              : I can always pick my coordinate system such that this is the case.... 

(r, �,⇥) = (0, 0, 0)
(r, �,⇥) = (r, 0, 0)

✢

�(r) =

8
<

:

sin�1r if K = +1
r if K = 0
sinh�1r if K = �1

Here        is the comoving distance between the fundamental observers�(r)
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In addition to the proper time,   , one can also define the conformal time:
t

[� ] = unitless�(t) �
� t

0

cdt�

a(t�)

The advantage of this form of the FRW metric is that     is an actual 

distance measure. This is NOT the case for   , which is `just’ a coordinate.

�
r

In terms of     and    , the FRW metric can be rewritten as:� �

ds2 = a2(�)
�
d�2 � d�2 � f2

K(�)
�
d�2 + sin2 � d�2

��

fK(�) = r =

�
�

�

sin� if K = +1
� if K = 0
sinh� if K = �1

where

a�

The conformal time is the total comoving distance     light could have travelled. �

The proper time a photon travels in a proper time interval        is simply                . 

In a conformal time interval        the photon has travelled a comoving distance �� = �⌧

�l = c�t�t
�⌧
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A word of caution about units:

In what we discussed above, the coordinates                  are all unitless.(r, �, �, �)

Proper time has the units of time, but conformal time is also unitless.

Only the scale factor        has the units of length, thus making both

     and       have the units of length as well.

a(t)
dl ds

However,

It is common practice (and we will adopt this as well), to define the

dimensionless scale factor                         , where      is the present-day

value of the scale factor. Hence, this dimensionless scale factor is 

normalized to have                at the present. 

a(t) = a(t)/a0

a(t) = 1

a0

With this new convention,         is unitless, while               all carry

the units of length!  Also, the curvature scalar now has  


a(t) (r, �, �)
[K] = length�2
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The rate at which the proper distance between two fundamental observers 
changes as a function of time can be written as

dl

dt
⌘ H(t) l

which defines the Hubble parameter,          . Using that                  , with

the comoving distance between the fundamental observers, we have that:

H(t) l = a(t)� �

H(t) =
ȧ

a

where                    , and we have used that                                 .ȧ = da/dt
dl

dt
= ȧ� =

ȧ

a
a� =

ȧ

a
l

The value of the Hubble parameter at the present is called the

Hubble constant                                                 .  

It describes the present-day expansion rate of the Universe. 

H0 � (70± 2) km s�1Mpc�1
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The Hubble Parameter



Redshift

Hence, if the comoving distance between emitter and observer remains fixed

(i.e., in the absence of peculiar velocities), proper time intervals scale with the 
scale factor of the Universe:

Photons move along geodesics,            . Substitution in FRW metric implies

that                , where without losing generality we assumed 

ds = 0
d� = d� d� = d� = 0

d� =
cdt

a(t)
= d�

�t
obs

a(t
obs

)
=

�t
em

a(t
em

)

Since the wavelength of a photon is proportional to the period between the 
arrival of two wavecrests, we have that 

z ⌘ �
obs

� �
em

�
em

=
a(t

obs

)

a(t
em

)
� 1

I.e., a photon from z=1 was emitted when the 

a =
1

1 + z

a(t
obs

) = a
0

= 1Thus, for                                we have that

i.e., a photon from z=1 was emitted when

the Universe was half its present size.

See MBW §3.1.3  
for details

NOTE: this has NOTHING to do with Doppler effect.

            After all, nobody is moving...
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The proper velocity of a particle wrt a fundamental observer at the origin is

defined as                  , with        the proper distance between particle & observer.    v = dl/dt l(t)

l(t) = a(t)�(t) v = ȧ�+ a�̇ ⌘ v
exp

+ v
pec

Using that we obtain that

v
exp

=
ȧ

a
a� = H l reflects the “velocity” due to the Hubble expansion

vpec is the “peculiar velocity” wrt a co-spatial fundamental observer

Due to the expansion, the peculiar velocities of particles that do not

experience an external force decay with time as vpec / a�1

The observed redshift from an object is 1 + z
obs

= (1 + z
cos

) (1 + z
pec

)

is cosmological redshift due to expansion of space-time

1 + zpec =

s
1 + vpec/c

1� vpec/c

1 + z
cos

= 1/a(t
em

) is cosmological redshift due to expansion of space-time

is Doppler redshift due to peculiar velocity (along los)
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Peculiar Velocities See MBW §3.1.4  
for details

In non-relativistic limit (               ), this reduces to:vpec � c zobs = zcos +
vpec

c
(1 + zcos)



So far we have encountered two different distances. The comoving distance

and the proper distance   , which are related according to l = a�

�
l

In a static, Euclidean space the angular extent     and flux f of an object are related 
to its physical size D and luminosity L according to

� =
D

dA
f =

L

4�d2L

⇥

and the angular diameter distance       is equal to the luminosity distance
dA dL

However, in an expanding space time, this is no longer the case. If we use

the above equations to define       and      , then it can be shown that:  dA dL

dA(z) =
a0 r

1 + z
dL(z) = a0 r (1 + z)

where                               is the coordinate in the FRW metric. Hence, for an object 
at redshift z one distinguishes three distances:    ,      , and      .

To compute the z-dependence of these distances requires Friedmann eq.

r = r(z) = fK(�)
dA dL�

Distances See MBW §3.1.6  
for details
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Our cosmological fluid consists of multiple components:

�c2 = �mc2 + �m� + �rc
2 + ��c2

= contribution due to rest-mass of matter�mc2

�m�

��c2
�rc

2
= contribution due to internal energy of matter
= contribution due to energy of radiation
= contribution due to energy of vacuum

�rc
2 =

4�SB

c
T 4

= Stefan Boltzmann constant�SB
� = internal energy per unit mass

As we will see, one can use simple Newtonian thermodynamics to infer how

these different energy components evolve in an expanding space-time.

Since energy densities of baryons & dark matter evolve in the same way, 

it is sufficient to describe the (non-relativistic) matter as one component .

The energy density of radiation and any other relativistic component 

(e.g., neutrinos) only depends on temperature.

Energy Density of the Universe
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Consider a comoving volume                   in a homogeneous & isotropic Universe.

We can consider V arbitrarily small --> no need for GR.

V � a3(t)

dU = dQ + dW

dS = dQ/T

1st law of thermodynamics

2nd law of thermodynamics
dS

dQ
dW

dU = increase in internal energy
= heat transfer into system
= work done on system
= increase in entropy

For an isolated, adiabatically expanding volume dQ = 0 dU = �PdV

dS = 0
Let        be the energy density. Then� c2 U = � c2 V

dU =
�U

��
d� +

�U

�V
dV

= c2 V d� + � c2 dV

dU + PdV = 0
c2V d� + �c2dV + PdV = 0

V d� +
�

� +
P

c2

�
dV = 0

d�

da
+ 3

�
� + P/c2

a

�
= 0

V � a3Using that            and differentiating

with respect to the scale factor yields
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Thermodynamics in Expanding Space-Time



The equation of state (EoS) is a thermodynamic equation describing the

interconnection between various macroscopic properties of a system. 

For fluids, one often considers EoS of the form P = P (�, T )

In cosmology, it is convenient, and common, to write                 .

Here                   is the EoS parameter describing our cosmological `fluid’

P = w�c2

w = w(T )

Substitution of this general EoS into our first law of thermodynamics yields

d�

da
+ 3(1 + w)

�

a
= 0 � � a�3(1+w)

Hence, the EoS parameter of a particular component of the cosmological fluid, 
determines how its energy density evolves with the scale parameter.
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Equation of State



= mean molecular weight in units of proton massµ mp kB = Boltzmann constant

See App A 
of MBW

= adiabatic index�

Non-relativistic matter can be describes reasonably well as an ideal gas.

The EoS parameter 

for an ideal gas is 

(see problem set 1) 

Hence, non-relativistic fluid can be approximated as zero-pressure fluid (“dust‘’)

w = 0 � / a�3

kBT / mv2 v / a�1 T / a�2

P = (kBT/µmp)� P / a�5

(conservation of particles)

(pressure rapidly drops)

Ideal Gas Law:

An ideal gas is a hypothetical gas that consists of identical particles of zero volume that 
undergo perfectly elastic collisions and for which intermolecular forces can be neglected.

PV = NkBT
�m = Nµmp/V

P =
kBT

µmp
�m (EoS)

w = w(T ) =
kBT

µmpc2

✓
1 +

1

� � 1

kBT

µmpc2

◆�1

Since for a non-relativistic fluid                          we have that w ' 0kBT ⌧ µmpc
2
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Non-Relativistic Matter



For relativistic matter (mainly photons), we have that  P =
1

3
�c2 (see MWB §3.3.2) 

Hence we have that the EoS parameter                 , and thusw = 1/3

w = 1/3 � / a�4

P = �c2/3 P / a�4

� / T 4 T / a�1

The fact that the energy density of radiation scales with       can be understood

as the number density of photons scaling as

while the energy per photon E = h� / a�1

n� / a�3
a�4

Also, the fact that the energy density of radiation decreases faster

than that of matter implies that radiation dominated at early times.
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Radiation & Relativistic Matter



According to quantum-physics, the vacuum can also have a non-zero

energy density. We associate that with the cosmological constant, 

though we caution that `dark energy’ is not understood at all!!!

Consider a piston filled with 
vacuum. Increasing its volume  
dV increases the total energy

 by                        . According to 
1st law of thermodynamics 
dU + PdV = 0

dU = ��c
2dV

                            . Hence, we 

have that P = ���c

2

The pressure associated with

the cosmological constant behaves

as                     (see inset), which

implies an EoS parameter

P = ���c
2

w = �1

w = �1 � / a0

P / a0P = ���c
2

no temperature
Since the properties of the vacuum 
are fixed, the energy density of the 
vacuum, and its associated pressure 
are also constant. Note that one 
cannot speak of the temperature of a 
vacuum.
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Vacuum Energy



Lecture 2

 SUMMARY



 the halo bias function

General Relativity

Einstein’s Field Equation

Rµ� � 1

2
gµ�R� gµ�� =

8�G

c4
Tµ�

Friedmann Equations
✓
ȧ

a

◆2

=
8�G

3
⇥� Kc2

a2
+

�c2

3

ds2 = a2(�)
�
d�2 � d�2 � f2

K(�)
�
d�2 + sin2 � d�2

��
Friedmann-Robertson-Walker Metric

Riemannian Geometry

Cosmological Principle
Universe is homogeneous & Isotropic

Lecture 2 Lecture 3
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Cosmology in a Nutshell



 the halo bias function

Fundamental observer

Proper time vs. conformal time

Comoving vs. proper distance 

Angular diameter distance

Luminosity distance

Key words 
Cosmological Principle

FRW metric

Hubble parameter

redshift

peculiar velocity

Physical laws can be made manifest invariant by writing them in tensor form.

The geometry of space-time is described by the metric

The FRW-metric is the most general metric consistent with the cosmological principle, that 
the Universe is homogeneous and isotropic (on large scales).

gµ⇥ = gµ⇥(x
�)

Due to the expansion, the peculiar velocities of particles that do not

experience an external force decay with time as vpec / a�1

Since energy densities of baryons & dark matter evolve in the same way, 

it is sufficient to describe the (non-relativistic) matter as one component .

Since energy densities of radiation & relativistic matter (i.e., neutrinos)  
evolve in the same way, it is sufficient to describe them as one component .

Summary: key words & important facts
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 the halo bias function

ds2 = c2dt2 � a2(t)


dr2

1�Kr2
+ r2(d�2 + sin2 � d⇥2)

�

ds2 = a2(�)
�
d�2 � d�2 � f2

K(�)
�
d�2 + sin2 � d�2

��
Two ways of writing 

the FRW-metric

z ⌘ �
obs

� �
em

�
em

=
a(t

obs

)

a(t
em

)
� 1Redshift, wavelength, scale-factor & 

peculiar velocity

1 + z
obs

= (1 + z
cos

) (1 + z
pec

)v = ȧ�+ a�̇ ⌘ v
exp

+ v
pec

dA(z) =
a0 r

1 + z
dL(z) = a0 r (1 + z)

angular diameter distance

           luminosity distance

d�

da
+ 3(1 + w)

�

a
= 0 � � a�3(1+w)Thermodynamics 

 non-relativistic matter (baryons & dark matter) 
        relativistic matter (radiation)                      
cosmological constant (dark energy)                 

w = 0 
w = 1/3 
w = -1

Summary: key equations & expressions
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ASTR 610
 Theory of Galaxy Formation

 
Lecture 3: Overview of Cosmology II 
                     (General Relativity & Friedmann Eqs)



Topics that will be covered include:

Critical Density
Friedmann Equations
Einstein Field Equations
More Riemannanian Geometry
Equivalence Principles
General Relativity (conceptual)
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The Friedmann Equations

In this second part of our brief review of cosmology, we follow Einstein’s 
thought-process that resulted in his derivation of the GR Field Equations. Next 
we derive the all-important Friedmann equation by substituting the FWR 
metric in the  Field Equation and briefly discuss some implications.



 the halo bias function

General Relativity

Einstein’s Field Equation

Rµ� � 1

2
gµ�R� gµ�� =

8�G

c4
Tµ�

Friedmann Equations
✓
ȧ

a

◆2

=
8�G

3
⇥� Kc2

a2
+

�c2

3

ds2 = a2(�)
�
d�2 � d�2 � f2

K(�)
�
d�2 + sin2 � d�2

��
Friedmann-Robertson-Walker Metric

Riemannian Geometry

Cosmological Principle
Universe is homogeneous & Isotropic

Lecture 2 Lecture 3
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Cosmology in a Nutshell



A frame of reference is a standard relative to which motion and rest may be measured.

Any set of points or objects that are at rest with respect to each other can serve as a 

frame of reference (i.e., coordinate system, Earth).

An inertial frame is a frame of reference that has a constant velocity with respect to the 
distant stars, i.e., it is moving in a straight line at a constant speed, or it is standing still. 

It is a non-accelerating frame, in which the laws of physics take on their simplest forms, 
because there are no fictitious forces.

A non-inertial frame is a frame of reference that is accelerating. In a non-inertial frame 

the motion of objects is affected by fictitious forces (e.g, centrifugal & coriolis force).

An invariant is a property or quantity that remains unchanged under some transformation 

of the frame of reference (i.e., charge of an electron, Planck’s constant, any scalar)

Covariance is the invariance of the physical laws or equations under some transformation

of the frame of reference.
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Inertial Frames, Invariance & Covariance



What have we learned thus far?

Cosmological Principle

Riemannian Geometry
FRW metric}

a(t)

K

}

expansion/contraction

(constant) curvature

Note that thus far we have said NOTHING about gravity!!!

Newtonian Gravity �Fg = �Gm1 m2

r2

is a central force�Fg �g = �r�can be written as the gradient of a scalar

This scalar is called the (Newtonian) gravitational potential, and it is related to the 
matter density distribution according to Poisson equation:

r2� = 4�G⇥
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Cosmology



Newton’s law of gravity only holds in inertial systems, and is covariant under 
Galilean transformations; however, according to SR inertial systems transform 
according to Lorentz transformations, which leave Maxwell equations invariant.

According to Newton’s law of gravity, moving a distant object has an 
immediate effect all throughout space; violation of Special Relativity.

Since there is matter in the Universe, and you can not shield yourself from it

(i.e., no equivalent to Faraday cage), inertial systems do not exist...

Newton’s law of gravity appears to give an accurate description of what 
happens, but gives no explanation of gravity

These issues deeply disturbed Einstein. In 1907, beginning with a simple thought 
experiment involving an observer in free fall, he embarked on what would be an 
eight-year search for a manifest covariant, relativistic theory of gravity (GR).  

This culminated in November 1915 when he presented what are now known as the 
Einstein Field Equations to the Prussian Academy of Science. 
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Problems with Gravity around 1905



This argues against the notion of absolute velocity; only relative motion is 
measurable in physics. This concept that there is no such thing as absolute 
velocity is called Newtonian Relativity. 

The outcome of every experiment done by stickman is 
completely independent of the velocity of his inertial 
frame. When he throws his ball up in the air, it looks 
exactly the same as if he was at rest wrt distant stars...

Galileo, and later Newton, realized that in an inertial frame there is no physical 
experiment that can reveal the velocity of that inertial frame.

All uniform motion is relative

The windowless Lab

v

This principle is still valid in Special Relativity.  Main change is that inertial 
frames now transform according to Lorentz transformation (to satisfy constancy 
of speed of light, required by Michelson-Morley experiment)
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Newtonian & Special Relativity



Consider stick-man in a windowless lab, moving with constant 
speed (i.e., his lab is an inertial frame)

According to Special Relativity, stick-man can perform no 
experiment from which he can determine his velocity!

v

Now imagine stick-man’s lab being accelerated due to 
the gravitational field of the Earth (i.e., stick-man’s lab 

is a non-inertial frame in free-fall) 

What experiment(s) can stick-man do from which 
he can determine his acceleration?

�ac

Gravity can be transformed away by going to a non-inertial, free-fall frame

Stick-man doesn’t notice 

acceleration since gravitational force is 

exactly balanced by centrifugal force.

NONE:    
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Einstein’s thought experiments



Einstein realized that there is no experiment that Stick-man can do that tells

him the difference between gravity and acceleration.

Einstein, who had this revelation in 1907, describes it as `the happiest thought of my life’.

Principle of Relativity is really a principle of impotence: you are unable to tell the difference 
between being at rest, moving at constant speed or being in free-fall, and you’re unable to 

tell the difference between being in a gravitational field or being accelerated.

Stick-man’s lab is accelerated. He 
experiences an inertial force, which 

gives him a non-zero weight.

Stick-man’s lab is inhibited in its free-fall 
due to the normal force of the Earth. 

Stick-man  experiences the gravitational 
force, giving him a non-zero weight.

acceleration gravity
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Einstein’s thought experiments



Newton’s 2nd law of motion:
Newton’s law of gravity:

�F = mi �a
�Fg = mg �g

in a gravitational field

�a =
mg

mi
�g}

Weak Equivalence Principle: 

           all material objects in free-fall undergo the same acceleration in

           a gravitational field, regardless of their mass and composition

                                inertial mass,      , is equal to gravitational mass, mi mg

If Weak Equivalence Principle were violated, different

objects would be on different free-fall trajectories 

(e.g., objects in Stick-man’s lab would fly against walls)
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Weak Equivalence Principle



Torsion 
Balance

Already in 1889 Eötvös was able to show that there is no 
difference between inertial and gravitational masses to an 
accuracy of 1 part in 20 million

Modern versions of the Eötvös torsion balance experiment 

show that 

WEP has been confirmed experimentally to high precision

����
mi

mg
� 1

���� < 5⇥ 10�14
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Newton’s 2nd law of motion:
Newton’s law of gravity:

�F = mi �a
�Fg = mg �g

in a gravitational field

�a =
mg

mi
�g}

Weak Equivalence Principle: 

           all material objects in free-fall undergo the same acceleration in

           a gravitational field, regardless of their mass and composition

                                inertial mass,      , is equal to gravitational mass, mi mg

Weak Equivalence Principle



According to WEP, there is no gravity (locally) in free-falling system.
Einstein’s SR (Minkowksi space) applies to systems in absence of gravity

  space time of freely falling observer is Minkowski space (M4)

Alternative formulations: 

         For an observer in free-fall in a gravitational field, the results of all (local)

         experiments are independent of the magnitude of the gravitational field.

All local, freely falling, non-rotating laboratories are fully equivalent for

the performance of any physical experiment 

G is constant (the same at every space-time point)
there is a fundamental equivalence between acceleration and gravity

Strong Equivalence Principle: in free-fall in an arbitrary gravitational field, all physical 

          processes (not just the trajectories of material objects) take place in the same

          way that they would if the gravitational field was absent (i.e., in uniform motion)
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Strong Equivalence Principle



In stick-man’s accelerated lab, the laser-beam 
appears to follow a curved trajectory, which is 

simply a reflection of upwards acceleration

acceleration

laser

gravity

laser

Based on the strong equivalence 
principle, the laser-beam must follow  
same trajectory in gravitational field.

Implication: Gravitational Lensing
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Strong Equivalence Principle
According to WEP, there is no gravity (locally) in free-falling system.
Einstein’s SR (Minkowksi space) applies to systems in absence of gravity

  space time of freely falling observer is Minkowski space (M4)

Strong Equivalence Principle: in free-fall in an arbitrary gravitational field, all physical 

          processes (not just the trajectories of material objects) take place in the same

          way that they would if the gravitational field was absent (i.e., in uniform motion)



NOTE: gravity can be transformed away by going to

            a non- inertial, free-falling reference frame. 

BUT:   this is only true locally, because of the tidal 

            field arising from a non-zero                     ,

            one can only transform away the effects of 

            gravity on scales that are small compared to     

            variations in the gravitational field.


(�2�/�x �y)
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Strong Equivalence Principle
According to WEP, there is no gravity (locally) in free-falling system.
Einstein’s SR (Minkowksi space) applies to systems in absence of gravity

  space time of freely falling observer is Minkowski space (M4)

Strong Equivalence Principle: in free-fall in an arbitrary gravitational field, all physical 

          processes (not just the trajectories of material objects) take place in the same

          way that they would if the gravitational field was absent (i.e., in uniform motion)



Next Einstein realized that`permanence’ of gravity (can only be transformed away 
locally), implies it must be related to some intrinsic property of space-time itself.

gravity manifests itself via gµ�

At any point in any Riemannian space-time      one can find a coordinate system

for which                  locally. This must then be the coordinate system of a 

freely falling observer.

gµ� = �µ�
R4

Hence, if                  everywhere (i.e.,                 ) then there can be no gravity

anywhere. After all, gravity only allows you to have                  locally. 

gµ� = �µ� R4 = M4
gµ� = �µ�

In other words, flat space-time means no gravity...

gravity originates from curvature in space-time
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Towards a Manifest Covariant Theory



Once Einstein realized that gravity is a manifestation of curved space-time, he was 
ready for the next step: to find a manifest covariant version of Poisson equation.

r2� = 4�G⇥

Step 1: if                 then it makes sense that                      . Here         is 

             any tensor that is made out of second derivatives of the metric              

� $ gµ� r2� $ Bµ� Bµ�

gµ�

gµ�

Step 2:  replace density with the energy momentum tensor of a fluid
Tµ� = (�+ P/c2)Uµ U� � Pgµ�

Here we have simply replaced       (SR) with the general metric       (GR)⌘µ�

Hence, our manifest covariant version of the Poisson equation is going to

looking something like

Bµ� = kTµ�

where    is some constant.k
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Towards a Manifest Covariant Theory



To make progress (i.e., determine       ) let us look at Riemannian geometry. 

The geometry of any manifold is fully described by the metric tensor             where 
once again we make it explicit that in general       will be a function of location.

Bµ�
gµ�(x)

gµ�

The metric tensor is also used to raise or lower indices

Aµ = gµ�A�

Aµ = gµ�A
�

gµ� g⇥� = �µ⇥

From the metric tensor, one can also construct a number of other quantities that 
are useful to describe geometry, such as the Christoffel Symbols

Christoffel Symbol of 1st kind

Christoffel Symbol of 2nd kind 
= affine connection

where we have used the notation (...),µ ⌘ �µ(...) ⌘ �(...)/�xµ

��⇥⇤ ⌘ 1

2
(g�⇥,⇤ + g�⇤,⇥ � g⇥⇤,�)

��
⇥⇤ ⌘ 1

2
g�µ (gµ⇥,⇤ + gµ⇤,⇥ � g⇥⇤,µ)
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Riemannian Geometry



Important property of affine connection is in defining covariant derivatives:

Aµ,� = �Aµ/�x
�On the previous page we defined 

Now consider a new coordinate system
x̄

↵ = x̄

↵(x)

Because of this term,  

         is not a tensorĀµ,�

We have that Āµ,� =
�Āµ

�x̄�
=

�

�x̄�

�
�x�

�x̄µ
A�

�

=
�x�

�x̄µ

�A�

�x̄�
+

�2x�

�x̄��x̄µ
A�

=
�x�

�x̄µ

�x�

�x̄�

�A�

�x�
+

�2x�

�x̄��x̄µ
A�

@µThe operator      can not be used in physical laws. Rather, we need to find

a covariant derivative, which properly transforms as a tensor, so that our

equations can be made manifest covariant.
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Covariant Derivatives



As it turns out (without proof), the covariant derivatives are:

Aµ;⇥ ⌘ D⇥Aµ ⌘ DAµ

Dx

⇥
= Aµ,⇥ � ��

µ⇥ A�

A

µ
;⇥ ⌘ D⇥A

µ ⌘ DA

µ

Dx

⇥
= A

µ
,⇥ � �µ

�⇥ A
�

which contain the affine connection.

NOTE: For a scalar field, one has that �;� = �,�

NOTE: The metric tensor obeys gµ⇥;� = gµ⇥ ;� = 0

NOTE: in a Cartesian coordinate system in (pseudo)-Euclidean space,

             and thus also in       , one has that  ��

µ� = 0M4

NOTE: Christoffel symbols are NOT tensors (they don’t transform as such) 
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Covariant Derivatives



From the affine connection, one can construct the Riemann tensor:

R�
⇥⇤⌅ = ���

⇥⇤,⌅ + ��
⇥⌅,⇤ + �⇧

⇥⌅�
�
⇧⇤ � �⇧

⇥⇤�
�
⇧⌅

Note that this Riemann tensor contains derivatives of the affine connection,

and therefore is related to the second derivative of the metric tensor.

Using contraction, once can construct the Ricci tensor from the Riemann tensor

R�� ⌘ R�
��� = g↵�R↵���

This is the only tensor of rank 2 that can be constructed from the Riemann tensor

by contraction!

Finally, by contracting the Ricci tensor one obtains the curvature scalar

R ⌘ g��R��
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Riemannian Geometry



Now let’s head back to our suggestion for the manifest covariant Poisson equation:

Bµ� = kTµ�

Conservation of energy & momentum in SR implies that Tµ�
;� = 0

This implies that we seek a tensor         that obeys Bµ�
;� = 0Bµ�

which is a tensor constructed from second-order derivatives of the metric tensor, 
that obeys

Gµ� � Rµ� �
1
2

R gµ�

Gµ�
;� = 0

Einstein used this knowledge to seek a tensor that is covariantly conserved.

Using the Ricci tensor, the metric tensor, and the curvature scalar, Einstein

constructed what is nowadays known as the Einstein tensor:
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The Einstein Tensor



Based on the above considerations, Einstein proposed the following tensor 
equation (= manifest covariant), as the GR replacement of the Poisson equation

Einstein Field Equation Gµ� = Rµ� �
1
2

R gµ� =
8�G

c4
Tµ�

where the constant comes from constraint that it reduces to Poisson equation

in Newtonian limit: gravitational field is static and weak (                ) and test-
particles move at low speed (              ).

�/c2 ⌧ 1
v/c ⌧ 1

Since                 , it is clear that rather than using        one could also use any

combination                     , and still obey the constraint                  .

gµ� ;� = 0 Gµ�

Gµ� + k gµ� Bµ�
;� = 0

Hence, there are plausible alternatives to the above Field Equation. 

Einstein himself used that freedom at a later stage: in order to obtain a 

static Universe he decided to change his Field Equation to

Gµ� � � gµ� =
8�G

c4
Tµ�

where    is the cosmological constant. ⇤
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The Einstein Field Equation



General Relativity

ds2 = c2dt2 � a2(t)


dr2

1�Kr2
+ r2(d�2 + sin2 � d⇥2)

�

Gµ� � � gµ� =
8�G

c4
Tµ�

Cosmological Principle

Gµ�

Substitute FRW metric in gµ� �↵
�� R↵

��� Rµ� R}
For homogeneous & isotropic Universe: Tµ� = diag(�c2,�P,�P,�P )

What you get out is:

00- or time-time component:

ii- or space-space components:

ä

a
= �4�G

3

✓
⇥+

3P

c2

◆
+

�c2

3

ä

a
+ 2

ȧ2

a2
+ 2

Kc2

a2
= 4�G

✓
⇥� P

c2

◆
+ �c2

Substituting the 00-component in the ii-component yields
✓
ȧ

a

◆2

=
8�G

3
⇥� Kc2

a2
+

�c2

3
The Friedmann Equation

Students: do this at hom
e; great exercise
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The Friedmann Equation



We can rewrite the Friedmann equation as
The Friedmann equation relates   , and hence       , to energy density & curvature.ȧ a(t)

✓
ȧ

a

◆2

=
8�G

3
⇥� Kc2

a2

where we have absorbed the term with the cosmological constant in   , i.e., we

have “interpreted”    as an energy component with ⇥� = �c2/8�G

⇢
⇤

As we have seen in Lecture 2:
⇢� = ⇢�,0

�m = �m,0(a/a0)
�3

�r = �r,0 (a/a0)
�4

Which allows us to write the Friedmann equation in the following form:

✓
ȧ

a

◆2

= H2(t) =
8�G

3

"
⇥m,0

✓
a

a0

◆�3

+ ⇥r,0

✓
a

a0

◆�4

+ ⇥�,0

#
� Kc2

a2
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Friedmann Equation



Interestingly, the Friedmann eq. can also be derived (almost) from Newtonian physics....

Consider a small spherical region of mass M and radius R. Since the Universe is 
homogeneous and isotropic, Newton’s first theorem implies that

R̈ = �GM

R2

Newton’s first theorem: a body that is inside a spherical shell of matter experiences no net

                                       gravitational force from that shell. 

Integrating this equation once gives                           , where C is the integration constant.1

2
Ṙ2 � GM

R
= C

Note that C is the sum of kinetic and potential energy per unit mass. It is the specific energy 
of the spherical shell of radius R. Let’s write                   , and use that 

Then:

R = a(t)R0 M = 4�R3⇥̄/3

K = � 2E

c2R2
0

, where

The only difference wrt the relativistic version is that the matter density,      , is now replaced 
by the energy density/c2, where the energy density includes radiation as well

as the contribution from the cosmological constant, ⇥� = �c2/8�G

⇢̄m

✓
ȧ

a

◆2

=
8�G

3
⇥̄m � Kc2

a2

1

2
ȧ2R2

0 =
4�G

3
⇥̄ma

2R2
0 + E

ȧ2 =
8�G

3
⇥̄ma

2 +
2E

R2
0
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Friedmann Equation



Using the Friedmann equation H2(t) =
8�G

3
⇥(t)� Kc2

a2(t)

⇥(t) =
3H2(t)

8�G
we see that a flat Universe (i.e.           ) implies that K = 0 ⌘ �crit(t)

This is called the critical density.

�crit = 2.78⇥ 1011h�1M�/(h
�1Mpc)3At z=0 we have that

In cosmology, it is customary to write the various density components in 
unitless form:

�
x

(t) ⌘ �
x

(t)

�
crit

(t)

where x can be matter (DM, baryons, or both), radiation, neutrinos, 
cosmological constant, etc. For the total density, we use

�(t) =
X

x

�
x

(t)
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The Critical Density



Now let us rewrite the Friedmann equation in terms of the    ‘s �

H2(t) =
8�G

3

�
�m,0

�
a

a0

��3

+ �r,0

�
a

a0

��4

+ ��,0

�
� Kc2

a2

= H2
0

�
�m,0(1 + z)3 + �r,0(1 + z)4 + ��,0

�
� Kc2

a2

At            (present), this becomest = t0 H2
0 = H2

0 �0 �
Kc2

a2
0

which allows us to write �Kc2

a2
= � Kc2

H2
0 a2

0

�
a

a0

��2

H2
0 = (1� �0) H2

0 (1 + z)2

This is the commonly used, compact form of the Friedmann equation.

E(z) =
�
��,0 + (1� �0) (1 + z)2 + �m,0(1 + z)3 + �r,0(1 + z)4

�1/2

where
H2(z) = H2

0 E2(z)
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Friedmann Equation



Some of the best constraints on the energy densities in the present-day Universe 
come from the temperature fluctuations in the cosmic microwave background (CMB)

Location of first accoustic peak �0 � 1.0 (i.e., Universe is flat:            )K � 0

fbar � 0.17
Ratio of 1st to 2nd peak heights �b,0 � 0.044

Ratio of 2nd to 3rd peak heights �m,0 � 0.26 }

Cepheid stars H0 � 72 km/s/Mpc

Supernovae Ia ��,0 � 0.74

CMB temperature ��,0 � 5� 10�5 (�� � T 4)

+ neutrinos �r,0 � 8� 10�5 (T� = (4/11)1/3T�)
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The Critical Density See MBW §3.2.2  
for details
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The Critical Density See MBW §3.2.2  
for details

This implies that the redshift of equality, at which the energy density of radiation is 
equal to that of non-relativistic matter, is given by (see Problem Set 1)

1 + zeq � 2.4� 104 �m,0h
2



We can write

�
x

(z) =
�

x,0(1 + z)�x

E2(z)

�⇤ = 0

�r = 4

�m = 3

�K = 2
where

Here we have defined the density parameter “associated with the curvature” as

�K(z) ⌘ 1� �(z)

from which we infer that �(z)� 1 = (�0 � 1)
(1 + z)2

E2(z)

All cosmologies with               or              have that   ⇢m,0 6= 0 ⇢r,0 6= 0 lim
z!1

�(z) = 1

and therefore behave similar as an Einstein-de Sitter (EdS) Universe,
which is a Universe with (�m,0,��,0) = (1, 0)

�x(t) =
�x(t)

�crit(t)
=

�x(t)
�x,0

�x,0

�crit,0

�crit,0

�crit(t)
=

�
a

a0

���x

�x,0
H2

0

H2(t)

Evolution of the Density Parameters
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For specific solutions to the Friedmann equation; see MBW §3.2.3
For the relation between time and redshift; see MBW §3.2.5

Other recommended textbooks on cosmology include:

introductory 
level

more 
advanced 

level

For Further Study…
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Lecture 3

 SUMMARY



 the halo bias function

General Relativity

Einstein’s Field Equation

Rµ� � 1

2
gµ�R� gµ�� =

8�G

c4
Tµ�

Friedmann Equations
✓
ȧ

a

◆2

=
8�G

3
⇥� Kc2

a2
+

�c2

3

ds2 = a2(�)
�
d�2 � d�2 � f2

K(�)
�
d�2 + sin2 � d�2

��
Friedmann-Robertson-Walker Metric

Riemannian Geometry

Cosmological Principle
Universe is homogeneous & Isotropic

Lecture 2 Lecture 3

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Cosmology in a Nutshell



 the halo bias function

Since gravity is `permanent’ (can only be transformed away locally), it 
must be related to an intrinsic property of space-time itself.

Equivalence Principle

Christoffel symbols

covariant derivative

Key words 
Riemann tensor

Ricci tensor

Einstein tensor


Newtonian gravity only holds in inertial systems, is covariant under Galilean 
transformations, and moving mass has immediate effect all throughout space.

Why 
we 

need 
GR

Einstein Field equation is the manifest covariant version of Poisson equation

Space-time of freely falling observer (no gravity) is flat Minkowski space;

hence, gravity originates from curvature in space-time (Riemann space)

The
Key
to   
GR

inertial systems do not exist (you can’t shield yourself from gravity)
SR: inertial systems transform according to Lorentz transformations

SR: universal speed limit; no information can propagate instantaneously

but

Summary: key words & important facts
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 the halo bias function

Einstein Field Equation Rµ� �
1
2

R gµ� � �gµ� =
8�G

c4
Tµ�

r2� = 4�G⇥Poisson Equation

GR GR

✓
ȧ

a

◆2

=
8�G

3
⇥� Kc2

a2
+

�c2

3
The Friedmann Equation

E(z) =
�
��,0 + (1� �0) (1 + z)2 + �m,0(1 + z)3 + �r,0(1 + z)4

�1/2

whereH2(z) = H2
0 E2(z)

�(z)� 1 = (�0 � 1)
(1 + z)2

E2(z)
Density Parameter
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Summary: key equations & expressions
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ASTR 610
 Theory of Galaxy Formation

 
Lecture 4: Newtonian Perturbation Theory 
                     I. Linearized Fluid Equations



Topics that will be covered include:

Damping (Silk & Free Streaming)
Linear Growth Rate
Horizons
Jeans Criterion
Equation of State
Newtonian Perturbation Theory
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Structure Formation: The Linear Regime

Meszaros Effect

Thus far we have focussed on an unperturbed Universe. In this lecture

we examine how small perturbations grow and evolve in a FRW metric

(i.e., in a expanding space-time).



Let         be the density distribution of matter at location �(�x) �x

�(�x) =
�(�x)� �

�It is useful to define the corresponding overdensity field

Note:         is believed to be the outcome of some random process in the early 
Universe (i.e., quantum fluctuations in inflaton)

�(�x)

Often it is very useful to describe the matter field in Fourier space:

�(�x) =
�

k

��k e+i�k·�x ��k =
1
V

�
�(�x) e�i�k·�x

Here V is the volume over which the Universe is assumed to be periodic.

Note: the perturbed density field can be written as a sum of plane waves 

          of different wave numbers k (called `modes’)

The Perturbed Universe: Preliminaries
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Often it is very useful to describe the matter field in Fourier space:

�(�x) =
�

k

��k e+i�k·�x ��k =
1
V

�
�(�x) e�i�k·�x

Here V is the volume over which the Universe is assumed to be periodic.

Note: the perturbed density field can be written as a sum of plane waves 

          of different wave numbers k (called `modes’)

The Perturbed Universe: Preliminaries
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k



Throughout these lecture series we adopt the following Fourier Transform:

�(⇥k) =

Z
�(⇥x) e�i�k·�x d3⇥x

�(⇤x) =
1

(2⇥)3

Z
�(⇤k) e+i�k·�x d3⇤k [�(⇥x)] = unitless

[�(⇥k)] = cm3

NOTE: different authors use different conventions of where to place the factors 2π

            and regarding the signs of the exponents...

Rather than working with infinite space, we may also

assume a finite (but large) volume in which the Universe

is assumed to be periodic (periodic boundary conditions).

This implies discrete modes, and the FT becomes:

LV = L3

�
max

= L kmin =
2�

L

�(⇥x) =
X

��k e
+i�k·�x

��k =
1

V

Z
�(⇥x) e�i�k·�x d3⇥x

[�(⇥x)] = unitless

[��k] = unitless

In the limit where the number 
of modes goes to infinity one 
has that �(⇥k) = V ��k

NOTE:      is not the same as        !!! ��k �(⇥k)
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Notation & Convention: Fourier Transforms



�(t)In this lecture we focus on the evolution of the density field        in the 

linear regime, which means that            . |�| � 1

Observations of the CMB show that the perturbations at recombination are

still very much in the linear regime                  . However, at the present-day

the Universe has clearly entered the non-linear regime, at least on scales

larger than a few Mpc. On largest scales, Universe is still in linear regime, in

agreement with the Cosmological Principle.

|�| < 10�5

the linear regime 
CMB, z~1100

the non-linear regime 
galaxy distribution, z~0.1

WMAP SDSS
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Structure Formation: The linear regime



�(t)QUESTION: what equations describe the evolution of       ? 

Before recombination: photon & baryons are a tightly coupled fluid

After recombination: photons are decoupled from baryons
baryons behave as an `ideal gas’ (i.e. a fluid)

Throughout: dark matter is (assumed to be) a collisionless fluid

ANSWER: it seems we can describe        using fluid equations...�(t)
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The Fluid Description



QUESTION: when is a fluid description adequate?

ANSWER: when frequent collisions can establish local thermal 
equilibrium, i.e., when the mean free path is much 
smaller than scales of interest (baryons).

for a collisionless system, as long as the velocity dispersion 
of the particles is sufficiently small that particle diffusion can 
be neglected on the scale of interest....

NOTE:  As we will see, Cold Dark Matter (CDM) can be described as fluid with zero 

               pressure (on all scales of interest to us).  However, in the case of Hot Dark 

               Matter (HDM) or Warm Dark Matter (WDM), the non-zero peculiar velocities 

               of the dark matter particles causes free-streaming damping on small scales. 

               On those scales the fluid description brakes down, and one has to resort to 

               the (collisionless) Boltzmann equation.
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The Fluid Description



Let           ,            , and             describe the density, velocity, and pressure of

a fluid at location    at time   , with            the corresponding gravitational potential.

�(⇥x, t) P (�x, t)�u(�x, t)
�(⇥x, t)�x t

The time evolution of this fluid is given by the continuity equation (describing mass 
conservation), the Euler equations (the eqs. of motion), and the Poisson equation 
(describing the gravitational field:

D⇤u

Dt
= �rrP

�
�rr⇥

D�

Dt
+ ��r · ⇥u = 0

r2
r⇤ = 4�G⇥

continuity equation

Euler equations

Poisson equation

                               is the Lagrangian (or `convective’) derivative, which 

                               means the derivative wrt a moving fluid element (as 

opposed to the Eulerian derivatives wrt some fixed grid point...).

D

Dt
=

�

�t
+ ⇥u ·�rNOTE:

NOTE: The continuity & Euler eqs are moment eqs of the Boltzmann eq.
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The Fluid Equations



 the halo bias function

D⇤u

Dt
= �rrP

�
�rr⇥

D�

Dt
+ ��r · ⇥u = 0

r2
r⇤ = 4�G⇥

continuity equation

Euler equations

Poisson equation

This is a set of 5 equations (3 Euler eqs + continuity 
+ Poisson) for 6 unknowns (�, u

x

, u
y

, u
z

, P,⇥)

In order to close the set, we require an additional

equation, which is the equation of state (EoS)

Before we address this EoS, we first rewrite these fluid equations in a different 
form, more suited to describe perturbations in an expanding space....

�u = ṙ = ȧ�x+ a�̇x ⌘ ȧ�x+ �v

�

�t
⇥ �

�t
� ȧ

a
⇥x ·⇤

r
r

! 1

a
r

x

=
1

a
r

Eulerian time-derivative depends on H(t)

�v = peculiar velocity

�xit is understood that gradient is wrt

Because of expansion, it is best to use comoving coordinates,   , where  �r = a(t) �x�x

at fixed xat fixed r
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The Fluid Equations



⇥�

⇥t
+

1

a
� · [(1 + �)⇤v] = 0

r2� = 4⇥G⇤̄a2�

continuity equation

Euler equations

Poisson equation

⇤⌅v

⇤t
+

ȧ

a
⌅v +

1

a
(⌅v ·⇥)⌅v = � ⇥P

a⇥̄(1 + �)
� ⇥�

a

� = �+ aäx2/2where we defined the modified gravitational potential,                            , which

assures that gravity is only sourced by density contrast ⇢� ⇢̄ (see problem set 1)

This set of equations can in principle be solved once
(i) we pick a particular cosmology  
(ii) we pick an equation of state  P = P (�, S)

a(t)

where, for reasons that will become clear soon, we elect to describe 

the EoS as a function of density,   , and specific entropy, S⇢ (i.e. entropy per unit mass)
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The Fluid Equations what follows is only valid  
for a non-relativistic fluid

If we now also write                                , and use that              , the fluid eqs. become⇥(⇤x) = ⇥̄[1 + �(⇤x)] �̄ / a�3



Throughout, we shall assume that our fluid is ideal:,

P =
kBT

µmp
�ideal gas law

The specific internal energy (i.e., internal energy per unit mass) of an ideal gas depends

only on its temperature:

� =
1

� � 1
kBT

µmp

where    is the adiabatic index (see MBW App B1.1). For an (idealized) mono-atomic gas

of point particles               , which is what we shall adopt in what follows.

�
� = 5/3

Although the general EoS of an ideal gas has the form                      , one often considers

special cases in which the EoS is barotropic, meaning                  . If              the EoS is

called polytropic, with     the polytropic index.

P = P (�)
P = P (�, T )

P � ��

�

Examples: isothermal evolution

isentropic evolution

dT/dt = 0

dS/dt = 0 P � �� (� = �)
P � � (� = 1)

Note: an isentropic flow is a flow that is adiabatic and reversible.
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Ideal Gas and the Equation of State



In the case of a barotropic EoS, the set of fluid equations is closed. However, in 
the more general case where                      , or equivalently,                      , we 

have introduced a new variable (    or    ), and thus also require a new equation...

P = P (�, T ) P = P (�, S)
T S

Recall that the EoS is needed to close the set of equations (unless the fluid is

pressureless...). 

T
dS

dt
=

dQ

dt
=
H� C

�

Here      and     are the heating and cooling rates per unit volume, respectively.H C

dS = dQ/TThis is provided by the 2nd law of thermodynamics:
where       is the amount of energy added to the fluid per unit mass.dQ

For most of what follows, we assume that the evolution is adiabatic, which

implies that                   . dS/dt = 0

As we shall see throughout this course,     and     are determined by a variety of

physical processes (see chapter 8 of MBW) and can be calculated...

H C
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Closing the set of Fluid Equations



Caution: both here and in MBW the symbol S is used to denote both entropy and specific entropy.

We now proceed to use the ideal gas law to close our set of fluid equations:
To start, we use the first two laws of thermodynamics to write

‡

‡
dU = TdS � PdV d� � dU/M = TdS � Pd(1/�)

d(P/�) =
�(P/�)

��
d� +

�(P/�)
�P

dP = � P

�2
d� +

dP

�
Using that                                                                                         and that d(1/�) = �d�

�2

dlnP =
5
3
dln� +

2
3

µmp

kB
S dlnSwhen combined with the ideal gas law yields

Hence, our EoS can be written as P = P (�, S) � �5/3exp
�

2
3

µmp

kB
S

�

Assuming an ideal, 

mono-atomic gas � =

3
2

kB T

µmp
=

3
2

P

�
d

�
P

�

�
=

2
3

d� =
2
3

TdS � 2
3
P d

�
1
�

�
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The Equation of State



We now use this EoS to rewrite the            -term in the Euler equation.�P/�̄

�P

�̄
=

1
�̄

��
�P

��

�

S

�� +
�

�P

�S

�

�

�S

�
= c2

s�� +
2
3
T (1 + �)�S

cs = (�P/��)1/2
SHere                             is the sound speed, and we have used that��/�̄ = ��

Substituting the above in the Euler equation yields the following fluid equations:

⇥�

⇥t
+

1

a
� · [(1 + �)⇤v] = 0

r2� = 4⇥G⇤̄a2�

continuity equation

Euler equations

Poisson equation

��v

�t
+

ȧ

a
�v +

1
a
(�v ·�)�v = ���

a
� c2

s

a

��

(1 + �)
� 2T

3a
�S
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The Fluid Equations



If we write                      and also igore higher-order terms containing the

small temperature perturbation      , the fluid equations simplify to 

vThe next step is to linearize the fluid equations: Using that both    and    are small,

we can neglect all higher order terms (those with    ,    , or      ).   

�
v2�2 � v

T = T̄ + �T
�T

Differentiating the continuity eq. wrt    and using the Euler & Poisson eqs yields:t

�2�

�t2
+ 2

ȧ

a

��

�t
= 4�G�̄� +

c2
s

a2
�2� +

2
3

T̄

a2
�2S

This `master equation’ describes the evolution of the density perturbations

in the linear regime (             ), but only for a non-relativistic fluid !!!|�|� 1

continuity equation

Euler equations
��v

�t
+

ȧ

a
�v = ���

a
� c2

s

a
�� � 2T̄

3a
�S

��

�t
+

1
a
� · �v = 0
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Linearizing the Fluid Equations



gravitational term, expresses 

how gravity promotes 
perturbation growth

`Hubble drag’ term, expresses 

how expansion suppresses 


perturbation growth

pressure terms, expressing how 
pressure gradients due to spatial 

gradients in density and/or entropy 
influence perturbation growth

�2�

�t2
+ 2

ȧ

a

��

�t
= 4�G�̄� +

c2
s

a2
�2� +

2
3

T̄

a2
�2S

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

The Linearized Fluid Equations



�2�

�t2
+ 2

ȧ

a

��

�t
= 4�G�̄� +

c2
s

a2
�2� +

2
3

T̄

a2
�2S

As already mentioned, it is often advantageous to work in Fourier Space:

Since the above equation is linear, we obtain, for each independent mode, that 

where we used that when going to Fourier space               and thus� � i�k �2 � �k2

d2��k

dt2
+ 2

ȧ

a

d��k

dt
=

�
4�G�̄� k2c2

s

a2

�
��k �

2
3

T̄

a2
k2 S�k

This expresses something very important: as long as linearized equation suffices

to describe the evolution of the density field, all modes evolve independently

�S(�x, t) � S(�x, t)� S̄(t)
S̄(t)

=
�

k

S�k(t)e+i�k·�x�(�x, t) =
�

k

��k(t)e+i�k·�x
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The Linearized Fluid Equations



d2��k

dt2
+ 2

ȧ

a

d��k

dt
=

�
4�G�̄� k2c2

s

a2

�
��k �

2
3

T̄

a2
k2 S�k

As one can see from this equation, both density perturbation and entropy 
perturbations can seed structure formation!  Hence, one distinguishes

Isocurvature perturbations do not perturb the (FRW) metric; 

rather, they are perturbations in the EoS (baryons per photon ratio)

If evolution is adiabatic, isentropic perturbations remain isentropic.

If not, the non-adiabatic processes create non-zero �S

Isentropic and isocurvature perturbations are orthogonal, and any perturbation 
can be written as a linear combination of both.     

Isentropic Perturbations

Isocurvature Perturbations � = 0

�S = 0 (pure density perturbations)

(pure entropy perturbations)

Isentropic perturbations are often called adiabatic perturbations. However,

it is better practice to reserve `adiabatic’ to refer to an evolutionary process
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Types of Perturbations



The entropy density s (=entropy per unit volume) is dominated by relativistic 
particles, and scales with photon temperature as                 (see MBW §3.3.3).s / T 3

�

Hence, the entropy per unit mass is simply given by S =
s

�m
/ �3/4r

�mwhere we have used that �r = (4⇥SB/c
3)T 4

�S =
⇤S

S
=

1

S


⇤S

⇤⇥r
⇤⇥r +

⇤S

⇤⇥m
⇤⇥m

�
=

3

4
�r � �m

Thus, for isentropic perturbations we have that �r = (4/3)�m

At early times, during the radiation dominated era, we have that ⇢m ⌧ ⇢r
so that isocurvature perturbations obey approximately           . 

For this reason, isocurvature perturbations are also sometimes called 
isothermal perturbations (especially in older literature). 

�r = 0

Note though that isocurvature is only ~isothermal for t ⌧ teq

For isocurvature perturbations                           , which implies that 

                                                                 , and thus 

�⇢ = ⇢� ⇢̄ = 0
�r + �m � �̄r � �̄m = �̄r �r + �̄m �m = 0 �r/�m = �(�̄m/�̄r) = �(a/aeq)
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Types of Perturbations



The matter perturbations that we are describing consist of both baryons

and dark matter (assumed to be collisionless). 

In what follows we will first treat these separately.

We start by considering a Universe without dark matter 

   (only baryons + radiation).

Next we considering a Universe without baryons 

   (only dark matter + radiation).

We end with discussing a more realistic Universe

   (radiation + baryons + dark matter)
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Different Matter Components



Lecture 4

 SUMMARY



 the halo bias function

Euler equations

Equation of State

Ideal Gas

Sound Speed

Key words 
Hubble drag

Perturbation analysis

Isentropic perturbations

Isocurvature perturbations

Dark matter can be described as a collisionless fluid as long as the velocity dispersion 
of the particles is sufficiently small that particle diffusion can be neglected on the scale 
of interest. This is true on scales larger than the free-streaming scale.

In the linear regime, all modes evolve independently (there is no `mode-coupling’)

If evolution is adiabatic, isentropic perturbations remain isentropic.

If not, the non-adiabatic processes create non-zero�S

Isentropic and isocurvature perturbations are orthogonal;

any perturbation can be written as a linear combination of both.     
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Summary: key words & important facts



 the halo bias function

D⇤u

Dt
= �rrP

�
�rr⇥

D�

Dt
+ ��r · ⇥u = 0

r2
r⇤ = 4�G⇥

continuity equation

Euler equations

Poisson equation

�2�

�t2
+ 2

ȧ

a

��

�t
= 4�G�̄� +

c2
s

a2
�2� +

2
3

T̄

a2
�2S

“Master equation”

Perturbation analysis in expanding space-time

Fourier Transform

d2��k

dt2
+ 2

ȧ

a

d��k

dt
=

�
4�G�̄� k2c2

s

a2

�
��k �

2
3

T̄

a2
k2 S�k

�S =
3
4
�r � �m

isentropic perturbations

isocurvature perturbations

�r = (4/3)�m

�r/�m = �(a/aeq)

P =
kBT

µmp
�ideal gas � =

1
� � 1

kBT

µmp

cs = (�P/��)1/2
S

sound speed
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Summary: key equations & expressions



Frank van den Bosch 
Yale University, Fall 2020 

ASTR 610
 Theory of Galaxy Formation

 
Lecture 5: Newtonian Perturbation Theory 
                     II. Baryonic Perturbations



Topics that will be covered include:

Damping (Silk & Free Streaming)
Linear Growth Rate
Horizons
Jeans Criterion
Equation of State
Newtonian Perturbation Theory
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Structure Formation: The Linear Regime

Meszaros Effect

Thus far we have focussed on an unperturbed Universe. In this lecture

we examine how small perturbations grow and evolve in a FRW metric

(i.e., in a expanding space-time).



In Lecture 4 we derived the following fluid equations in comoving coordinates:

⇥�

⇥t
+

1

a
� · [(1 + �)⇤v] = 0

r2� = 4⇥G⇤̄a2�

continuity equation

Euler equations

Poisson equation

��v

�t
+

ȧ

a
�v +

1
a
(�v ·�)�v = ���

a
� c2

s

a

��

(1 + �)
� 2T

3a
�S
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The Fluid Equations



After linearization:

r2� = 4⇥G⇤̄a2�

continuity equation

Euler equations

Poisson equation

��

�t
+

1
a
��v = 0

��v

�t
+

ȧ

a
�v = ���

a
� c2

s

a
�� � 2T̄

3a
�S
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The Linearized Fluid Equations



Differentiating continuity equation, and substituting Euler & Poisson Equations:

Master Equation:

`Hubble drag’ term, expresses 

how expansion suppresses 


perturbation growth

gravitational term, expresses 

how gravity promotes 
perturbation growth

pressure terms, expressing how 
pressure gradients due to spatial 

gradients in density and/or entropy 
influence perturbation growth

�2�

�t2
+ 2

ȧ

a

��

�t
= 4�G�̄� +

c2
s

a2
�2� +

2
3

T̄

a2
�2S
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The Master Equation



After Fourier Transformation:

Master Equation:
d2��k

dt2
+ 2

ȧ

a

d��k

dt
=

�
4�G�̄� k2c2

s

a2

�
��k �

2
3

T̄

a2
k2 S�k

�S(�x, t) � S(�x, t)� S̄(t)
S̄(t)

=
�

k

S�k(t)e+i�k·�x�(�x, t) =
�

k

��k(t)e+i�k·�x

NOTE: in linear theory, all modes evolve independently
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The Master Equation in Fourier Space



Isentropic Perturbations

Isocurvature Perturbations � = 0

�S = 0 (pure density perturbations)

(pure entropy perturbations)

�S =
⇤S

S
=

1

S


⇤S

⇤⇥r
⇤⇥r +

⇤S

⇤⇥m
⇤⇥m

�
=

3

4
�r � �m

Isentropic perturbations:

Isocurvature perturbations:                    �r/�m = �(�̄m/�̄r) = �(a/aeq)

�r/�m = 4/3

At early times, isocurvature perturbations obey approximately           . 

which is why they are sometimes called isothermal perturbations

�r = 0

Isentropic perturbations are often called adiabatic perturbations. However,

it is better practice to reserve `adiabatic’ to refer to an evolutionary process

If evolution is adiabatic, isentropic perturbations remain isentropic.

If not, the non-adiabatic processes create non-zero�S
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Types of Perturbations

δr

δm

δr
δm



The matter perturbations that we are describing consist of both baryons

and dark matter (assumed to be collisionless). 

In what follows we will first treat these separately.

We start by considering a Universe without dark matter 

   (only baryons + radiation).

Next we considering a Universe without baryons 

   (only dark matter + radiation).

We end with discussing a more realistic Universe

   (radiation + baryons + dark matter)
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Different Matter Components



The special case            defines a characteristic mode,     , which translates into

a characteristic scale 

Consider adiabatic evolution of isentropic perturbations                      at all times.�S = 0

If we ignore for the moment the expansion of the Universe (          ), then our

linearized equation in Fourier space reduces to a wave equation:

ȧ = 0

d2��k

dt2
= ��2��k �2 =

k2c2
s

a2
� 4�G�̄where

� = 0 kJ

�prop
J = a(t)�com

J = a(t)
2�

kJ
= cs

�
�

G�̄
the Jeans length

Hence, we have the following Jeans criterion:

� < �J

� > �J

�2 > 0

�2 < 0

��k(t) � e±i�t

��k(t) � e±i�t

sound wave, propagating w. sound speed

static mode, growing or decaying 
exponentially with time
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Gravitational Instability: the Jeans criterion



WARNING: the fluid equations that we used above are only valid

                    for a non-relativistic fluid; our Newtonian treatment 

                    is not valid for the tightly coupled photon-baryon fluid.

                    However, we may still use the Newtonian Jeans criterion

                    for an order-of-magnitude analysis, which is what we

                    will do here and in what follows. A proper treatment            

                    requires solving the Boltzmann equation in a perturbed     

                    space-time metric, which is beyond the scope of these                 

                    lectures.                   (see MBW §4.2 for details if interested)

Prior to recombination: photon-baryon fluid cs =
c�
3

�
3
4

�b(t)
�r(t)

+ 1
��1/2

�b � a�3

�r � a�4

t < teq

t > teq cs � a�1/2

cs = c/
�

3 � a0

} {
(see problem set 2)
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The Jeans Mass



Using Jeans length, we can also define Jeans mass: MJ =
4�

3
�̄

�
�J

2

�3

=
�

6
�̄ �3

J

After recombination: baryon fluid is `ideal gas’ cs = (�P/��)1/2 � T 1/2

T � a�2 cs � a�1

while at matter-radiation equality,
Immediately after recombination, MJ = 1.5� 105(�b,0h

2)�1/2 M�

MJ = 1.5� 1016(�b,0h
2)�2 M�

At recombination, photons decouple from baryons,which dramatically 
reduces the pressure, causing a huge drop in the Jeans mass...
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The Jeans Mass

Prior to recombination: photon-baryon fluid cs =
c�
3

�
3
4

�b(t)
�r(t)

+ 1
��1/2

�b � a�3

�r � a�4

t < teq

t > teq cs � a�1/2

cs = c/
�

3 � a0

} {



Using how the sound speed and

density scale with the scale 
factor we obtain the following

evolution of the Jeans length.

time

co
m

ov
in

g 
sc

al
e

teq trec

�J

a

a�1/2

MJ � 1015M�

MJ � 106M�

�prop
J = cs

�
�

G�̄

t < teq

t > trec

teq < t < trec

�̄ � a�4

cs � a0

�̄ � a�3

cs � a�1/2

�̄ � a�3

cs � a�1

�prop
J � a2

�prop
J � a

�prop
J � a1/2 �com

J � a�1/2

�com
J � a0

�com
J � a

Baryon perturbations with

            grow, while those with                   

            become acoustic waves.
� > �J

� < �J
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Evolution of the Jeans Length



In addition, in an expanding space-time, 

one needs  to account for the presence 

of horizons, and distinguish sub-horizon

perturbations (those with              )  from

super-horizon perturbation (              )....

� < �H

� > �H
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In the case of expansion, there are two modifications:

According to the Jeans criterion discussed above, which ignored the expansion

of the Universe, baryonic perturbations with             will grow exponentially.� > �J

Hubble drag
Horizons

If             perturbations do not grow exponentially, but as a power-law � > �J

As is evident from linearized fluid equation, Hubble drag resists perturbation growth:
��k(t) � ta

The index a depends on cosmology, EoS and epoch, as discussed at a later stage. 

Perturbation Growth in expanding Space-Time



Crudely speaking, a super-horizon perturbation (             ) doesn’t “know” it is a

perturbation as it has no causal knowledge of the metric on scales larger

than itself           metric perturbations with              don’t evolve (`frozen’). � > �H

In an expanding space-time, one needs to account for the presence of horizons.

Inflation creates perturbations on all scales, including on super-horizon scales.

A proper treatment of super-horizon perturbations requires general relativistic

perturbation theory, which is beyond the scope of this course (see MBW §4.2)

Growth of super-horizon density-perturbations is governed by conservation of the 

associated potential perturbations.....Jeans criterion does NOT apply for them.

� > �H

�(�x, t) =
�

k

��k(t)e+i�k·�x

�k2��k = 4�Ga2�̄��k

} ��k
is constant implies that ��k � (�̄a2)�1

Super-Horizon Perturbations
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If               converges to a finite value, it means that there are fundamental

                   observers with whom the observer can never communicate. Such 
fundamental observers are said to lie outside the comoving event horizon.

Recall: a photon moves along a geodesic (ds=0). Since we can always choose our

coordinate system such that the photon moves along                      , the FRW

metric implies that a photon path is characterized by               .  

d� = d� = 0
d� = d�

Using that the conformal time interval                         , and that d� = cdt/a(t) dt = da/ȧ

�(re) =
� t0

te

cdt

a
=

� a0

ae

cda

a ȧ

where the subscripts e and o refer to `emitted’ and `observed’.

If          converges to a finite value      when             , then there are events for

which              and from which no communication can have reached the observer.

�(re) ae � 0�H

� > �H

is called the comoving particle horizon�H =
� t0

0

cdt

a

lim
t0��

�H

In what follows we are mainly concerned with particle horizons only....
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Horizons



Using the Friedmann equation
✓
ȧ

a

◆2

=
8�G

3
⇥� Kc2

a2

we can write the dependence of the comoving (particle) horizon on scale factor as

�H(a) =
� a

0

cda

a ȧ
=

� a

0

da

a

�
8�G� a2

3 c2
�K

��1/2

For a flat Universe (K=0), this reduces to �H(a) =
�

3c2

8�G

�1/2 � a

0

da

a2��

(see Lecture 3)

t� teq

t� teq

� � a�4

� � a�3

� � a0

�H(a) �
� a

0
da � a

�H(a) �
� a

0
a�1/2da � a1/2

�H(a) �
� a

0
a�2da � a�1� dominates
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Horizons



time

co
m

ov
in

g 
sc

al
e

teq trec

�J

a

a�1/2

a1/2
�H

acoustic waves

growth

growth

It can be shown that the proper 
(particle) horizon during the 
radiation dominated era follows 

�prop
H = 2 c t

(see problem set 1)

which is the same as the Jeans

length during this era, except for

a factor of order unity....

For comparison, in a matter-dominated Universe we have that �prop
H = 3 c t

Using that super-horizon perturbations experience growth, we can distinguish

three different regions in our scale-size diagram for the evolution of baryonic

perturbations in an expanding space-time...

However, this picture is not yet complete....
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The Evolution of Baryonic Perturbation



Joe Silk (1974)

Before decoupling photons & baryons are tightly coupled via

Compton scattering. However, this coupling is imperfect as the 
photons have a mean-free path                         that is not zero. � = (⇥T ne)

�1

photon diffusion
damping of perturbations in photon distribution

damping of acoustic oscillations (also in the baryons)

This damping mechanism is known as Silk damping.

 is Thomson cross-section�T

Let photon path be a random walk with mean step length �

During a time   the photon takes on average                   stepst

Kinetic Theory            

The Silk damping scale,     , is typical distance photon can diffuse in Hubble time.�d

N = c t/�

�d � (N/3)1/2� =
�

c t

3�T ne

�1/2
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Silk Damping



Without derivation (see MBW §4.1.6a), there are two solutions to this equation:

decaying mode:

growing mode:

�� / H(t)

�+ / H(t)

Z t

0

dt0

a2(t0)H2(t0)

Question:  what, physically, do these different modes represent?
decaying modegrowing mode

Having explored baryonic perturbations prior to recombination,  we now focus on their 
evolution past recombination, when the baryonic matter can be treated as a pressureless fluid 
(           ). We will focus on the adiabatic evolution of isentropic perturbations (            ), and 
since we are now in the matter-dominated era, we can ignore radiation.

cs = 0 �S = 0

�S = 0 d2��k
dt2

+ 2
ȧ

a

d��k
dt

= 4⇥G⇤̄m ��kcs = 0
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Perturbation Growth during Matter Era



In general, the solution is a linear combination of the growing and decaying modes

Since, by definition, the decaying mode dissapears with time, we shall only be 
concerned with the growing mode, and simply write                  in what follows. �(t) � �+

�(t) = C1 �+ + C2 ��

In what follows, we write that                              with          the linear growth rate.�+ � D(z) � g(z)
1 + z

D(z)

An accurate approximation for the linear growth rate (Carroll et al. 1992)  has

g(z) � 5
2
�m(z)

�
�4/7

m (z)� ��(z) +
�
1 +

�m(z)
2

� �
1 +

��(z)
70

���1

For an Einstein-de Sitter (EdS) cosmology                                  the solutions are 
particularly simple:                          and 

(�m,0,��,0) = (1, 0)
�+ � a � t2/3 �� � t�1

Note that, as already mentioned before, because of the expansion of the Universe,

the growth-rate is not exponential (as in static case), but a power-law.
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The Linear Growth Rate



g(z) � 5
2
�m(z)

�
�4/7

m (z)� ��(z) +
�
1 +

�m(z)
2

� �
1 +

��(z)
70

���1

The linear growth rate, 

D(z), is normalized such 
that D(z=0) = 1.0

NOTE: perturbations grow faster in an EdS universe than in one with                 . �m,0 < 1

Physically, this is due to fact that in open universe, or in one with non-zero 
cosmological constant, the expansion rate is larger than in EdS universe, 
causing a reduction of perturbation growth due to enhanced Hubble drag.

Why?
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The Linear Growth Rate



time

co
m

ov
in

g 
sc

al
e

teq trec

�J

a

a�1/2

a1/2
�H

acoustic 
waves

growth

We can now complete our picture of 
evolution of baryonic perturbations:

Silk damping will `erase’ all baryonic 
fluctuations on scales � < �d

Consequently, if matter is purely 
baryonic, after recombination there 
are no perturbations left on small 
scales        structure formation has

to proceed in top-down fashion....

� / D(a)

growth
� � (�̄ a2)�1

Detailed calculations, accounting for the evolution in ionization fraction,     , yieldXe

�com

d

⇠ 5.7(�
m,0h

2)�3/4

✓
�

b,0

�
m,0

◆�1/2 ✓
X

e

0.1

◆�1/2 ✓
1 + z

dec

1100

◆�5/4

Mpcat recombination:

Md =
4�

3
�̄

�
�phys

d

2

�3

� 2.7� 1013(�m,0h
2)�5/4

�
�b,0

�m,0

��3/2 �
Xe

0.1

��3/2 �
1 + zdec

1100

��15/4

M�

da
m

pi
ng

�d

acoustic 
waves
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The Evolution of Baryonic Perturbations



This was the picture for structure formation developed by Zel’dovich and his colleagues during 
the 1960’s in Moscow. However, it soon became clear that this picture was doomed....

To allow sufficient time for fragmentation, the 

large-scale perturbations need large amplitudes 

in order to collapse sufficiently early. At recombination 
one requires |�m| > 10�3

Using that                                  , which follows 
from fact that perturbations are isentropic and 
from            , this model implies CMB fluctuations 

�T = 1/4�r = 1/3�m

�r / T 4

�T/T > 10�3

Such large fluctuations were already ruled out 
in early 1980s (e.g., Uson & Wilkinson 1984)

Nature 1984

If matter is purely baryonic, and perturbations are isentropic (`adiabatic’),

structure formation proceeds top-down by fragmentation of perturbations 
larger than Silk damping scale at recombinationMd ⇠ 1013M�
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The Adiabatic, Baryonic Model

Yakov Zel’dovich



While Zel’dovich was working on his adiabatic model, Peebles and his colleagues at 
Princeton developed an alternative model for structure formation, in which the 
perturbations were assumed to be isothermal (i.e.,            ), which is a good

approximation for isocurvature perturbations prior to the matter era.

�r = 0

In addition, isothermal perturbations are fairly “unnatural”. 

All these problems dissapear when considering a separate matter component: dark matter

Similar to adiabatic model, this isothermal

baryonic model requires large temperature 
fluctuations in CMB to explain observed structure

In this model, sound speed prior to recombination 
is much lower, resulting in much lower Jeans mass. 
Also, since there are no radiation perturbations, 
there is NO Silk damping. All perturbations with                                          

                                 survive, and structure 
formation proceeds hierarchical (bottom-up). 
M > MJ ⇠ 106M�

Prior to recombination, radiation drag prevents

perturbations from growing (they are `frozen’), but at 
least they are not damped... 

time
co

m
ov

in
g 

sc
al

e
teq trec

�J

a

a�1/2

a1/2
�H

acoustic  
waves

growth

growth

MJ � 106M�

� / D(a)stagnation

� � (�̄ a2)�1

stagnation
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The Isothermal, Baryonic Model

Jim Peebles



Lecture 5

 SUMMARY



 the halo bias function

Jeans criterion

Jeans length

Horizons (particle vs. event)

Key words 
Linear growth rate

Silk damping

Radiation drag


Perturbations below the Jeans mass do not grow, but cause acoustic oscillations.

If matter is purely baryonic, at recombination Silk damping has erased all perturbations on 
relevant scales (Md ~ 1015 M⦿)             structure formation proceeds in top-down fashion.

Growth of super-horizon density-perturbations is governed by conservation of the 

associated perturbations in the metric.

Hubble drag resists perturbation growth            perturbations above the Jeans mass
��k(t) � ta     do not grow exponentially, but as a power-law: 

The index a depends on cosmology and EoS, as characterized by linear growth rate.

At recombination photons decouple from baryons             huge drop in the Jeans mass.
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Summary: key words & important facts



 the halo bias function

prior to recombination: relativistic photon-baryon fluid cs =
c�
3

�
3
4

�b(t)
�r(t)

+ 1
��1/2

after recombination: baryon fluid is `ideal gas’ cs = (�P/��)1/2 � T 1/2

MJ =
4�

3
�̄

�
�J

2

�3

=
�

6
�̄ �3

JJeans length & mass: �prop
J = cs

�
�

G�̄

�H(a) =
� t

0

cdt

a
=

� a

0

cda

a ȧ
comoving particle horizon: �prop

H =
2 c t
3 c t

radiation era

matter era

�k2��k = 4�Ga2�̄��k

��k
is constant implies that ��k � (�̄a2)�1

Poisson equation (Fourier space)
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Summary: key equations & expressions
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Lecture 6: Newtonian Perturbation Theory 
                     III. Dark Matter



Master Equation:
d2��k

dt2
+ 2

ȧ

a

d��k

dt
=

�
4�G�̄� k2c2

s

a2

�
��k �

2
3

T̄

a2
k2 S�k

Describes evolution of individual modes in Fourier space, sourced by gravity & 
pressure (i.e., by isentropic and isocurvature perturbations).

time

co
m

ov
in

g 
sc

al
e

teq trec

�J

a

a�1/2

a1/2
�H

acoustic 
waves

growth

� / D(a)

growth
� � (�̄ a2)�1

da
m

pi
ng

�d

damped

Adiabatic evolution of isentropic, 
baryonic perturbations

Silk damping arises from photon-
diffusion close to recombination.

After recombination, perturbations 
larger than Jeans length grow 
according to linear growth rate, D(a)

Perturbations smaller than Jeans 
scale undergo acoustic oscillations
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The Evolution of Baryonic Perturbations



This was the picture for structure formation developed by Zel’dovich and his colleagues during 
the 1960’s in Moscow. However, it soon became clear that this picture was doomed....

To allow sufficient time for fragmentation, the 

large-scale perturbations need large amplitudes 

in order to collapse sufficiently early. At recombination 
one requires |�m| > 10�3

Using that                                  , which follows 
from fact that perturbations are isentropic and 
from            , this model implies CMB fluctuations 

�T = 1/4�r = 1/3�m

�r / T 4

�T/T > 10�3

Such large fluctuations were already ruled out 
in early 1980s (e.g., Uson & Wilkinson 1984)

Nature 1984

If matter is purely baryonic, and perturbations are isentropic (`adiabatic’),

structure formation proceeds top-down by fragmentation of perturbations 
larger than Silk damping scale at recombinationMd ⇠ 1013M�
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The Adiabatic, Baryonic Model

Yakov Zel’dovich



While Zel’dovich was working on his adiabatic model, Peebles and his colleagues at 
Princeton developed an alternative model for structure formation, in which the 
perturbations were assumed to be isothermal (i.e.,            ), which is a good

approximation for isocurvature perturbations prior to the matter era.

�r = 0

In addition, isothermal perturbations are fairly “unnatural”. 

All these problems dissapear when considering a separate matter component: dark matter

Similar to adiabatic model, this isothermal

baryonic model requires large temperature 
fluctuations in CMB to explain observed structure

In this model, sound speed prior to recombination 
is much lower, resulting in much lower Jeans mass. 
Also, since there are no radiation perturbations, 
there is NO Silk damping. All perturbations with                                          

                                 survive, and structure 
formation proceeds hierarchical (bottom-up). 
M > MJ ⇠ 106M�

Prior to recombination, radiation drag prevents

perturbations from growing (they are `frozen’), but at 
least they are not damped... 

time
co

m
ov

in
g 

sc
al

e
teq trec

�J

a

a�1/2

a1/2
�H

acoustic  
waves

growth

growth

MJ � 106M�

� / D(a)stagnation

� � (�̄ a2)�1

stagnation
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The Isothermal, Baryonic Model

Jim Peebles



We now turn our attention to Collisionless Dark Matter. Here `Dark’ indicates

that this matter has no EM interaction (no interaction with photons).

In what follows we use X to indicate some generic particle species produced

in the early Universe. We call such particles `cosmic relics’.

Cold Dark Matter

Non-thermal Relics Thermal Relics

Hot Dark Matter

not produced in thermal equilibrium 
(TE) with rest of Universe.

particles are still relativistic at 
decoupling, i.e., 

particles are non-relativistic 

at decoupling i.e., 

Cosmic Relics

are held in TE with other components of 
Universe until they `decouple’, which happens 
when interaction rate                  drops below 
expansion rate

� = n��v�
H(a)

3kBTd > mXc2 3kBTd < mXc2

e.g., axions, monopoles, cosmic strings

e.g., massive neutrinos e.g., WIMPS
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Collisionless Dark Matter



In order to describe evolution of collisionless dark matter, in general one

cannot use the fluid description. Instead, one has to resort to the 

Collisionless Boltzmann Equation (CBE):

Let                                          be the distribution function, which expresses the 
number of particles per unit volume in phase-space. 

f(�x,�v, t) = dN/d3�x d3�v

For a collisionless system we have that df

dt
= 0

This is the CBE, which expresses that in a collisionless system the phase-space 
density around each particle is conserved (i.e., there is no diffusion or scattering).

�f

�t
+ vi

�f

�xi
� ��

�xi

�f

�vi
= 0

df =
�f

�t
dt +

�f

�xi
dxi +

�f

�vi
dviUsing that                                                              (Einstein summation convention)

and that                                  we can write the CBE as: dvi/dt = ���/�xi
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Collisionless Fluids



vk

continuity equation

Rather than solving CBE itself, one normally focusses on the moment equations. 
These are obtained by multiplying all terms by     and integrating over velocity 

space. When using comoving coordinates in an expanding space with scale 
factor       , one obtains, for a(t) k = 0

Similarly, for          one obtains

��vi�
�t

+
ȧ

a
�vi� +

1
a

�

j

�vj�
��vi�
�xj

= �1
a

��
�xi

� 1
�̄a(1 + �)

�

j

���2
ij

�xj

k = 1

These are called the Jeans equations, and are the collisionless analog of the 
Euler equations for a fluid. The only difference is that the stress tensor

now plays the role of the pressure...

��2
ij

Here                                                            , and        is the mean streaming 
motion in the   -direction.i

�vi�⇥
com

(⇤x) =
R
f d3⇤v = ⇥̄ a3 [1 + �(⇤x)]

��

�t
+

1
a

�

j

�

�xj
[(1 + �) �vj�] = 0
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Collisionless Fluids

NOTE: summation signs have been added 
for clarity, but can be removed according 
to the Einstein summation convention



The velocity dispersion tensor is defined as �2
ij � �vi vj� � �vi� �vj�

Since this tensor is manifest symmetric, i.e.,                 it is characterized by 6 
independent numbers. Thus, whereas fluid pressure is characterized by a 
single scalar quantity, the stress tensor has 6 unknowns.

�ij = �ji

This also means that a simple `Equation-of-State’ will NOT suffice to close

the set of equations           in general the Jeans equations cannot be solved.

One typically proceeds by making a number of simplifying assumptions (see 
MBW §5.4). In what follows, we will do the same and assume that the velocity

dispersion is isotropic �ij = � �ij

���2

�̄
= �2��If we further assume that    is independent of location, then�

Substituting this in the Jeans equations, and comparing the result to the Euler 
equations, it is clear that the velocity disperion                     now plays the same 
role as the sound speed,    , in the fluid equations.

� = �v2
i �1/2

cs
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Collisionless Fluids



��

�t
+

1
a

�

j

�

�xj
[(1 + �) �vj�] = 0

��vi�
�t

+
ȧ

a
�vi� +

1
a

�

j

�vj�
��vi�
�xj

= �1
a

��
�xi

� 1
�̄a(1 + �)

�

j

���2
ij

�xj

Moments of Collisionless Boltzmann Equation

⇥�

⇥t
+

1

a
� · [(1 + �)⇤v] = 0

��v

�t
+

ȧ

a
�v +

1
a
(�v ·�)�v = ���

a
� 1

a (1 + �)
���2

�̄

vector notation

continuity equation
Jeans equations

Euler equations

��v

�t
+

ȧ

a
�v +

1
a
(�v ·�)�v = ���

a
� �2

a

��

(1 + �)

σ independent of location

⇥�

⇥t
+

1

a
� · [(1 + �)⇤v] = 0

Fluid Equations (see Lecture 4)

⇥�

⇥t
+

1

a
� · [(1 + �)⇤v] = 0

��v

�t
+

ȧ

a
�v +

1
a
(�v ·�)�v = ���

a
� c2

s

a

��

(1 + �)
� 2T

3a
�S

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Collisional vs. Collisionless Fluids



Thus, a collisionless fluid with isotropic and homogeneous velocity dispersion 

can be described by exactly the same continuity and momentum equations as a 

collisional fluid, but with the sound speed     replaced by � = �v2

i �1/2cs

Hence we can define the collisionless analog of the Jeans length:

�prop

J

= a(t)�com

J

= a(t)
2⇥

k
J

= ⌅

r
⇥

G⇤̄

Free streaming damping arises because particles disperse in random directions due to 
their non-zero velocity dispersion. This `erases’ perturbations with            . 

Free streaming (or collisionless) damping is basically the same as Landau damping 

for a collisionless plasma...

� < �J

Collisionless Fluid

� < �J

� > �J gravitational collapse

free streaming damping

However, there is one very important difference wrt a collisional fluid:

Collisional Fluid

� < �J

� > �J gravitational collapse

acoustic oscillations
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The Jeans Length of a Collisionless Fluid



The time for collisionless particles to disperse over a distance    is                 .⌧disp =
�

�
�

The fact that perturbations with             damp due to `free streaming’ is easy

to understand:

� < �J

Hence, the criterion             implies that                         , where we have used

the definition of the Jeans length. 

� < �J ⇤disp <

r
�

G⇥̄

The Friedmann equation for a flat Universe (without cosmological constant) is:

H(a) =

r
8�G⇥̄

3

from which we see that (roughly)  �disp < �H = 1/H(a)

Hence for perturbations with             the dispersion time is shorter than the

Hubble time, and those perturbations will thus have dispersed (=damped). 

� < �J
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Free Streaming Damping



We now proceed to estimate how far these neutrinos could have free-streamed

up to the time of equality. We define the free-streaming length as the comoving 
distance travelled, i.e., 

As an example, consider massive neutrinos with a mass m⌫c
2 ⇠ 30eV

This was actually a popular dark matter candidate during early 1980s for two reasons:
There was a (false) experimental claim that neutrinos indeed were this massive.
One can show that                                                  (of order unity, as required).�⌫ ⇠ 0.32h�2(m⌫c

2/30 eV)

These neutrinos become non-relativistic when 3kBT� ⇠ m⌫c
2

Using that                                this yields T� = 2.7K(1 + z) (1 + zNR) ' 4.3⇥ 104

A more accurate calculation that accounts for fact that after decoupling

               yields (1 + zNR) ' 6.0⇥ 104T⌫ 6= T�

For comparison, neutrinos decouple (`freeze-out’) at 

so that we clearly have                                massive neutrinos are HDM 

(1 + zdec) ⇠ 4.3⇥ 109

zNR ⌧ zdec

�com
fs =

� teq

0

v(t�)
a(t�)

dt�
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Free Streaming Damping See MBW §3.3.3 
for more details



Using that the peculiar velocity of neutrinos is            prior to        and               
thereafter, one obtains that at the time of equality

v � c v � a�1tNR

Where we have used that                    during the radiation dominated era. a(t) � t1/2

�com
fs =

2 c tNR

aNR
[1 + ln(aeq/aNR)]

Thus, all perturbations on scales below that of a massive cluster will have been 
erased by the time of equality. 

In problem set 2 you will compute        for a CDM model, and find it to be negligible.... MfsNote:

Structure formation in HDM cosmologies proceeds top-down. 

‡

‡

Using that                                                    one obtains a (comoving)

free-streaming length of 

1/aNR = (1 + zNR) � 6� 104

�com
fs � 30 Mpc

The corresponding free-streaming mass is M
fs

⌘ ⇥

6
⇤̄
m,0 (�com

fs

)3 ' 1.3⇥ 1015M�
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Free Streaming Damping See MBW §3.3.3 
for more details



When particles are still relativistic: 

Particles that are non-relativistic, and decoupled:

In order to compute the Jeans length, and thus also the Jeans mass, for dark

matter, all we need is to determine the velocity dispersion as a function of time.

Hot Relics Cold Relics

t < tNR

t > tdec

tNR < t < tdec

�X =
cp
3

�X =
cp
3

⇣aNR

a

⌘1/2

�X =
cp
3

✓
aNR

adec

◆1/2 adec
a

t < tNR

t > tNR

�X =
cp
3

�X =
cp
3

aNR

a

vX ' c
vX / a�1

Particles that are non-relativistic, but still coupled to photons: vX / a�1/2

The latter follows from the fact that                             and that                .

               

3kBT� = mXv2X T� / a�1
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Velocity Dispersion of Dark Matter
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The Jeans Length of Dark Matter 

Hot Relics (HDM) Cold Relics (CDM)

t < tNR

tNR < t < tdec

tdec < t < teq

t > teq

�com

J

/ a

�com

J

/ a1/2

�com

J

/ a0

�com

J

/ a�1/2

t < tNR

t > teq

�com

J

/ a

�com

J

/ a0

�com

J

/ a�1/2

tNR < t < teq

time
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teq trec

�J

a

a1/2
�H

tNRtdec time
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teq trec

a

a1/2
�H

tNR

a1/2

free streaming

growth growth

free streaming

� � (�̄ a2)�1 � � (�̄ a2)�1?
?a�1/2

a�1/2

�J

�com
J =

�

a(t)

�
�

G�̄



In order to complete our description of the growth of dark matter perturbations 

we now focus on perturbations with             during the matter-dominated era:� > �J

PX = �X ⇥2
X / a�5Since                   we have that the `equivalent of pressure’ �X / a�1

Hence, the `pressure’ drops like a rock, and we may thus treat our collisionless

fluid as a pressureless fluid (but only for             !!!) � > �J

EdS cosmology D(a) � a

D(a) � a�ΛCDM cosmology (� < 1)

Once the cosmological constant starts to dominate, the accelerated expansion suppresses 
structure formation. This is simply a consequence of the increased Hubble drag.

As we have already seen, the (linearized) fluid equation 
describing perturbation growth of pressureless fluid is

d2��k
dt2

+ 2
ȧ

a

d��k
dt

= 4⇥G⇤̄m ��k

When discussing baryonic perturbation growth, we have already 

seen  that the growing mode solution for such perturbations is given by � / D(a)

This linear growth rate applies to both baryonic matter and collisionless dark matter!
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Perturbations Growth during the Matter Era



Since                  whereas               , one has different growth rates during the

matter- and radiation-dominated periods. Introducing the new time variable   

                                 this can be written as:

�̄m / a�3 �̄r / a�4

� ⌘ ⇥̄m/⇥̄r = a/aeq

d2��k
d⇣2

+
(2 + 3⇣)

2⇣(1 + ⇣)

d��k
d⇣

=
3

2

��k
⇣(1 + ⇣)

for which the growing mode solution is �+ / 1 +
3

2
⇣

t � teq

t ⌧ teq ⇣ ⌧ 1

⇣ � 1

�+ constant

�+ / a

stagnation

growth

During radiation-dominated era, but after decoupling, we have that                               , so 
once again we may treat our collisionless fluid as a pressureless fluid (but only for            !!!) 

PX = �X ⇥2
X / a�6

� > �J

d2��k
dt2

+ 2
ȧ

a

d��k
dt

= 4⇥G(⇤̄m + ⇤̄r) ��k

However, since now                we need to modify our linearized fluid equation to:⇢̄r � ⇢̄m

(for              ) t < teq

new term
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Perturbations Growth during the Matter Era



The stagnation of growth in pressureless matter perturbations 

during radiation dominated era is known as the Meszaros effect

Peter Meszaros

This differs from stagnation due to radiation drag that plays role 
in isothermal, baryonic perturbations. After all, CDM experiences 
no radiation drag (i.e., has no EM interaction).

The Meszaros effect is simply a manifestation of the fact that the Hubble

drag term during the radiation dominated era is larger than during the

matter dominated era. Consider the following qualitative argument:

Characteristic time for growth (`collapse’) of perturbation of pressureless material

(e.g., dark matter) is the free-fall time  ⇥� / (G�m)

�1/2

For comparison, the characteristic time for the expansion of the Universe is the

Hubble time                   . Using the Friedmann equation, one immediately sees that

                         during radiation era, and                            during matter era.

�H = 1/H
⇥H / (G�r)

�1/2 ⇥H / (G�m)
�1/2

Hence,                                   during radiation era, strongly suppressing structure 
growth. During matter era, on the other hand,  

⇥H/⇥� / (�m/�r)
1/2

�H/�� ' 1
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Stagnation: the “Meszaros Effect”



Hot Relics (HDM) Cold Relics (CDM)
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Growth of Dark Matter Perturbations



Baryons CDM

1 growth growth

2 oscillations stagnation

3 oscillations free-streaming

4 oscillations growth

5 Silk-damping free-streaming

6 Silk-damping growth

7 growth growth

8 oscillations growth

Growth of isentropic perturbations in a mixture of radiation, baryons and CDM.
The acoustic oscillations of the baryons during 2 - 6 are now driven by the

potential perturbations in the dark matter component.     (see MBW §4.1.6c)

After recombination, baryons fall in DM potential wells; gravity `re-creates’ 
the baryonic perturbations, un-doing the effect of Silk damping.
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Baryons & CDM combined



Baryons CDM

1 growth growth

2 oscillations stagnation

3 oscillations free-streaming

4 oscillations growth

5 Silk-damping free-streaming

6 Silk-damping growth

7 growth growth

8 oscillations growth

Growth of isentropic perturbations in a mixture of radiation, baryons and CDM.
The acoustic oscillations of the baryons during 2 - 6 are now driven by the

potential perturbations in the dark matter component.     (see MBW §4.1.6c)

After recombination, baryons fall in DM potential wells; gravity `re-creates’ 
the baryonic perturbations, un-doing the effect of Silk damping.

time

co
m

ov
in

g 
sc

al
e

teq trec

a

a�1/2

a1/2
�H

1 �d

tNR tdec

�bar
J

2

3

4

6
5 �CDM

J

7
� � D(a)

8

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Baryons & CDM combined



The Poisson equation in Fourier space reads: �k2��k = 4�G�̄a2��k

EdS cosmology D(a) � a ��k � const

��k � a��1D(a) � a�ΛCDM cosmology

Since            for a typical ΛCDM cosmology, potential perturbations

(in the linear regime), will decay with time. 

� < 1

A photon moving through (linear) perturbation will fall into deeper potential well

than what it climbs out of:         it gains energy. This implies that large-scale 

(=linear) structure between last-scattering surface and us produce temperature 
fluctuations in CMB. This is called the Integrated Sachs Wolfe (ISW) effect.

NOTE: In an EdS cosmology the ISW effect is absent!

In a matter dominated Universe              , so that �̄ � a�3 ��k � D(a)/a
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The Integrated Sachs-Wolfe Effect



It is customary to distinguish

      “early-time” ISW effect: arises immediately after recombination, when

                                               radiation-contribution is still significant

       “late-time” ISW effect: arises at late times (close to z=0) due to impact of

                                              cosmological constant


ISW effect reveals itself in the form of cross-correlation between matter distribution 
(e.g., as probed by galaxies) and CMB temperature fluctuations.

Granett, Neyrinck & Szapudi (2008)

Tens of studies have tried to 
detect (late-time) ISW

effect. Most detections

are mildly significant at best 
(< 5σ). One of the most 
intruiging detections is 
shown here, based on 

SDSS-LRG vs WMAP5
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The Integrated Sachs-Wolfe Effect



Lecture 6

 SUMMARY



 the halo bias function

Thermal vs. Non-thernal relics

Cold vs. Hot relics (CDM vs. HDM)

Collisionless Boltzmann equation

Jeans equations

Key words 
Freeze-out

Meszaros effect

Free-streaming damping

ISW effect

A collisionless fluid with isotropic and homogeneous velocity dispersion is described 
by the same continuity and momentum equations as a collisional fluid, but with the 
sound speed     replaced by � = �v2

i �1/2cs

After recombination, baryons fall in DM potential wells, thereby un-doing Silk damping.

Collisional     fluid: perturbations below Jeans mass undergo acoustic oscillations
Collisionless fluid: perturbations below Jeans mass undergo free streaming

Collisionless dark matter and baryonic matter have the same linear growth rate.

A collisionless fluid does not have an EoS         moment equations are not a closed set

The integrated Sachs-Wolfe effect probes (linear) growth rate of structure. 

In an EdS cosmology               and the ISW effect is absent.D(a) � a
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Summary: key words & important facts



 the halo bias function

�com
fs =

� teq

0

v(t�)
a(t�)

dt�Free-streaming scale

EdS cosmology D(a) � a

D(a) � a�ΛCDM cosmology (� < 1)
Linear growth rate

��

�t
+

1
a

�

j

�

�xj
[(1 + �) �vj�] = 0

��vi�
�t

+
ȧ

a
�vi� +

1
a

�

j

�vj�
��vi�
�xj

= �1
a

��
�xi

� 1
�̄a(1 + �)

�

j

���2
ij

�xj

df

dt
=

�f

�t
+ vi

�f

�xi
� ��

�xi

�f

�vi
= 0Collisionless Boltzmann Equation (CBE)

Moment equations: multiply all terms by      and integrate over all of velocity space

Jeans equations

Continuity equation

vk
i

k = 0

k = 1

Summary: key equations & expressions

Poisson equation in Fourier space: �k2��k = 4�G�̄a2��k

In matter dominated Universe:  �̄ � a�3 ��k � D(a)/a
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ASTR 610
 Theory of Galaxy Formation

 
Lecture 7: The Transfer Function & 
                  Cosmic Microwave Background



Topics that will be covered include:

Harrison-Zel’dovich spectrum
Transfer Function
Gaussian Random Fields
Two-Point Correlation Function
Power Spectrum
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Evolution of the Linear Density Field

So far we have seen how (individual) linear perturbations evolve in an expanding

space-time. We will now develop some useful `machinery’ to describe how the

entire cosmological density field (in the linear regime) evolves as function of time.



Since        is believed to be the outcome of some random process in the early 
Universe (i.e., quantum fluctuations in inflaton), our goal is to describe the 
probability distribution

�(�x)

P(�1, �2, ..., �N ) d�1 d�2 ...d�N

�1 = �(�x1)where                   , etc. For now we will focus on the cosmological density 
field at some particular (random) time. We will address its time evolution later 
on in this lecture

��l1
1 �l2

2 ...�lN
N � =

�
�l1
1 �l2

2 ...�lN
N P(�1, �2, ..., �N ) d�1 d�2 ...d�N

This probability distribution is completely specified by the moments

First Moment ��� =
�

�P(�) d� =
�

�(�x) d3�x = 0

ergodic principle: ensemble average = spatial average

How can we describe the cosmological (over)density field,           , without 
having to specify the actual value of    at each location in space-time,         ? (�x, t)�

�(�x, t)
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The Cosmological Density Field



Second Moment ��1 �2� � �(r12) r12 = |�x1 � �x2|

�(r) is called the two-point correlation function

Poisson distributionClustered distribution

�(r)

r

1 + �(r) =
npair(r ± dr)

nrandom(r ± dr)

Note that this two-point correlation function is defined for a continuous 
field,        . However, one can also define it for a point distribution:�(�x)
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The Two-Point Correlation Function



Thus far we discussed the first and second 
moments; how many moments do we need to 
completely specify the matter distribution?

However, there are good reasons to believe that the density distribution

of the Universe is special, in that it is a Gaussian random field...

A random field        is said to be Gaussian if the distribution of the field values

at an arbitrary set of N points is an  N-variate Gaussian:

�(�x)

Q � 1
2

�

i,j

�i (C�1)ij�j

Cij = ��i�j� = �(r12)
P(�1, �2, ..., �N ) =

exp(�Q)
[(2�)N det(C)]1/2

In principle infinitely many......

As you can see, such a Gaussian random field is completely specified

by its second moment, the two-point correlation function       !!!!�(r)
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Gaussian Random Fields



Often it is very useful to describe the matter field in Fourier space:

�(�x) =
�

k

��k e+i�k·�x

Here V is the volume over which the Universe is assumed to be periodic.

Note: the perturbed density field can be written as a sum of plane waves 

          of different wave numbers k (called `modes’)

��k =
1
V

�
�(�x) e�i�k·�x d3�x

The Fourier transform (FT) of the two-point correlation function is

called the power spectrum and is given by

A Gaussian random field is completely specified by either the two-point

correlation function       , or, equivalently, the power spectrum�(r) P (k)

Note: P(k) has

units of volume!

P (�k) � V �|��k|2�

=
�

�(�x) e�i�k·�x d3�x

= 4�

�
�(r)

sin kr

kr
r2 dr
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The Power Spectrum



Our goal in what follows is to derive the evolution of the Power Spectrum P (k, t)

d2��k

dt2
+ 2

ȧ

a

d��k

dt
=

�
4�G�̄� k2c2

s

a2

�
��k �

2
3

T̄

a2
k2 S�k

As we have seen, in the linear regime the linearized fluid equations reduce to

which show that each mode,         , evolves independently!��k(t)

Since                                    , we therefore need to solve the above equation for

each individual mode. In the previous lecture, we have seen how to do this. All

we need is a convenient and concise way to write this down...

P (k, t) = V �|��k(t)|2�

As we shall see, we can simply write

is the initial power spectrum (i.e., shortly after creation of perturbations)

T (k)               is called the transfer function, and will be defined below
D(t)               is the linear growth rate, defined in the previous lecture.

P (k, t) = Pi(k) T 2(k) D2(t)

Pi(k)
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Evolution of the Power Spectrum



As we have seen in Lecture 4, during the matter dominated era, sub-horizon 
perturbations in dark matter and baryons (both are, at that time, pressureless) 
evolve as

��k � D(a) ��k � D(a)/a

Recall that the density and potential modes are related via the Poisson equation:

�k2��k = 4�Ga2 �̄m ��k

Note: here and in what follows we use the scale-factor a as our time-variable.

We have also seen that in a EdS cosmology,                 , so that       remains constant D(a) � a ��k

This is the same behavior as for super-horizon perturbations.

Growth of sub-horizon perturbations in pressureless fluid (i.e., 

dark matter or baryons past recombination) in an EdS cosmology 


is  identical  to that of super-horizon perturbations
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The Transfer Function



As we have seen in Lecture 3, the Friedmann equation implies that every 
cosmology behaves as an EdS cosmology at early enough times, i.e., has that

lim
a�0

�m(a) = 1

At early times, but after recombination, all matter perturbations,   

         both sub- and super-horizon, have                          ��k = constant

We will use this fact to define our transfer function:

Define a scale-factor                  such that                   ,  i.e., Universe 

in still in EdS phase. Then, all modes with                     , which applies 

effectively to all modes of interest to us, are sub-horizon for             .   

am > arec �(am) � 1
� < �H(am)

a > am

In the linear regime, all these modes evolve independently according to

��k(a) = ��k(am)
D(a)

D(am)
am

a
= ��k(am)

D(a)
a

a > am
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The Transfer Function



Next we use the Poisson equation to write ��k(a) = �
k2��k(a)
4�G a2 �̄

= �
k2��k(am)
4�G a3 �̄

D(a)

Using that                                           this yields that a3�̄ = �̄m,0 = �m,0�crit,0 ��k(a) = �2
3

k2��k(am)
�m,0 H2

0

D(a)

We can thus relate the mode amplitude of potential perturbations in the linear regime to 
those at some earlier time      (defined as above). However, what we want is to relate them 
to the initial conditions, i.e., the perturbations shortly after their creation. 

am
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The Transfer Function

Between `creation’ and      there are a number of processes that affect the growth

of our perturbations:

am

The transfer function is devised to describe the combined effect of all these processes.

Meszaros effect (stagnation in pressureless fluid during radiation dominated era)

acoustic oscillations (no net growth due to pressure; Jeans criterion)

Silk damping (damping on small scales due to imperfections in photon-baryon fluid)

free-streaming damping (damping on small scales due to non-zero velocity of dark matter)

radiation drag (stagnation that effects isothermal baryonic modes prior to equality)



We define the transfer function as T (k) =
��k(am)
��k(ai)

Here     is the scale factor at our `initial’ time. Note that the transfer function 

is independent of     , which follows from the fact that potential modes are frozen

during the EdS phase where      is defined.

ai

am

am
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The Transfer Function
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�H
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transfer function



We define the transfer function as T (k) =
��k(am)
��k(ai)

Here     is the scale factor at our `initial’ time. Note that the transfer function 

is independent of     , which follows from the fact that potential modes are frozen

during the EdS phase where      is defined.

ai

am

am

��k(a) = �2
3

k2��k(ai)
�m,0 H2

0

T (k) D(a)��k(a) = �2
3

k2��k(am)
�m,0 H2

0

D(a)

This finally allows us to write the power spectrum as

P (k, a) = �|��k(a)|2� =
4
9

k4�|��k, i|
2�

�2
m,0 H4

0

T 2(k) D2(a) = Pi(k) T 2(k) D2(a)

Defining the power spectrum of potential perturbation as P�(k) = �|��k|2�
P (k) � k4P�(k)we have that                            . We will use this at a later stage to get some


insight into the nature of the initial power spectrum....
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The Transfer Function



However, accurate calculations of         requires solving the Boltzmann equation in a 
perturbed FRW metric.  This is a formidable task, that will not be covered in this course.

                  (if interested, see MBW §4.2 or textbook Modern Cosmology by S. Dodelson). 

T (k)

T (k) =
��k(am)
��k(ai)

Thus, in order to compute         we need to evolve 
different modes from their initial conditions to some 
fiducial time shortly after recombination (EdS phase).

T (k)

In Lecture 4 we have seen how this can be done using Newtonian perturbation theory.

d2��k

dt2
+ 2

ȧ

a

d��k

dt
=

�
4�G�̄� k2c2

s

a2

�
��k �

2
3

T̄

a2
k2 S�k

T (k)Fortunately, nowadays a number of codes to compute         are publicly available:

The next two pages show examples of mode-evolution computed using such codes....

CMBFAST: http://lambda.gsfc.nasa.gov/toolbox/tb_cmbfast_ov.cfm

http://www.thphys.uni-heidelberg.de/~robbers/cmbeasy/CMBEASY:
CAMB: http://camb.info/

Websites:

CLASS: http://class-code.net/
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The Transfer Function
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Text

The above example shows the evolution of the amplitude of a mode corresponding 
to a mass scale of             in an EdS cosmology. Note that

so that there is no Silk damping.

1015M� Md(zrec) < M < MJ(zrec)

EdS
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Growth of Isentropic, Baryonic Perturbation
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Same mode/cosmology as before, except that we have now added dark matter.

Since this mode (                     ) enters horizon after matter-radiation equality, there 
is no Meszaros effect. After recombination, baryons quickly catch-up with dark 
matter (they fall in the dark matter potential wells)

M = 1015M�

EdS
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Growth of Isentropic Perturbation



This figure shows examples 
of three transfer functions for 
isentropic perturbations.

CDM = Cold Dark Matter

HDM = Hot Dark Matter

baryon = no Dark Matter

The Meszaros effect:  suppression on small scales due to stagnation
Free streaming damping: HDM only (in CDM only on very small scales)

Silk damping: erasing small scale baryonic perturbations

1
2
3
4

Acoustic oscillations: dotted lines indicate negative T(k)

Question: what are the

   physical processes giving 

   rise to 1, 2, 3, and 4?

2

3

1

4
small  
scales

large  
scales

1.0
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Examples of Transfer Functions



As we have seen,                                               . It is common practice to assume 
that the initial power spectrum has a power-law form 

Pi(k) � kn

P (k, t) = Pi(k) T 2(k) D2(t)

where    is called the spectral index. As described in MBW §4.5, the power spectra 
predicted by inflation models typically have this form (roughly).

n

Recall that the power spectrum         has the units of volume. It is often useful to 
define the dimensionless quantity

P (k)

�2(k) � 1
2�2

k3P (k)

which expresses the contribution to the variance by the power in a unit logarithmic

interval of   . For the initial power spectrum: k �2

i (k) � k3+n

The corresponding quantity for the gravitational potential is

�2
�(k) � 1

2�2
k3P�(k) � k�4�2(k) � kn�1

where the second step follows straightforward from the Poisson equation..
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The Initial Power Spectrum



�2
�(k) � 1

2�2
k3P�(k) � k�4�2(k) � kn�1

Note that            is independent of    for           . This special case is called 

the Harrison-Zel’dovich spectrum or scale-invariant spectrum, which has the 

desirable property that the gravitational potential is finite on both small and

large scales. Inflation predicts that the `tilt‘              is very small, which is

supported by observations of the CMB power spectrum.   

�2
�(k) k n = 1

|n� 1|

Komatsu et al. (2009)

The normalization of the initial 
power spectrum is normally defined 
via the parameter     , which will be 
described in detail once we discuss 
filtering of the cosmological density 
field.

�8
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The Initial Power Spectrum



The Cosmic Microwave
Background



The Cosmic Microwave Background is one of the three pillars of Big Bang 
cosmology. Its anisotropy power spectrum has a rich structure that can tell us much 
about our cosmological world-models. Understanding these structures is a perfect 
application of what we have learned above regarding perturbation growth.

Many of the materials used in this section are taken from Wayne Hu’s website (background.uchicago.edu)

The Cosmic Microwave Background

Topics that will be covered include:

Cosmological Parameters
Diffusion damping
Sachs-Wolfe effect
CMB acoustic peaks
CMB dipole
CMB Power Spectrum
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COBE WMAP

launched Nov 1989 
angular resolution: 7 degrees

launched Jun 2001 
angular resolution: 13 arcminutes

increasing tem
perature sensitivity

increasing spatial resolution

�T

T
= 1.5

�T

T
= 3⇥ 10�3

�T

T
= 7⇥ 10�5
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CMB Anisotropy



The WMAP all sky map, after removal of the radiation coming from the Milky Way disk

�T

T
= 7⇥ 10�5

“cold” spot;

T = 2.7262 K

“hot” spot;

T = 2.7266 K
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CMB Anisotropy



ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

…and then there was Planck…
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Recombinationtime

neutral hydrogenphoton-baryon fluid

Rather                    , where the latter is the redshift of decoupling, defined as the epoch at 
which the Thomson scattering rate                       is equal to the Hubble expansion rate

zLSS = zdec

H(z)�T = ne �T c

CMB radiation comes to us from 
last scattering surface (LSS). 
Since recombination is not 
instantaneous, in general 

                   . Here, the redshift of 
recombination,       , is defined as 
the redshift at which the 
ionization fraction drops below 
some value (typically 0.1).

zLSS �= zrec

zrec

Detailed calculations, using Boltzmann codes, show that for                              , the 
probability          that a photon had a last scattering at redshift z has a median at

                    and a width                (see MBW §3.5.2).

�b,0/�m,0 � 0.17

zdec � 1100
P (z)

�z � 80

As we shall see, this non-zero width of the LSS causes damping (called diffusion damping) 
of the CMB anisotropies on smal scales.
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Recombination and Decoupling



It is useful to expand this in Spherical Harmonics:

NOTE: this is similar to an expansion in plane-waves (i.e., Fourier Transform), except that here a different 

            set of basis-functions is used, optimized to describe a distribution on a spherical surface.

‡

Similar to        , the CMB has to be considered

a particular realization of a random process.

�(⇥x) Cl = �|alm|2⇥

⇥(n̂) ⌘ �T

T
(n̂) =

T (n̂)� T̄

T̄

�(n̂) =
X

l,m

alm Ylm(⇥,�)

Define the CMB anisotropy distribution

T̄

n̂ = (⇥,�)Here                   is direction on the sky,  
and     is the average CMB temperature.  

We expand this in Spherical Harmonics:‡

and define the power spectrum as

Almost always, the power spectrum that people plot is not     but                . The reason is

that for a Harrison-Zel’dovich spectrum in a EdS cosmology, the latter is independent of 

on large scales (= small   ).  The small upturn at large scales in the WMAP power spectrum  

therefore indicates that            and/or                 (due to integrated Sachs-Wolfe effect). 

Cl l(l + 1)Cl
l

l
ns 6= 1 �m,0 6= 1
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The CMB Power Spectrum



It is useful to expand this in Spherical Harmonics:

As a rule of thumb, the relation between

   and the associated angular scale    is:l ✓

� ⇠ ⇥

l
rad ⇠ 180�

l

A comoving length         at last scattering 
surface (i.e., at              ), subtends an angle

�com

z = zdec

For a flat ΛCDM cosmology, this yields: � � 0.3�
�

�com

1h�1Mpc

� �
�m,0

0.3

�1/2

An important scale is the comoving Hubble radius at decoupling,                           , which

is similar to the particle horizon at        except for a factor of order unity.

rH = c/H(zdec)
zdec

For a flat ΛCDM cosmology                                     , which corresponds to             . �H � 0.87�
� zdec

1100

��1/2
l � 200

CMB anisotropies with              correspond to super-horizon scale perturbations.l < 200

� =
�phys

dA(zdec)
=

�com

dA(zdec) (1 + zdec)
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The CMB Power Spectrum



It is useful to expand this in Spherical Harmonics:

As a rule of thumb, the relation between

   and the associated angular scale    is:l ✓

� ⇠ ⇥

l
rad ⇠ 180�

l

A comoving length         at last scattering 
surface (i.e., at              ), subtends an angle

�com

z = zdec

CMB anisotropies with              correspond to super-horizon scale perturbations.l < 200

� =
�phys

dA(zdec)
=

�com

dA(zdec) (1 + zdec)

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

The CMB Power Spectrum

On these super-horizon scales, only two effects can contribute to non-zero �T/T

fluctuations in the gravitational potential       (photons lose energy 

           when climbing out of a potential well....)

��k

fluctuations in the energy density of the photons �� � �r

The combination of these two effects is known as the Sachs-Wolfe effect.



ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Power Spectrum; current status



Origin of CMB dipole 

is Doppler effect due to 

our peculiar motion

directio
n of m

otion

hotter

colder

Photons coming from the direction in which we are moving are blueshifted (as if that 
direction is moving towards us). Photons of a shorter wavelength correspond to 
photons of a higher temperature (i.e., Wien’s law)

Our peculiar motion is made up of:

Total vector sum of 369 km/s

Motion of Earth around Sun (~30 km/s)
Motion of Sun around MW center (~220 km/s)
Motion of MW towards Virgo cluster (~300 km/s)
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The CMB Dipole



After entering horizon, baryonic perturbations below Jeans mass start acoustic 
oscillations. These are driven by the potential perturbations in the dark matter.

Adiabatic compression of gas heats it up  

Adiabatic expansion of gas cools it down Temperature fluctuations

Enormous pressure of tightly coupled photon-baryon fluid, due to Thomson scattering of 
photons off free electrons, resists  gravitational compression.

       acoustic oscillations (compression --> rarefaction --> compression --> rarefaction).

The resulting sound waves in photon-baryon fluid create temperature fluctuations
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Origin of Acoustic Peaks



After entering horizon, baryonic perturbations below Jeans mass start acoustic 
oscillations. These are driven by the potential perturbations in the dark matter.

Red is Cold
Blue is Hot

Compression results in higher temperature

Rarefaction  results in lower temperature

Oscillations:   Compression in valley (hot)   & rarefaction    at hill (cold) 

   is followed by  rarefaction in valley (cold) & compression at hill (hot) 

is followed by compression in valley (hot)   & rarefaction     at hill (cold), etc
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Origin of Acoustic Peaks



Since sound speed of photon-baryon fluid is the same for all modes, 

those with a smaller wavelengths oscillate faster....

At recombination, photons are released, and pressure of photon-baryon fluid 
abruptly drops to (almost) zero. Temperature of photons at release is frozen 
at that at recombination. Put differently; the last-scattering surface is a snap-
shot view of oscillation phases of all different modes. 


 long-wavelength  
mode
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Origin of Acoustic Peaks

 short-wavelength  
mode



Useful mnemonic:

CMB photons observed today
CMB photons observed 2 Gyrs ago

CMB photons observed 105 yrs from today

At each point in time, one observes 
CMB photons coming from jack-in-the-
boxes at different locations...

The CMB photons observed today 
were all released at decoupling from  
jack-in-the-boxes that are equi-
distant from us (indicated by blue, 
dashed circle. 
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Observing the CMB



Shown is the time-evolution of a single perturbation mode, 

together with the locations of six `jack-in-the-boxes’.

Space

Sp
ac

e
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Origin of Acoustic Peaks



At recombination, jack-in-the-boxes open (photons `decouple’) and the 
photons start to free-stream through space. 

Space

Sp
ac

e

=observer
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Origin of Acoustic Peaks



Space

Sp
ac

e

=observer

The observer sees this mode as angular temperature fluctuation on the sky,

 with a characteristic angular scale set by the wavelength of the mode.
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Origin of Acoustic Peaks



The first acoustic peak is due to the mode that just reaches maximal 
compression in valley/rarefaction on hill top for first time at recombination

∆
T/

T

time RecombinationBig Bang

At recombination

Sachs-Wolfe

large
scales

small
scales

hot cold hot

Inflation Decoupling
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The Origin of the first Acoustic Peak



∆
T/

T

time RecombinationBig Bang

At recombination

large
scales

small
scales

Question: Why are temperature fluctuations at troughs not zero?
Temperature fluctuations at troughs are not zero! Although photon-baryon 
fluid has constant temperature, motions in the fluid cause Doppler shifts

DecouplingInflation
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The Origin of the first Acoustic Through



The second acoustic peak is due to mode that just reaches maximal 
rarefaction in valley/compression on hill top for first time at recombination

At recombination

∆
T/

T

time RecombinationBig Banglarge
scales

small
scales

cold coldhot

DecouplingInflation
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The Origin of the second Acoustic Peak



large
scales

small
scales

damping

Recombination is not instantaneous; rather, 
LSS has a finite thickness   . Consequently, 
temperature fluctuations due to modes with 
a wavelength          are washed out. This 
diffusion damping explains damping of CMB

power spectrum on small scales.


� < d

d

observer

last  
scattering 
     surface

d

In addition to diffusion damping, operating

on scales               , there is also Silk damping.

However, the latter only operates on scales 

                and is therefore subdominant.

l > 1000

l > 2000

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Diffusion Damping



One such triangle comes 
from angular scale of 
first acoustic peak, 
which corresponds to 
wavelength of mode that 
just managed to reach 
maximal compression at 
decoupling....

RESULT:  Our Universe is flat (K=0), i.e., has Euclidean Geometry

K > 0 K < 0K = 0
�fp�fp�fp

lsslsslss

Curvature of Universe can be probed using large-scale triangles...

�com
fp /2 = cs �dec

cs � c/
�

3
�com

fp � c �dec

= �H(zdec)

Comoving wavelength of mode at 
first peak,        , is roughly equal to 
particle horizon at decoupling.

�com
fp

As we have seen, for a flat Universe,                 corresponds to �H(zdec) l � 200
The first acoustic peak of the CMB power spectrum is observed at l � 200
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The Curvature of the Universe



Since odd peaks (first, third, etc) correspond to 
compression in valleys, whereas even peaks 
(second, fourth, etc) correspond to compression on 
hill tops, the baryon-to-dark matter ratio controls the 
ratio of odd-to-even peak heights. 

RESULT:  dark matter density ~6x higher than baryon density

Red is Cold
Blue is Hot

Increasing density of baryons relative to that of dark 
matter causes stronger compression in valleys (due to 
the self-gravity of baryons), and less compression on 
hill tops. 
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The Baryonic Mass Fraction



Lecture 7

 SUMMARY



 the halo bias function

ergodic principle

Gaussian random field

two-point correlation function

Harrison-Zeldovic spectrum

Key words 
Power spectrum

recombination vs. decoupling

last scattering surface

diffusion damping

Finite thickness of lss causes diffusion damping of CMB perturbations

Location of first peak in CMB power spectrum           curvature of Universe

Ratio of first to second peak in CMB power spectrum          baryon-to-dark matter ratio

CMB dipole reflects our motion wrt last scattering surface (lss)

The power-spectrum is the Fourier Transform of the two-point correlation function

A Gaussian random field is completely specified (in statistical sense) by the 

power-spectrum. The phases of all modes are independent and random.

Summary: key words & important facts
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 the halo bias function

Q � 1
2

�

i,j

�i (C�1)ij�j

Cij = ��i�j� = �(r12)
P(�1, �2, ..., �N ) =

exp(�Q)
[(2�)N det(C)]1/2

P (k, t) = Pi(k) T 2(k) D2(t)

T (k) =
��k(am)
��k(ai)

Pi(k) = �|��k(ai)|2� =
4
9

k4�|��k, i|
2�

�2
m,0 H4

0

=
4
9

k4 P�,i(k)
�2

m,0 H4
0

��� =
�

�P(�) d� =
�

�(�x) d3�x = 0

ergodic principle: ensemble average = spatial average

Gaussian 
random 

field

two-point 
correlation 
function

first  
moment

Power 
spectrum 

& 
transfer 
function

��1 �2� � �(�r12) = �(r12)

1 + �(r) =
npair(r ± dr)

nrandom(r ± dr)

�2(k) � 1
2�2

k3 P (k)
dimensionless power spectrum

The transfer 
function T(k) is 

independent of am 
as long as Ω(am)≃1

cosmological principle: isotropy

Summary: key equations & expressions
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Hu & Dodelson 2002
ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

CMB Summary



CMB Summary



Frank van den Bosch 
Yale University, Fall 2020 

ASTR 610
 Theory of Galaxy Formation

 
Lecture 8:  Non-Linear Collapse & Virialization 
        



Topics that will be covered include:

Phase-Mixing
Violent Relaxation
Ellipsoidal Collapse
Zel’dovich approximation
Secondary Infall Model
Top-Hat Spherical Collapse
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Non-Linear Collapse & Virialization

Having discussed linear theory, we now focus on the non-linear regime. Using simple, 
analytical models, we will gain insight into how virialized dark matter haloes emerge 
out of the cosmological density field. We also discuss various relaxation mechanism 
that bring the collapsed halo into virial equilibrium.



As shown in Lecture 6, after recombination the growth of linear perturbations on our scales 
of interest (                                        ) is governed by the linear growth rate;  106M� < M < M15M� D(a)

In this linear regime, all modes    evolve similarly and independently:k ��k � D(a)

Once perturbations become of order unity, structure formation becomes non-linear....

P (k, t) = Pi(k) T 2(k) D2(t)

Recap: Linear Perturbation Growth
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Baryons CDM

1 growth growth

2 oscillations stagnation

3 oscillations free-streaming

4 oscillations growth

5 Silk-damping free-streaming

6 Silk-damping growth

7 growth growth

8 oscillations growthtime

co
m

ov
in

g 
sc

al
e

teq trec

a

a�1/2

a1/2
�H

1 �d

tNR tdec

�bar
J

2

3

4

6
5 �CDM

J

7
� � D(a)

8



In the non-linear regime (         ) perturbation theory is no longer valid. Modes

start to couple to each other, and one can no longer describe the evolution of the 
density field with a simple growth rate: in general, no analytic solutions exist...

Because of this mode-coupling, the density field looses its Gaussian properties,

i.e., in the non-linear regime, we no longer have a Gaussian random field.

Hence, higher-order moments are required to completely specify density field.

How to proceed?

Numerical simulations (lecture 18)
Higher-order perturbation theory (not covered, see MBW §4.1.7)

Oversimplified, but insightful, analytical model (this lecture)

The Halo Model (lecture 13)

In the linear regime (          ) we can calculate the evolution of a density field of

arbitrary form using linear perturbation theory.

� ⌧ 1

� > 1
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Non-Linear Evolution



In order to gain insight into the non-linear evolution of density perturbations, we 
now consider the highly idealized case of Top-Hat Spherical Collapse.

Einstein-de Sitter (EdS) cosmology

⇢

x

y

Universe is homogeneous, except for a

single, top-hat, spherical perturbation.

Collisionless fluid        treatment is only 
valid for collisionless Dark Matter.

Universe is in matter-dominated phase, 
after recombination...

Although the following treatment is only valid 
for an EdS cosmology, similar models can be 
constructed for other cosmologies as well, 
including ΛCDM       (see MBW §5.1.1 + 5.1.2)

Furthermore, since all cosmologies behave 
similar to EdS at early times, this treatment 

is always good approximation at high z....

NOTE:

H(t) · t = 2

3

D(a) = a / t2/3⇥̄ =
1

6�Gt2

�(t) = 1.0
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Top-Hat Spherical Collapse



Because of collisionless nature, the shell 
crosses itself and starts to oscillate

Onion Model

you can think of overdensity 

as consisting of many 


individual, thin mass shells

the evolution of a single mass shell

consisting of collisionless dark matter


in a homogeneous universe
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Illustration of Spherical Collapse



Because of pressure a shock develops, 
which heats the gas and makes it expand

Onion Model

the evolution of a single mass shell

consisting of baryonic matter

in a homogeneous universe

you can think of overdensity 

as consisting of many 


individual, thin mass shells

In what follows we focus exclusively on dark matter. We will discuss the evolution

of the baryonic component only at a much later stage (lecture 14+)...
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Illustration of Spherical Collapse



Consider our spherical top-hat perturbation:  Let    denote the radius of some 
mass shell inside the top-hat at some initial time,    , and let    and     denote the

top-hat overdensity and the back-ground density at that same time.

ri
�i ⇢̄iti

Newton’s first Theorem: 

a spherically symmetric matter 
distribution outside a sphere 

exerts no force on that sphere

d2r

dt2
= �GM

r2

Equation of motion

⇢

x

y

riThe mass enclosed by the shell is 

where the second equality expresses mass conservation: because of spherical 
symmetry, the mass inside the shell is conserved, but only up to  shell crossing !!!

M(< r) =
4

3
⇥r3i ⇤̄i [1 + �i]

=
4

3
⇥r3(t) ⇤̄(t) [1 + �(t)]

the GR equivalent of this is known as Birkhoff’s theorem

NOTE: r is the physical radius, not the comoving radius.!!
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Top-Hat Spherical Collapse



Integrating the equation of motion once yields 1

2

✓
dr

dt

◆2

� GM

r
= E

where the integration constant E is clearly the specific energy of our shell.

Recall Classical Mechanics:            corresponds to the gravitationally bound 

                                                 case, which for our mass shell implies `collapse’

E < 0

For           the solution to the above equation is simple:E = 0 r(t) =

✓
9GM

2

◆1/3

t2/3

which shows that          ; the mass shell (and hence the top-hat) grows at the

same rate as Universe                         (no growth)

r / a
�(t) = �i

For           the solution can be written in parametric form:      E < 0

r = A (1� cos �)

t = B (� � sin �)

A =
GM

2|E| B =
GM

(2|E|)3/2
A3 = GMB2

� 2 [0, 2⇥]

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Top-Hat Spherical Collapse



shell expands from           at            (         )

shell collapses back to           at              (                           )

r = A (1� cos �)

t = B (� � sin �)

A =
GM

2|E| B =
GM

(2|E|)3/2
A3 = GMB2

⇢

x

y

ri

This solution implies the following evolution for our mass shell:

t = 0r = 0 ✓ = 0

shell reaches a maximum radius         at            (                        )r
max

✓ = ⇡ t = t
max

= �B

t = t
coll

= 2t
max

✓ = 2⇡r = 0

The time of maximum size is often called the turn-around time,                  ,

while the time of collapse is also called the virialization time                   

t
ta

= t
max

t
vir

= t
coll

= 2t
ta

We will use both notations intermittently...
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Top-Hat Spherical Collapse



To get some further insight into the non-linear evolution of (spherical)

overdensities, we can use the concept of energy conservation:  

The initial, specific energy of the mass shell is Ei = Ki +Wi =
1

2
H2

i r
2
i �

GM

ri

In a non-EdS cosmology, it is straightforward to show that the above

criterion becomes                       ; overdensities can be prevented from 

collapse if background density is sufficiently low....Note though, that all 
cosmologies  behave as EdS at early times... 

�i > ��1
i � 1

Using that                                                               we obtain Ei = Ki �Ki(1 + �i)

Collapse requires             which thus translates into Ei < 0 �i > 0

Hence, in an EdS cosmology, all overdensities will (ultimately) collapse. 

M =
4

3
⇥r3i ⇤̄i (1 + �i) =

H2
i r

3
i

2G
(1 + �i)

Under the approximation that the initial velocity of our mass shell is simply

the Hubble flow, we have
where    is the radius of the mass shell in comoving units.x

vi = dri/dt = d(axi)/dt = ȧ xi + a ẋi � ȧ xi = Hi ri
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Top-Hat Spherical Collapse



At turn-around (                         ), the shell has zero kinetic energy; 
� = ⇥, t = t
max

Kta = 0

E
ta

= W
ta

= �GM

r
max

= �H2

i

r3
i

2r
max

(1 + �
i

)

Energy conservation then implies that E
ta

E
i

= 1 =
r
i

r
max

1 + �
i

�
i

r
max

r
i

=
1 + �

i

�
i

' ��1

i

Hence, the turn-around radius depends only on the initial overdensity

(not on the actual mass enclosed by the shell).  Note also that smaller 
perturbations have larger radii at turn-around (which implies that they

turnaround/collapse later...

We can compare this to our initial energy: Ei = �Ki�i = �H2
i r

2
i

2
�i

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Top-Hat Spherical Collapse



Now let us focus on the evolution of the actual overdensity:

The mean density of the top-hat is ⇤ =

3M

4⇥r3
=

3M

4⇥A3
(1� cos �)�3

The mean density of the background is ⇤̄ =
1

6⇥Gt2
=

1

6⇥GB2
(� � sin �)�2

Hence, the actual overdensity of our spherical top-hat region, according

to the spherical collapse (SC) model, which in general will be non-linear, is 

1 + � =

⇢

⇢̄
=

9

2

(✓ � sin ✓)2

(1� cos ✓)3

where we have used that                     . A3 = GMB2

Before we examine this SC model in some detail, we first compare it

to predictions from linear theory....
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Top-Hat Spherical Collapse



In order to use the correct initial conditions (ICs), we have to use our 

parametric solution of        in the limit           . Using a Taylor series expansion

of         and         one can show that (see problem set 3):   sin ✓ cos ✓

r(t) ✓ ⌧ 1

 the halo bias function

For a number of reasons (in particular for use in EPS theory), it is also useful 

to compare this SC overdensity model to what linear theory predicts for       .�(t)

According to linear theory, perturbation in EdS cosmology evolve as

�lin / D(a) / a / t2/3

�
i

=
3

20
(6⇥)2/3

✓
t
i

t
max

◆
2/3

(�i ⌧ 1)

NOTE: this implies that since             constant inside the top-hat, each  

            mass shell that is part of the top-hat will turn-around (reach

            maximum expansion) at the same time....

�(r) =
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Top-Hat Spherical Collapse



For a number of reasons (in particular for use in EPS theory), it is also useful 

to compare this SC overdensity model to what linear theory predicts for       .�(t)

According to linear theory, perturbation in EdS cosmology evolve as

�lin / D(a) / a / t2/3

Combining the above, we have that, according to linear theory:

�
lin

= �
i

✓
t

t
i

◆
2/3

=
3

20
(6⇥)2/3

✓
t

t
max

◆
2/3
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Top-Hat Spherical Collapse

In order to use the correct initial conditions (ICs), we have to use our 

parametric solution of        in the limit           . Using a Taylor series expansion

of         and         one can show that (see problem set 3):   sin ✓ cos ✓

r(t) ✓ ⌧ 1

�
i

=
3

20
(6⇥)2/3

✓
t
i

t
max

◆
2/3

(�i ⌧ 1)



1 + � =

⇢

⇢̄
=

9

2

(✓ � sin ✓)2

(1� cos ✓)3
�
lin

= �
i

✓
t

t
i

◆
2/3

=
3

20
(6⇥)2/3

✓
t

t
max

◆
2/3

Turn-Around:

SC model: 

linear theory: �lin(tta) =
3
20

(6�)2/3 � 1.062

1 + �(tta) =
9�2

16
� 5.55

(tta = tmax; � = �)

Spherical Collapse (SC) model: Linear Theory

Collapse (shell crossing)

SC model: 

linear theory: 

�(tcoll) =�

�(tcoll) =
3
20

(12�)2/3 =
3
5

�
3�

2

�2/3

� 1.686

(tcoll = 2tta)
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Turn Around & Collapse



Note, though, that our derivation is only valid for an EdS cosmology. Fortunately, 
similar calculations also exist for non-EdS cosmologies (see MBW §5.1.1 & 5.1.2)

The non-EdS results are well approximated by:

According to linear theory, regions in the linearly extrapolated density field 
with                    should have collapsed. This is often called the “critical 
overdensity for collapse”, and denoted by the sybol     . As we will see,     
plays an important role in (extended) Press-Schechter theory!

�lin � 1.686
�c �c

�c = �lin(tcoll) =
3
5

�
3�

2

�2/3

[�m(tcoll)]
0.0185 � 1.686 [�m(tcoll)]

0.0185

�c = �lin(tcoll) =
3
5

�
3�

2

�2/3

[�m(tcoll)]
0.0055 � 1.686 [�m(tcoll)]

0.0055

(�� = 0.0)

(�� �= 0.0)

Both approximations are accurate to better than 1%, and show that     has only a very 
weak dependence on cosmology: to good approximation one can simply adopt

�c
�c � 1.686
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Critical Overdensity for Collapse



Individual oscillating shells interact gravitationally, exchanging energy (virializing). 

This process, to be described in more detail below, results in a virialized dark matter halo

Hubble f
low

Hubble flo
w

time

ph
ys

ic
al

 s
iz

e

turn-around

virialization

The SC model discussed above is only valid up to the point of shell crossing.
Afterall, after shell crossing M(r) is no longer a conserved quantity!
According to the SC model,                    , which would result in the formation 

of a black hole. However, in reality, the collapse is never perfectly spherical. 

�(tcoll) =�
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Shell Crossing & Virialization



Virialization means that the system relaxes towards virial equilibrium:

We can use the virial theorem to make a simple estimate of the final density 

of our collapsed & virialized dark matter halo:

2 Kf + Wf = 0

Ef = Kf + Wf = Ei = EtaEnergy conservation:

Virial Equilibrium:

A mass shell is expected to virialize at half its turn-around radius.

Hence, after virialization, the average density of the material enclosed

by the mass shell is 8 times denser than at turn-around....

Eta = Wta = �GM

rta

Ef = Wf/2 = �GM

2rvir

rvir = rta/2}
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Density of a Collapsed Dark Matter Halo



We now compute the average overdensity of a virialized dark matter halo:

1 + �vir � 1 + �(tcoll) =
�(tcoll)
�̄(tcoll)

NOTE: for consistency with many textbooks and journal articles, we use the symbol        ,

            rather than       to indicate the virialized overdensity.... 

�vir

�vir

Using that                         (EdS), and that                   we have that  �̄ � a�3 � t�2 tcoll = 2tta

1 + �vir =
8 �ta

�̄(tta)/4
= 32 (1 + �ta) = 18�2 � 178

For non-EdS cosmologies, the virial overdensities are well approximated by 

�vir � (18�2 + 60 x� 32 x2)/�m(tvir)

�vir � (18�2 + 82 x� 39 x2)/�m(tvir) (�� �= 0)

(�� = 0)

Here                             . These equations are often used to `define’ dark matter 
haloes in N-body simulations or in analytical models.... 

x = �m(tvir)� 1

 (Bryan & Norman 1998)
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Density of a Collapsed Dark Matter Halo



ph
ys

ic
al

 d
en

si
ty SC model

bound halo

non-linearlinear

x5.5

x8

linear theory

WARNING  
not to scale

scale factoramax aviraNL

x2.686

background  
density;

x2.062

a�3

shell crossing 
& virialization

�vir � (18�2 + 60 x� 32 x2)/�m(tvir)

�vir � (18�2 + 82 x� 39 x2)/�m(tvir) (�� �= 0)

(�� = 0)

The linearly extrapolated density field collapses when �lin = �c � 1.686

Virialized dark matter haloes have an average overdensity of �vir � 178

Although the SC model 
becomes inaccurate (brakes 
down) shortly after turn-around 
it is still a useful model to 
identify important epochs in the 
linearly evolved density field...
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The Spherical Collapse (SC) Model
turn-around collapse

SC model 4.55 ∞

linear model 1.062 1.686

� = �/�̄� 1



Thus far we have mainly focussed on the non-linear evolution of a spherical top-hat

perturbation, embedded in a homogeneous universe.

As we have seen, a mass shell (made out of collisionless matter) oscillates back

and forth between r=0 and r=rmax.

Furthermore, for the top-hat perturbations, all mass shells turn-around and

collapse simultaneously.

We now move to more realistic cases.  In particular, we will consider perturbations

with more realistic, initial density profile

with non-zero angular momentum

without spherical symmetry

(Secondary Infall Models)

(Zel’dovich approximation)
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Beyond Top-Hat Spherical Collape



Unless           (which corresponds to a top-hat), mass shells will not all collapse

at the same time. For realistic profiles (          ), inner shells collapse earlier.

Such models, with extended infall of new shells, are called secondary infall models.

� = 0
� > 0

Consider an initial perturbation with a density profile �i � r�3�
i �M��

Gunn & Gott (1972) assumed that each oscillation the shell expands back out to a

radius that is a fixed, constant fraction of rmax

Since a shell spends most of its time near apocenter, Gunn & Gott postulated that the 
mass enclosed by a shell is the same as its originally enclosed mass (at           )....    t = ti

r(M) � rta(M)where                            and      is the mass enclosed by the shell at t = tiM

�vir(r) =
3M

4�r3(M)

For an EdS cosmology,                                    , which implies that  rta � ri/�i �M1/3+�

�vir(r) � r�� � =
9 �

1 + 3�
with

For           , i.e., point-mass initial conditions, one obtains that � = 1 � = �9/4
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Secondary Infall Models



Unfortunately, the Gunn & Gott treatment is not accurate. The total mass within a mass shell 
at apocenter is not only the mass enclosed initially, but also the mass from shells initially 
outside it, but with current radii that place it interior....

Hence, to improve upon the Gunn & Gott treatment one needs to solve the equations of 
motion for all shells simultaneously.....this can be done, but only numerically.... 

Fillmore & Goldreich (1984) and Bertschinger (1985) showed, however, that under

certain conditions the problem can be made self-similar, admitting analytical solutions.

Evolution of the scaled radius,                    , as a function 
of the scaled time                   , in two self-similar, spherical 
collapse models (with purely radial orbits).

� = r/rmax

� = t/tmax

Note that the shell’s apocenter decreases with time, as 
does its oscillation period. This is due to more and more 
mass shells having turned-around...

         each mass shell becomes buried deeper & deeper in              

         the collapsed halo with the passage of time...
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Secondary Infall Models



(see MBW §5.2.1 for derivation)

The self-similar solution predicts a final 
density profile

�vir(r) � r�� � =
�

2 � � 2/3
9�

1+3� � > 2/3with

A problem with all models discussed thus 
far is that they only consider purely radial 
orbits. This has two shortcomings:

a collisionless system with purely radial orbits 
suffers from radial orbit instability (Antonov 1973) 
and will rapidly evolve into an elongated bar-
shaped configuration (see images).

in real universe, tidal torques from neigboring 
perturbations will impart angular momentum on 
the particles/mass shells...
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Secondary Infall Models



White & Zaritsky (1992) considered a SC model with non-radial particle orbits:

Let specific angular momentum of particle in a mass shell be L = J
�

GMmaxrmax

where                                                     .Mmax = M(< rmax) = M(< ri)

dr2

dt2
= �GM

r2
� L2

r3
The equation of motion of the mass shell is

Because of the centrifugal force, there is now a centrifugal barier and mass shells can 
no longer reach r=0. Instead, mass shells oscillate between apocenter and pericenter.

Under the assumption that     is the same for all mass shells, one can again obtain a 

self-similar solution: 

J

(Nusser 2001)
�vir(r) � r�� with � =

9�

1 + 3�
(� > 0)

Note that, somewhat surprisingly, this is exactly the Gunn & Gott solution....
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Non-Radial Secondary Infall Models



If     is different for different mass shells, there are no longer any self-similar,

analytical solutions. Rather, one has to resort to numerical simulations (in 1D) to 
follow the `orbits’ of each individual mass shell....

J

Lu et al. (2006) performed such a calculation in which they assumed that the 
velocity of each particle is isotropized during the collapse. 

Their results suggest that the end-state of collapse

is a power-law density profile

�vir(r) � r�� with � =
�

1 � � 1/6
9�

1+3� � > 1/6

As we will see later, virialized dark matter haloes

in realistic (3D) N-body simulations have 

in their inner regions. The results of Lu et al. 
suggest that this may well be a manifestation of 
orbit isotropization during the early (rapid) collapse 
phase of the halo...

� � r�1
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Non-Radial Secondary Infall Models



So far we considered perturbations in Eulerian (`grid’) coordinates. Individual

overdensities stay at a fixed (comoving) position and grow or decay in amplitude....

We now switch to Lagrangian description, which follows motion of individual particles. 
This gives insights into dynamics of structure formation process, and, unlike its 
Eulerian counterpart, remains (fairly) accurate in the mildly non-linear regime...

It is easy to see that Eulerian description brakes down in mildly non-linear regime:

Once overdensities (          ) reach amplitudes of order unity, the underdensities 

(           ) have grown to             , which would imply a negative (=unphysical) density...  

�i > 0
�i < 0 � < �1

Zel’dovich (1970) came up with a Lagrangian formalism that is based on the

following approximation (known as Zel’dovich Approximation, ZA):

particles continue to move in the direction of their initial displacement

�xi initial (Lagrangian), comoving coordinates
function of time, to be determined below
vector function of initial coordinates, specifying direction of velocity�f(�xi)

�x(t) = �xi � c(t) · �f(�xi)

c(t)
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The Zel’dovich Approximation



Note: the ZA is exact if perturbation is a 1D sheet in an otherwise homogeneous

           universe; in that case direction of velocity remains fixed...

ZA:

Here        is the scale-factor normalized to unity at the initial time    : the scaling with 

         is required since     are comoving coordinates. The equation of mass conservation 
is valid (up to orbit crossing) for any geometry; no spherical symmetry is required!!

a(t) ti
a3(t) �x

Here                                       with     the eigenvalues of the matrix �A� = det(A) =
�

i

�i A�i

Using Linear Algebra:                                                        �(�x, t) = �i(�xi) a�3

����
d�x

d�xi

����
�1

�x(t) = �xi � c(t) · �f(�xi)
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The Zel’dovich Approximation

Mass conservation

�(�x, t) a3(t) d3�x = �i(�xi) d3�xi



Using that                                            and that                         this yields

Using that the tensor                                           we have that

where                       are the eigenvalues of the deformation tensor �1 � �2 � �3 �fi/�xj

�(�x, t) = �i(�xi) a�3 1
(1� c�1) (1� c�2) (1� c�3)

�
d�x

d�xi

�

jk

= �jk � c(t)
�fj

�xk

1 + �(�x, t) =
�(�x, t)
�̄(t)

=
1

(1� c�1) (1� c�2) (1� c�3)

�i(�xi) = �̄i [1 + �i(�xi)] � �̄i �̄(t) a3 = �̄i a
3
i

(recall that ai = 1)
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The Zel’dovich Approximation

We can gain some useful insight from this equation (using that             ) :

if            this implies collapse in the direction of the      eigenvector.�i > 0 ith

�i < 0if            this implies expansion in the direction of the      eigenvector.ith

c(t) = 1/�iif                    `shell’ crossing happens along the direction of the      eigenvector.ith

as long as               the perturbation is still in the linear regime. c�1 � 1

c(t) > 0



1 + �(�x, t) =
1

1� c (�1 + �2 + �3)
� 1 + c (�1 + �2 + �3)

Linearization of the equation for the density perturbation yields

If we compare this to the fact that, in the linear regime, �(�x, t) = D(t) �i(�xi)
we see that                    and                 .  c(t) = D(t) �� · �f = �i

Using the Poisson equation, according to which (recall that            ) ai = 1�i = �2�i/4�G�̄i

and the fact that                        , we finally see that �2� = �� · ��� �f = ���i/4�G�̄i

�x(t) = �xi �
D(a)
4�G�̄i

���i Zel’dovich Approximation

Hence, we have that, in the linear regime �(�x, t) = c(t) Tr(�fi/�xj) = c(t) �� · �f
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The Zel’dovich Approximation

In Problem Set 3 we will use a different derivation, based on linearized Euler equation....
As we will see in Lecture 18, this ZA is ideally suited to set up ICs for Nbody simulations...



The ZA describes the non-linear evolution of density perturbations. It has two important 
advantages over the spherical collapse model:

                    it makes no oversimplified assumptions about geometry

                    it remains accurate well into the quasi-linear regime

To understand why the ZA is more accurate in the quasi-linear regime (brakes down at a later 
stage), have a look at its predicted evolution for an overdensity:

                   

1 + �(�x, t) =
�(�x, t)
�̄(t)

=
1

(1� c�1) (1� c�2) (1� c�3)

It is clear from this equation that collapse happens first along the axis associated with the 
first (largest) eigenvalue,              gravity accentuates asphericity! �1

Hence, collapse leads to flattened structures, called 
(Zel’dovich) pancakes. The ZA approximation is so 
accurate simply because, as mentioned above, it 
becomes exact in the limit of planar perturbations...

Because ZA is so accurate, it is often used in setting up

the initial conditions for N-body simulations.
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Zel’dovich Pancakes





As is evident from the ZA, in general density perturbations will collapse according to:
overdensity sheet (pancake) filament halo

For a uniform, ellipsoidal overdensity in  homogeneous universe (ellipsoidal top-hat) one can 
obtain analytical approximations for time evolution of its 3 principal axes         (see MBW §5.3). 

This can be used to compute the critical overdensity for collapse (of the longest axis =

`halo formation’) in linear theory. The result can be obtained by solving 

�ec
�sc

� 1 + 0.47


5(e2 ± p2)

�2ec
�2sc

�0.615
Sheth, Mo & Tormen (2001)

�sc = �c ' 1.686Here                         is the critical overdensity for ellipsoidal collapse, 

is the critical overdensity for spherical collapse, and the plus (minus) sign is used if p 

is negative (positive)....

�ec = �ec(e, p)

continued on next page...
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Ellipsoidal Collapse



�ec
�sc

� 1 + 0.47


5(e2 ± p2)

�2ec
�2sc

�0.615

The parameters e and p characterize the asymmetry of the initial tidal field:

Ellipsoidal collapse

p ⌘ �1 + �3 � 2�2

2(�1 + �2 + �3)
e ⌘ �1 � �3

2(�1 + �2 + �3)

Note that for a spherical system �1 = �2 = �3 e = p = 0 �ec = �sc ' 1.686

In general, however,                        which results in                , which implies that

structures collapse later under ellipsoidal collapse conditions (more realistic) than

under spherical collapse conditions.  

�1 > �2 > �3 �ec > �sc

Note, though, that this depends on how `collapse’ of ellipsoid is defined:

Here we associated collapse with that of the longest axis. If using collapse along the

shortest axis instead, one finds the opposite: ellipsoidal structures collapse earlier

than spherical ones....

As a final remark, as we will see later, less massive structures are more strongly 
influenced by tides and therefore more ellipsoidal...This has important implications....
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Ellipsoidal Collapse



Relaxation: the process by which a physical system acquires equilibrium or returns to 

                   equilibrium after a disturbance. Often, but not always, relaxation erases   

                   the system’s “knowledge” of it’s initial conditions.

Virialization: the process by which a physical system settles in virial equilibrium

Virial Equilibrium: A system is said to be in virial equilibrium if

2K +W + � = 0

⌃

K

W

= kinetic energy
= potential energy
= work done by 

   surface pressure

Often,    can be ignored, in which case 

virial equilibrium implies that

⌃
E = �K = W/2

Two-body relaxation time: the time required for a particle to change its kinetic energy 

                                             by about its initial amount due to two-body interactions 

As you learn in Galactic Dynamics, the two-body relaxation time, t
relax

' N

10lnN
t
cross

Here N is the number of particles and                      is the system’s crossing time. t
cross

⇠ R/v

For almost all collisionless systems of interest to us (galaxies, dark matter haloes) 

it is easy to show that                                                              trelax � tHubble ' 1/H0
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Relaxation & Virialization More details   
in MBW §5.4



 PUZZLE: if galaxies and haloes have two-body relaxations times that are 

                 orders of magnitude larger than the Hubble time, how can galaxies

                 (and haloes) appear relaxed?

Collisionless systems such as galaxies and dark matter haloes do not relax via 
two-body interactions, but rather by a combination of four other mechanisms:

Phase-mixing

Chaotic mixing

Violent Relaxation

Landau damping

the spreading of neighboring points in phase-space due to 
the difference in frequencies between neighboring orbits

the spreading of neighboring points in phase-space due 
to the chaotic nature of their orbits

the change in energy of individual particles due to 
changes in the overall potential

the damping and decay of perturbations due to 
decoherence between particles and waves (recall free 
streaming)

In what follows, we briefly discuss each of these in turn. As we will see violent relaxation 
and Landau damping are basically specific examples of phase mixing....
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Relaxation & Virialization More details   
in MBW §5.5



 harmonic 
oscillators

Consider a large number of harmonic oscillators, all with slightly different frequencies

(i.e, with slightly different sling-lengths). If they are close to each other initially, they 

will, over time, phase-mix (the overall system appears more relaxed).

Let     and     be the phase and frequency of oscillator  , then oscillators   and   separate

at a rate                                         :        phase mixing scales linearly with time.  


�i !i

(�⇥)ij(t) = 2�(�⇤)ijt
i i j

According to the collisionless Boltzmann equation, the (fine-grained) DF             remains

constant. However, the coarse-grained DF,             , measured at the initial region of phase-
space, decreases as a function of time, as more and more “vacuum” is mixed in. 

f(�x,�v)
fc(�x,�v)

 harmonic 
oscillators
 harmonic 
oscillators
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Phase Mixing More details   
in MBW §5.5



The collapse of a spherical system with �i / r�3/2

Phase-mixing at work:

(from: Henriksen & Widrow 1997)

Phase-mixing of dark matter 
particles in a numerical N-
body simulation. The particles 
are initially placed in a 
stratified sphere with zero-
velocities. Collapse rapidly 
phase mixes the particles 

Note that phase-mixing is a relaxation process that does not cause any loss of information:

at the fine-grained level, phase-mixing is perfectly reversible and preserves all knowledge of 
the initial conditions....

Note how the number of 
particles in the red box,

representing the coarse-
grained DF,    , becomes more 
and more similar to that of 
neighboring boxes; the system

is relaxing...

fc
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Phase Mixing More details   
in MBW §5.5



Some particles are on stochastic (or ‘chaotic’), 
rather than regular orbits (see MBW §5.4.5 for a 
detailed description). Such particles experience 
chaotic mixing (in addition to phase mixing). 

regular orbit

regular orbit stochastic orbit

divergence of 
two trajectories 
due to chaotic 

behavior

Chaotic mixing arises from the fact that 
stochastic orbits separate exponentially with

time (they have non-zero Lyapunov exponents)

Unlike for phase-mixing, chaotic mixing is

irreversible in the sense that an infinitely precise 
fine-tuning of the phase-space coordinates is 
required to undo its effects...

Time-scale for chaotic mixing, however,  is often 
much longer than Lyapunov time scale due to 
Arnold web diffusion...

Unlike for phase-mixing, which operates in 
all dynamical systems, chaotic mixing is 
only  important if a significant fraction of 
phase-space is occupied by stochastic 
orbits.
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Chaotic Mixing More details   
in MBW §5.5



Thus we see that the only way in which a particle’s energy can change in a 
collisionless system is by having  a time-dependent potential.

Since                       and                   we have that:� = �(�x, t)E = v2/2 + �

no 
relaxation

particle  
looses  
energy

particle  
gains 

energy

time

Exactly how a particle’s 
energy changes due to 
violent relaxation depends 
in a complex way on the 
particle’s initial position 
and energy: particles can 
gain or loose energy.

Overall, however, violent 
relaxation increases the 
width of the energy 
distribution...

dE

dt
=

�E

��v

d�v

dt
+

�E

��
d�
dt

= ��v · ��� +
d�
dt

= �⇥v · ⇥⇥�+
��

�t
+

��

�⇥x
· d⇥x
dt

=
��

�t
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Violent Relaxation More details   
in MBW §5.5



A few remarks about violent relaxation:
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Violent Relaxation More details   
in MBW §5.5

Note that dE/dt is independent of particle mass; hence, violent relaxation has no

tendency to segregate particles by mass (in fact, it will undo any pre-existing

segregation). This is very different from collisional relaxation, where momentum

exchange during collisions drives system towards equipartition of kinetic energy: more 
massive particles end up with lower velocities         mass segregation.

Violent relaxation is self-limiting: as soon as a system approaches any equilibrium, the 
large-scale potential fluctuations vanish; the mixing due to violent relaxation destroys 
the coherence that drives potential fluctuations        violent relaxation does not run to 
completion; not all knowledge of initial conditions is erased


The time scale for violent relaxation is of order the time scale on which the

potential changes by its own amount. This is basically the collapse time scale

(≅free fall time)        violent relaxation is very fast, hence its name

During collapse of a collisionless sytem the CBE is still valid, i.e., the fine-grained

DF does not evolve                         violent relaxation only mixes at the coarse-grained 
level. Note, though, that unlike for a steady-state system, 


df/dt = 0
�f/�t �= 0



lo
g 

dN
/d

E

energy

initial energy

fin
al

 e
ne

rg
y

(from: van Albada 1982)

Scatter plot of final vs initial energies of the particles in

the above Nbody simulation. Note that the correlation is 

significant, indicating that violent relaxation has not completely 
erased memory of the system’s initial conditions.

Differential energy distributions of particles in Nbody 
simulation of gravitational collapse. Note how violent 
relaxation broadens the energy distribution with time. 

(from: van Albada 1982)
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Violent Relaxation More details   
in MBW §5.5



Note how phase-mixing is 
the dominant relaxation 
mechanism during the initial 
phases of the collapse.

Violent relaxation leads to efficient coarse-grain mixing of the DF and erases the system’s

memory of its initial conditions in a non-reversible way. 

Note how the number of 
particles in the red box,

representing the coarse-
grained DF,    , becomes 
more and more similar to 
that of neighboring boxes; 
the system is relaxing...

fc

The collapse of a spherical system with �i / r�3/2

Violent Relaxation at work:

(from: Henriksen & Widrow 1997)

After some time there is a 
transition to a more “erratic” 
flow: due to the time-varying 
potential phase-space 
streams start to undergo 
complicated bends and 
wiggles. This is violent 
relaxation at work!
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Violent Relaxation More details   
in MBW §5.5



A detailed treatment of Landau damping is beyond the scope of 
these lectures. 

Lev Landau

Donald Lynden-Bell

Landau damping is the damping of plasma waves due to 
interactions between wave and background particles.

Lynden-Bell showed that a similar phenomenon also 
applies to a collisionless, gravitational system.

It is basically the mechanism behind free-streaming 
damping of perturbations in a collisionless fluid.

It arises due to decoherence between the particle

velocities and the group velocity of the wave...

It’s main effect is to convert the energy in the wave, 
which is created due to some gravitational interaction/
disturbance, into random motions of the background 
particles.
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Landau Damping More details   
in MBW §5.5



Students: read MBW §5.5.5 for a discussion as to why a statistical mechanics

                 treatment fails...

http://arxiv.org/abs/astro-ph/9810371

An excellent treatment of relaxation mechanisms in 
collisionless systems can be found in a review article 

by Merritt (1998):

For a more in-depth treatment, consult the excellent 
textbook “Galactic Dynamics” by Binney & Tremaine

Several people have tried to use the principles of statistical mechanics to predict 
the end-state of a relaxed, collisionless system. Unfortunately, very

little progress has been made, and there is currently no clear understanding

on how to proceed, other than use numerical N-body simulations.

The main problem is that because of the long-range nature of gravity, it isn’t

clear how (best?) to define the entropy of a gravitational system...
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The End State of Relaxation



Lecture 8

 SUMMARY



 the halo bias function

In the non-linear regime (         ) perturbation theory is no longer valid. Modes

start to couple to each other, and one can no longer describe the evolution of the density field 
with a simple growth rate: in general, no analytic solutions exist...

� > 1

Because of this mode-coupling, the density field looses its Gaussian properties,

i.e., in the non-linear regime, density field cannot remain Gaussian.

The Zel’dovich approximation is a Lagrangian treatment of the displacement field.

 It remains accurate in the quasi-linear regime, up to first shell crossing.

Spherical Collapse (SC) model can be used to `identify’ when and where collapsed 
objects will appear. Ellipsoidal Collapse model improves upon SC by accounting for the 
impact of tides, which typically are more important for less massive objects
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Summary: key words & important facts

Spherical/Ellipsoidal collapse

Secondary Infall model

Zel’dovich approximation

critical overdensity

shell crossing

Key words 
Mode coupling

Violent relaxation

Phase Mixing

Virial Theorem

Two-body relaxation




 the halo bias function

Spherical/Ellipsoidal collapse

Secondary Infall model

Zel’dovich approximation

critical overdensity

shell crossing

Key words 
Mode coupling

Violent relaxation

Phase Mixing

Virial Theorem

Two-body relaxation


Violent relaxation operates on the free-fall time, only mixes at the course-grain level of the 
distribution function, and is self-limiting.

There are four relaxation mechanisms for collisionless systems:

         - phase mixing

         - chaotic mixing

         - violent relaxation

         - Landau damping

Unlike collisional relaxation, violent relaxation does not cause mass segregation

The only way in which a particle’s energy can change in a collisionless system is by having  a 
time-dependent potential.
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Summary: key words & important facts



 the halo bias function

ph
ys

ic
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 d
en

si
ty SC model

bound halo

non-linearlinear

x5.5

x8

linear theory

WARNING  
not to scale

scale factoramax aviraNL

x2.686

background  
density;

x2.062

a�3

turn-around collapse

SC model 4.55 ∞

linear model 1.062 1.686

� = �/�̄� 1

1 + � =

⇢

⇢̄
=

9

2

(✓ � sin ✓)2

(1� cos ✓)3

Spherical Collapse model

�lin =
3
20

(6�)2/3

�
t

tmax

�2/3

Linear theory

Virialization:
rvir = rta/2
1 + �vir = 18�2 � 178 � 200

�x(t) = �xi �
D(a)
4�G�̄i

���i

Zel’dovich Approximation

2K +W + � = 0Virial Theorem:

Violent Relaxation: dE/dt = ��/�t

t
relax

' N

10lnN
t
cross

two-body relaxation time:
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Summary: key equations & expressions
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Lecture 9:  Press-Schechter Theory 

        



ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Press-Schechter Theory 

In this lecture we discuss Press-Schechter theory, and its extension based on 
upcrossing statistics of excursion sets. We show how these formalisms can be

used to predict halo mass functions, but also discuss its oversimplifications and

shortcomings.

Topics that will be covered include:

Halo Mass Functions
Extended Press-Schechter
Excursion Sets
Press-Schechter Formalism
Mass Variance
The Smoothed Density Field

Spherical vs. Ellipsoidal Collapse



Here          is the density field linearly extrapolated to           , and         is the linear

growth rate normalized to unity at   

�0(⇥x) t = t0
t = t0

According to linear theory, the density field evolves as �(⇥x, t) = D(t) �0(⇥x)

D(t)

�lin

�c

0 �x

halo halo halo

According to the spherical collapse model, regions with                                  will have 

collapsed to produce dark matter haloes by time   . In this lecture we examine how to 

assign a halo mass to this structure. But first, we need to introduce some concepts...

�(⇥x, t) > �c ' 1.686
t

The Linear Cosmological Density Field
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According to the spherical collapse model, regions with                                  will 

have collapsed to produce dark matter haloes by time 

�(⇥x, t) > �c ' 1.686
t

In this latter case, we consider the density field to be static (at the one linearly

extrapolated to our reference time), while the `collapse barier’ evolves with time.

Using that                                 we can also phrase this differently: regions 

with                            will have collapsed to produce dark matter haloes by time 

�(⇥x, t) = D(t) �0(⇥x)
�0(⇥x) > �c/D(t) t

In the Press-Schechter formalism, the latter will be our preferred `view’.

�lin �c

0 �x

� = �(⇥x)

�c = �c(t)

Notation & Convention
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Recall that the assumption of ergodicity implies that h�i = 1

V

Z
�(⇥x) d3⇥x

where V is the volume of the Universe over which we assume it to be periodic.

⇥2 = h�2i = 1

V

Z
�2(⇤x) d3⇤x

Similarly, we have that the variance of the density field can be written as

Recall that                                                                       , from which it is clear that �(r) = ��(�x)�(�x + �r)� = 1
(2�)3

�
P (k)e+i�k·�rd3�k

�2 = �(0) =
1

(2�)3

�
P (k)d3�k =

1
2�2

�
P (k) k2 dk =

�
�2(k)

dk

k

where                             is the unitless power spectrum.�2(k) =
k3

2�2
P (k)

The Variance of the Density Field
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Given a density field        , one can filter it using some window function (or “filter”)  �(�x) W (�x;R)
which is properly normalized such that                               , to get a smoothed field

�
W (�x;R) d3�x = 1

For each filter, one can define a mass                      , where     is some constant that depends

on the shape of the filter.  In what follows, we will characterize a filter intermittendly by

its size     or its mass     . R M

�fM = �f �̄ R3

The above equation for the smoothed density field is a convolution integral (the density field 
is convolved with the window function).  Since convolution in real-space is equal to 
multiplication in Fourier space, we have that

�(�k;R) =
�

�(�x;R) e�i�k·�x d3�x = �(�k) �W (kR)

where                                                      is the Fourier Transform of the window function

for which  we have made it explicit that    and     only enter in the combination      .

�W (kR) =
�

W (�x;R) e�i�k·�x d3�x
kRk R

�(⇥x;R) ⌘
Z

�(⇥x0)W (⇥x� ⇥x0;R) d3⇥x0

Smoothing
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Throughout we will use either one of the following three window functions:

Top Hat Filter:

W (�x;R) =
�

3
4�R3 r � R
0 r > R

�f = 4�/3

Gaussian Filter:

Sharp k-space Filter:

�f = (2⇡)3/2

�f = 6⇡2

fW (kR) =

⇢
1 k  1/R
0 k > 1/R

W (⇥x;R) =

1

2�2 r3
[sin(r/R)� (r/R) cos(r/R)]

W (�x;R) =
1

(2�)3/2 R3
exp

�
� r2

2R2

�
�W (kR) = exp

�
� (kR)2

2

�

�W (kR) =
3

(kR)3
[sin(kR)� (kR) cos(kR)]
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Window Functions



Similar to case without smoothing, we define the variance of the smoothed density field as

limR�0 �2(R) = �2
limR�0

�W (kR) = 1Note that                                   (normalization condition), from which it is clear that 

                                  as required.

�2(R) = ��2(�x;R)� =
1

2�2

�
P (k) �W 2(kR) k2 dk

The cosmological parameter      is defined as the variance of the density field, linearly 
extrapolated to           , when smoothed with top-hat filter of size     

�8

z = 0 R = 8h�1Mpc

�8 = ��2
lin(�x;R)�1/2 =

�
1

2�2

�
Plin(k) �W 2

TH(kR) k2 dk

�1/2

This parameter is used to characterize the normalization of the power spectrum.

It’s currently favored value is of the order of                         . A larger value of 

implies larger fluctuations, and therefore earlier structure formation... 

�8 � 0.8± 0.1 �8
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The Smoothed Density Field



Since we can equally label a filter by its size    or its mass    , we can write                           .R M �2(R) = �2(M)
The latter is called the mass variance, and plays an important role in what follows.

NOTE: If        is a Gaussian random field, then so is             . In particular  �(�x) �(�x;R)

where we have used the shorthand notation                          and                     . �M = �(�x;M) �M = �(M)

P(�M ) d�M =
1�

2� �M

exp
�
� �2

M

2�2
M

�
d�M

It is straightforward to show that 

�2(M) =

��
M(�x;R)� M̄(R)

M̄(R)

�2
�

where                                                                    , with       the volume of the filter, 

and                                 , which exemplifies the nomenclature `mass variance’.M̄(R) = �M(�x;R)�

VRM(⇥x;R) = VR

R
�(⇥x0)W (⇥x� ⇥x0;R) d3⇥x0
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Mass Variance



The variance of the smoothed, 
linear density field as a 
function of the size R of the 
top-hat filter. Results are 
shown for four different 
cosmogonies. The variance is 
normalized such that σ8 = 1.

(see MWB §6.1.3)

In hierarchical models, such as CDM-based cosmologies, the variance is a monotonically

decreasing function of the filter size R (or M). In top-down cosmogonies, such as HDM,

however, the lack of small scale structure introduces a characteristic scale where

the variance is maximum.

� = �m,0 h
Note: the shape parameter

                             characterizes

          the horizon scale at matter-

          radiation equality.

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Mass Variance



number density of peaks 
above     in density field 

smoothed on mass scale M
�c

number density of 
haloes with mass >M

We now return to our main question of interest:

According to SC model, regions in the linear density field with            have collapsed 

to produce virialized dark matter haloes. How can we associate a mass to those haloes,

and how can we use the statistics of the linear density field to infer the halo mass function, 
i.e., the (comoving) number density of haloes as a function of halo mass? 

� > �c

Idea:
Let       be the linear density field smoothed on a mass scale     , i.e.,  

where                     , then those locations where                    are the locations where, 
at time   , a halo of mass      condenses out of the evolving density field.... 

�M M �M = �(�x;R)
M = �f �̄ R3

M
�M = �c(t)

t

In this case, the halo mass function simply follows from calculating the number

density of peaks in the smoothed density field, i.e., 

n(> M) = npk(�M )
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Assigning Halo Mass to Collapsed Regions



This idea was explored in a seminal paper by Bardeen et al. (1986), known as “BBKS”.

James Bardeen
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Peak Formalism & Cloud-in-Cloud Problem



Unfortunately, it soon became clear that the identification

faces a very serious problem:

peak in                   halo with mass  �M > M

Consider the same density field, but smoothed on two different mass scales,       and

      , where                  . Let       be a mass element associated with a peak of

but also with a peak of                          . Is       part of a halo of mass       or       ?   
M2

M1
M2 > M1 �m �1 = �(�x;M1)

�2 = �(�x;M2) �m M1 M2

Using elegant, clever mathematics they were able to compute the number density, 
clustering properties, shapes and density profiles of peaks in a smoothed Gaussian 
random field (which itself is also a Gaussian random field), all as function of the peak 
height �pk = �pk

��2
M �1/2 = �pk

�M (see MBW §7.1 for details)
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This idea was explored in a seminal paper by Bardeen et al. (1986), known as “BBKS”.

Peak Formalism & Cloud-in-Cloud Problem

If             then       can never be part of a halo with mass      ; apparently, contrary to the 
`ansatz’, not every peak in     can be associated with a halo...

If             the obvious interpretation is that       is part of       at some early time    ,

and part of                 at some later time            . 

�2 < �1 �m M1 t1
M2 > M1 t2 > t1

�m M1�2 > �1

�1



Unfortunately, it soon became clear that the identification

faces a very serious problem:

peak in                   halo with mass  �M > M

Using elegant, clever mathematics they were able to compute the number density, 
clustering properties, shapes and density profiles of peaks in a smoothed Gaussian 
random field (which itself is also a Gaussian random field), all as function of the peak 
height �pk = �pk

��2
M �1/2 = �pk

�M (see MBW §7.1 for details)
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This idea was explored in a seminal paper by Bardeen et al. (1986), known as “BBKS”.

Peak Formalism & Cloud-in-Cloud Problem

Apparently, some peaks (those that are part of a 
higher peak when smoothed with a larger filter) have 
to be excluded when identifying peaks with haloes...

This is called the cloud-in-cloud problem.



Because of the cloud-in-cloud problem, the peak formalism of BBKS has largely been 
abandoned in favor of the less rigorous, but more succesfull, Press-Schechter formalism

Paul SchechterBill Press
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The Press-Schechter Mass Functiojn



Because of the cloud-in-cloud problem, the peak formalism of BBKS has largely been 
abandoned in favor of the less rigorous, but more succesfull, Press-Schechter formalism

Press & Schechter (1974) postulated that:

�M > �c(t) “the probability that                   is the same as the mass fraction 

  that at time    is contained in halos with mass greater than     ”   Mt

For a Gaussian random field, one has that

P(�M > �c) =
1�

2� �M

� �

�c

exp
�
� �2

M

2�2
M

�
d�M =

1
2
erfc

�
�c

2�M

�

Here                                   is the complimentary error function, and we consider it

understood that                 .  According to the PS postulate, we thus have that  

erfc(x) = 1� erf(x)
�c = �c(t)

F (> M, t) =
1
2

erfc
�

�c

2 �M

�

Note: since                              and                    we see that the PS postulate predicts

          that only 1/2 of all matter in the Universe is locked-up in collapsed haloes... 

limM�0 �M =� erfc(0) = 1
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The Press-Schechter Mass Function



This may seem logical from the fact that                       ; i.e., only regions that are initially

overdense end up in collapsed objects... 

P(� < 0) = 1
2

However, underdense regions can be enclosed within larger overdense regions, giving them

a finite probability of being included in some larger collapsed object (see illustration)

�lin

�c

0 �x

under-dense 
region

large over-density

Press & Schechter `solved’ this problem by simply introducing a fudge factor two:

F (> M, t) = P [�M > �c(t)]2
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The Press-Schechter Mass Function



We are now ready to write down the PS halo mass function:

We define the mass function as                    , which is the number of haloes with masses

in the range                        per (comoving) volume. Hence,                                           .    

n(M, t) dM
[M,M + dM ]

Beware of units and different notations!!!!

We have that                      is equal to the fraction of mass that is locked up in 

haloes with masses in the range                        .  [M,M + dM ]

�F (>M)
�M dM

Multiplying by    yields the total mass per unit volume that is locked up in those haloes. ⇢̄

Hence, the halo mass function is simply given by n(M, t) dM =
�̄

M

⇥F (> M)

⇥M
dM

Using the Press-Schechter ansatz plus fudge factor we thus obtain:

n(M, t) dM = 2

⇤̄

M

⇧P(> �c)

⇧M
dM =

r
2

⇥

⇤̄

M2

�c
⌅M

exp

✓
� �2c
2⌅2

M

◆ ����
d ln⌅M

d lnM

���� dM

where we have used that                                                         . ⇥P/⇥M = ⇥P/⇥�M � |d�M/dM |

n(M, t) =
dn

dM
=

1

M

dn

d lnM
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The Press-Schechter Mass Function



For                 we have that                             , where                              .

⇥ = �2c (t)/⇤
2(M)WARNING: some authors define                              which results in a somewhat


                    modified multiplicity function.....always check how    is defined!!  ⌫

Upon defining the variable                            the PS mass function can be written in a 
more compact form: 

⇥ ⌘ �c(t)/⇤(M)

n(M, t) dM =
⇥̄

M2
fPS(�)

����
d ln �

d lnM

���� dM fPS(�) =

r
2

⇥
� e��2/2where

If we define a characteristic mass,      , by                          (i.e., by                   ) then:M⇤ ⇥(M⇤) = �c(t) �(M⇤) = 1

n(M, t) / M↵�2 � = d ln⇥/d lnM

 For a CDM cosmology            at low mass end so that  ↵ ! 0 n(M) / M�2

M ⌧ M⇤

For                 the abundance of haloes is exponentially suppressed.M � M⇤

Since          decreases with time, the characteristic halo mass grows as function

of time; as time passes more and more massive haloes will start to form...

�c(t)

            is called the multiplicity function and gives the mass fraction associated with 
haloes in a unit range of       . Note that time enters only through ln ⌫
fPS(�)

�c(t) � 1.686/D(t)
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The Press-Schechter Mass Function



Bond et al. (1991) came up with an alternative derivation of the halo 

mass function that does not suffer from a `fudge-factor problem’
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The Excursion Set Formalism

Dick Bond



In what follows we adopt                     as our mass variable. For 
a hierarchical cosmogony such as CDM, S is a monotonically 
declining function of halo mass, so that there is a clear, one-to-
one relation between S and M. 

S � �2(M)
S

M

Consider a point    , for which the overdensity, linearly 
extrapolated to the present day is          .  For each value of

the filtering mass      , i.e. for each value of S, the smoothed

overdensity                     will have a different value. 

�x
�0(�x)

M
�S = �M (�x)

`With each point    corresponds a trajectory �x �S

mass variance

S

�S

example trajectories
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The Excursion Set Formalism

For             we have that               , and thus             . 

Hence, each trajectory starts at 

S � 0 M �� �S � 0
(S, �S) = (0, 0)

If the filter is a sharp k-space filter, changing S

adds new (and independent) modes. As a 
consequence, the trajectory is Markovian....



A random walk is a mathematical formalization of a path that consists of a succession of 
random steps. If the next step depends only on the current state (i.e., has no `memory’ of 
its prior path), the random walk is called Markovian.

For a sharp k-space filter the smoothed density field is given by

Here                  is the size of the top-hat in k-space, and        are Fourier modes of   kc = 1/R ��k,0 �0(⇥x)

�S(⇥x) =

Z
d3⇥kfWsk(⇥kR) ��k,0 e

i�k·�x =

Z

k<kc

d3⇥k ��k,0 e
i�k·�x

When increasing S (decreasing R, and thus increasing kc), you add new and independent 
modes (at least for a Gaussian random field). Since these new and independent modes 
have random phases, the step            associated with the change        is Markovian.  �(�S) �S

NOTE: for any other filter, the trajectories           will not be Markovian!! �S(S)

In what follows we will always assume a sharp k-space filter (unless stated otherwise), so 
that our trajectories can be considered Markovian. 
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Markovian Random Walks



Sharp k-space filter

Gaussian filter

S

�x

NOTE: for any filter other than sharp k-space filter, the random walks are NOT Markovian
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The Excursion Set Formalism



Consider          smoothed on a mass scale       corresponding to  �0(⇥x) M1 S1 = �2(M1)

Three trajectories 
corresponding to 
three different mass 
elements in a 
Gaussian random 
field. Note that B’ is

obtained mirroring 

trajectory B in the

line              for  

            . Since the 
trajectories are 
Markovian B and B’ 
are equally likely!

�S = �c
S � S2

According to PS ansatz, mass elements whose trajectory              at      reside in 

dark matter haloes with mass                         neither A or B are in halo with  

�S > �c S1

M > M1 M > M1

S4

BUT: according to same PS ansatz, mass element associated with trajectory B 
resides in a halo with                          : PS ansatz is not self-consistent!!! M > M4 > M1
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The Excursion Set Formalism
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S4

The problem with the PS ansatz is that it fails to account for trajectories such as B

when counting mass elements in haloes with mass               .  M > M1

Correcting for this is easy though, by realizing that each trajectory B has a mirror

version, B’, that is equally likely (as a result of the Markovian nature of the trajectories).

Double-counting trajectories with              at     corrects for `missed trajectories’.....�S > �c S1

A natural explanation for the fudge-factor two in PS formalism!

Three trajectories 
corresponding to 
three different mass 
elements in a 
Gaussian random 
field. Note that B’ is

obtained mirroring 

trajectory B in the

line              for  

            . Since the 
trajectories are 
Markovian B and B’ 
are equally likely!

�S = �c
S � S2

The Excursion Set Formalism



In the excursion set formalism , also called the Extended Press-Schechter (EPS) 
formalism, one uses the (statistics of) Markovian random walks (the trajectories of 
mass elements in           -space) to infer the halo mass function (and more).(S, �S)

EPS ansatz:
fraction of trajectories with a first upcrossing (FU) of the 
barrier                   at                               is equal to the mass 
fraction that at time    resides in haloes with masses          t

�S = �c(t) S > S1 = �2(M1)
M < M1

PS ansatz:
fraction of mass elements with                   is equal to the mass 

fraction that at time    resides in haloes with masses         , 
where    and      are related according to   

> M
�S > �c(t)

t
S M S = �2(M)

Since, each trajectory is guaranteed to upcross the barrier                  at some 
(arbitrarily large) S, the EPS ansatz predicts that every mass element is in a halo 
of some (arbitrarily low) mass

�S = �c(t)

F (< M1) = 1� F (> M1)
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The Excursion Set Formalism



Based on the EPS ansatz, we can write the EPS mass function as:

n(M, t) dM =
�̄

M

�F (> M)
�M

dM = � �̄

M

�F (< M)
�M

dM

Without proof:

where, as before, we defined                                             and we expressed the

result in terms of the PS multiplicity function 

� = �c(t)/�(M) = �c/
�

S
fPS(�) =

�
2/� � exp(��2/2)

(see MBW §7.2.2     
     for derivation)

It is straightforward to show that this yields exactly the same halo mass function

as before, but this time there has been no need for a fudge factor....

= � �̄

M

�FFU(> S)
�S

dS

dM
dM =

�̄

M
fFU(S, �c)

����
dS

dM

���� dM

S S + dS
Here                        is the fraction of trajectories that have their first 

upcrossing of barrier         between     and             .   �c(t)

fFU(S, �c) dS

fFU(⇥) =
1p
2⇤

�c
S3/2

exp


� �2c
2S

�
=

1

2S
fPS(⇥)
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The EPS Mass Function



Although the EPS mass function is used very frequently in modern astronomy, it is important 
to be aware of its assumptions, shortcomings and pitfalls:

Consider two mass elements (yellow `dots’) in the same dark matter halo:

one near the center, the other near the outskirts.

Since both particles have very similar large-scale environments (on 
scales larger than halo itself), their 

trajectories are very similar for small S:

�m1

�m2

S

�S

�c
�m2

�m1

S2S1

Although both particles reside in same halo, their

trajectories have first upcrossings at different S:

according to EPS formalism,        resides in a less

massive halo than        : excursion set formalism 

only predicts how much mass ends up in haloes of

different mass in a statistical sense.... 

�m2
�m1
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The EPS Mass Function



Trajectories have to be constructed with sharp k-space filter in

order to guarantee Markovian nature of the random walks.

In particular, the real-space filter is not

spatially localized; it has oscillating wings 

that extent out to large distances... 

However, the corresponding real-space filter has complicated (sinc-like) form; 
difficult to interpret....

FT

Yet, according to EPS formalism, this structure 
corresponds to a collapsed dark matter halo, 
which *is* spatially localized...
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Although the EPS mass function is used very frequently in modern astronomy, it is important 
to be aware of its assumptions, shortcomings and pitfalls:

The EPS Mass Function



The Spherical Cow: The upcrossing barrier used is based on the 
spherical collapse model; as we have seen collapse is believed to 
be ellipsoidal instead...

Finally, the mere idea that one can use the linear 
density field to identify collapsed structures in the 
non-linear field constitutes a leap of faith...

As we will see, though, this 

can be taken into account...
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Although the EPS mass function is used very frequently in modern astronomy, it is important 
to be aware of its assumptions, shortcomings and pitfalls:

The EPS Mass Function



 the halo bias function

Given the various crude assumptions 
underlying the PS & EPS formalisms, 
it is important to test their predictions 
for halo mass function against 
numerical simulations...

These follow the growth & collapse of 
structures directly by solving the 
equations of motion for dark matter 
particles. However, as will be 
discussed later, identifying haloes

in simulations is a non-trivial task.....

Until end of 1990s, most simulations 
yielded results in fair agreement with 
PS predictions....

However, when larger and more 
accurate simulations became 
available, it became clear that there 
where some problems....
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Comparison with Numerical Simulations
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= Millenium sim.

= PS prediction 

The Millenium Simulation 
followed the evolution of 21603 
(~10 billion) particles in a 
periodic box 500 Mpc/h on a 
side in a ΛCDM cosmology.

At the time it was run (2005) it 
was one of the biggest 
simulations to date. Because 
of its superb statistics, it is 
ideally suited to test the PS 
mass functions...

At low redshift, the PS mass function under- (over)-predicts the abundance of massive 
(low mass) haloes. These problems become more pronounced at higher redshifts...

WARNING: this statement is sensitive to how haloes are identified in the simulation box.

                   Here a Friends-Of-Friends (FOF) algorithm has been used (see lecture 11)  
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Comparison with Numerical Simulations



Ravi Sheth

Houjun Mo

Giuseppe Tormen
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EPS with Ellipsoidal Collapse



Here                         is the critical overdensity for ellipsoidal collapse, 

is the critical overdensity for spherical collapse, and the parameters e and p characterize

the asymmetry of the initial tidal field.                                                              (see lecture 8)

 the halo bias function

As we have seen, because of the non-zero tidal 

field, collapse will not be spherical, but ellipsoidal.

In that case, the critical (linear) over density for collapse is given by

�sc = �c ' 1.686�ec = �ec(e, p)

�ec
�sc

� 1 + 0.47


5(e2 ± p2)

�2ec
�2sc

�0.615
Ellipsoidal collapse

Adopting the most probable values for e and p, Sheth, Mo & Tormen (2001; SMT) showed 
that the upcrossing boundary for ellipsoidal collapse can be written as:

�ec ' �ec(S, t) = �c(t)

"
1 + 0.47

✓
S

�2c (t)

◆0.615
#

Contrary for spherical collapse, for which the boundary is constant, the boundary for 
ellipsoidal collapse increases with S (less massive structures need higher overdensity for

collapse). Because of this S-dependence,      , is called a “moving barrier”.�ec
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Spherical vs. Ellipsoidal Collapse



Knowing the critical overdensity for ellipsoidal collapse, we can compute the corresponding 
PS mass function: all we need to do is to work out the first-upcrossing statistics....

This was done by SMT, who found that the 
resulting multiplicity function is well 
approximated by

fEC(�) = 0.322


1 +

1

�̃0.6

�
fPS(�̃) where �̃ = 0.84 �

Unfortunately, for a moving barrier one 
cannot compute this analytically. 

Rather, one has to resort to Monte Carlo 
simulations of independent random walks, 
and register their first upcrossings.

n(M, t) dM =
⇥̄

M2
fEC(�)

����
d ln �

d lnM

���� dM

collapsed

S

The normalization 0.322 is set by requiring that                                       , which implies

that all matter is in collapsed objects. The PS mass function for ellipsoidal collapse simply

follows from replacing            with            ; i.e., 

R1
0 n(M)M dM = �̄m

fPS(�) fEC(�)
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EPS Mass Function for Ellipsoidal Collapse



= Simulation 

= EPS (SC) 

= EPS (EC) 
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Clearly, the EPS mass function 
based on ellipsoidal collapse is 
in much better agreement with 
numerical simulations than the 
spherical collapse-based model 
prediction...

WARNING: this statement is sensitive to how haloes are identified in the simulation box.

                    Here a Friends-Of-Friends (FOF) algorithm has been used       (see lecture 11)  

The Millenium Simulation 
followed the evolution of 21603 
(~10 billion) particles in a 
periodic box 500 Mpc/h on a 
side in a ΛCDM cosmology.
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Spherical vs. Ellipsoidal Collapse



So
ur

ce
: S

he
th

, M
o 

&
 T

or
m

en
, 2

00
1,

 M
N

R
A

S, 
32

3,
 1

Comparison of the mass of the halo of particles in a N-body simulation vs. the halo mass 
predicted by EPS based on the particle’s location in the initial (linear) density field.

Ellipsoidal collapse clearly performs much better than spherical collapse, but neither are 
very impressive... EPS performs poorly for individual particles (=mass elements), but 
nevertheless yields impressive results statistically....

SPHERICAL 
COLLAPSE

ELLIPSOIDAL 
COLLAPSE
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Spherical vs. Ellipsoidal Collapse
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Same as on previous page, but this time only showing the results for the N-body

particles located at the centers of their dark matter haloes. This removes the swath of 
points in the upper-left corner...for ellipsoidal collapse EPS is able to make object-by-
object predictions that are not too far off...

SPHERICAL 
COLLAPSE

ELLIPSOIDAL 
COLLAPSE
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Spherical vs. Ellipsoidal Collapse
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One can get some useful insight into how structure forms, by studying how the

halo mass function (computed using EPS under ellipsoidal collapse conditions) 

evolves as function of time...

The figure to the right shows how 
the comoving number density of 
dark matter haloes of different 
mass evolve as function of redshift 
in a ΛCDM cosmology.

Note how the abundance of low

mass haloes has hardly evolved at 
all since z=20, while the 
abundance of massive haloes is a 
very strong function of redshift.

This is a manifestation of 
hierarchical structure formation.
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Evolution of the Halo Mass Function



Lecture 9

 SUMMARY



 the halo bias function

(Extended) Press-Schechter 

Excursion Set Formalism

Moving Collapse Barrier

Markovian random walk

Key words 
Mass Variance

Halo Mass Function

Multiplicity Function

Characteristic Halo Mass

Locations in linearly extrapolated density field where ! > !c ≃ 1.686 correspond to collapsed 
objects (halos)

If !(x) is Gaussian, then so is the smoothed density field !(x;R)

Excursion sets are Markovian if, and only if, the density field is smoothed with a 
sharp-k space filter

The ellipsoidal collapse model gives rise to a moving barrier in excursion set formalism

The cosmological parameter σ8 is defined as the mass variance of the linearly 
extrapolated density field at z=0, smoothed with a Top-Hat filter of size R=8 h-1Mpc

Summary: key words & important facts
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 the halo bias function

�(⇥x;R) ⌘
Z

�(⇥x0)W (⇥x� ⇥x0;R) d3⇥x0 �(�k;R) = �(�k) �W (kR)Mass Smoothing

�2(M) = ��2(�x;R)� =
1

2�2

�
P (k) �W 2(kR) k2 dkMass Variance M = �f �̄R3

Ellipsoidal 
Collapse  

Model

PS F (> M, t) = 2P[�M > �c(t)]
EPS F (> M, t) = 1� FFU(> S) S = �2(M)

(E)PS ansatz

Halo Mass 
 Function

n(M, t) � dn

dM
=

1
M

dn

d lnM
=

�̄

M

�F (> M, t)
�M

EPS + Gaussian n(M, t) =
�

2
�

�̄

M2

�c

�M
exp

�
� �2

c

2�2
M

� ����
d ln�M

d lnM

����

shorthand

=
�̄

M2
fPS(�)

����
d ln �

d lnM

����

� � �c(t)/�(M) fPS(�) =
�

2/� � e��2/2

�c(t)� �c(t)

�
1 + 0.47

�
�2(M)
�2
c (t)

�0.615
�

fPS(�)� fEC(�) = 0.322
�
1 +

1
(0.84�)0.6

�
fPS(0.84�)

Characteristic Mass

�2(M�) = �c(t)

Summary: key equations & expressions
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Press-Schechter Theory 

Topics that will be covered include:

Assembly Bias
Halo Bias
Halo Formation Times
Mass Assembly Histories
EPS Merger Trees 
Progenitor Mass Function

In this lecture we will use the Extended Press-Schechter formalism to construct

halo merger trees and study their statistical properties. We will also use the same 
formalism to explore the clustering properties of dark matter haloes, which we 
express in terms of a mass dependent halo bias.



In the excursion set formulation of PS theory, also called extended Press-Schechter, the 
halo mass function derives from first-upcrossing statistics of linear density field:

Here                        is the fraction of trajectories that have their first upcrossing of 

barrier         between     and             .   S S + dS�c(t)

fFU(S, �c) dS

n(M, t) M =
�̄

M
fFU(S, �c)

����
dS

dM

���� dM

In the case of spherical collapse, the barrier                                is independent

of mass, and the upcrossing statistics are analytical: 

�c(t) � 1.686/D(t)

where                                             and                                      is the multiplicity function � = �c(t)/�(M) = �c/
�

S fPS(�) =
�

2
� � e��2/2

fFU(⇥) =
1p
2⇤

�c
S3/2

exp


� �2c
2S

�
=

1

2S
fPS(⇥)

In the case of ellipsoidal collapse, Monte Carlo simulations of first-upcrossings with a

moving barrier are well fit by 

fEC(�) = 0.322


1 +

1

�̃0.6

�
fPS(�̃)where �̃ = 0.84 �fFU(�) =

1

2S
fEC(�) with
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Recap: the halo mass function



An important advantage of EPS over PS is that the excursion set formalism provides

a neat way to calculate the properties of the progenitors which give rise to a given class 
of objects (i.e., haloes of a given mass).

For example, one can calculate the mass function at z=5 of those haloes (progenitors)

which by z=0 end up in a massive halo of 1015 solar masses. 

These progenitor mass functions, in turn, 
can be used to describe how dark matter 
haloes assemble over time (in a statistical 
sense); in particular, they allow the 
construction of halo merger trees.
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Illustration of a merger tree depicting the 
growth of a dark matter halo as a result of a 
series of mergers. Time increases from top 
to bottom and the width of the tree beaches 
represents the masses of the individual 
progenitors...

These merger trees are invaluable tools

in galaxy formation studies...
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Beyond a Halo Mass Function



We are interested in the fraction of       that at some earlier time             was in a

collapsed object of some mass      .  

S

�S

S2 S1

�1

�2

                      with linear overdensity                                       so that it forms a 
collapsed object at time    .

Consider a spherical region (a patch) of mass       , corresponding to a mass variance M2

S2 = �2(M2) �2 ⌘ �c(t2) = �c/D(t2)
t2

t1 < t2M2

M1

Within the excursion set formalism this means we want to calculate the probability that

a trajectory that upcrosses barrier     at      has its first upcrossing of barrier �2 S2 �1 = �c(t1)
at               ( see illustration).S1 > S2

This is the same problem as before,

except for a translation of the origin

in the            -plane . (S, �S)

mass

time
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Progenitor Mass Function



                                   is the progenitor mass function; it gives the average number of 
progenitor haloes at time     in the mass range                             that at time             

have merged to form a halo of mass       .

n(M1, t1|M2, t2) dM1

t1 (M1,M1 + dM1) t2 > t1
M2

fFU(S, �c) =
1p
2⇥

�c
S3/2

exp


� �2c
2S

�

translation

Converting from mass- 
to number-weighting 

n(M1, t1|M2, t2) dM1 =
M2

M1
fFU(S1, �1|S2, �2)

����
dS1

dM1

���� dM1

fFU(S1, �1|S2, �2) =
1�
2�

�1 � �2

(S1 � S2)3/2
exp

�
� (�1 � �2)2

2 (S1 � S2)

�
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Progenitor Mass Function



The progenitor mass function allows one to construct halo

merger trees using the following algorithm:

For a given host halo mass,      , and a given time step,      
     , draw a set of progenitor masses from the  
progenitor mass function 

M0

�t
n(Mp, t0 + �t|M0, t0)

The progenitors must obey the following two conditions:

accurately sample the progenitor mass function

mass conservation: 
�

i

Mp,i = M0

For each progenitor, repeat above procedure, thus  
stepping back in time.
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Sounds easy.....is not...

Several different methods have been suggested to 

contruct halo merger trees; none of them is perfect......
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Merger Trees



The problem with how to construct a merger tree can be summarized as follows:

once I have drawn the first progenitor mass,         , from the progenitor mass function, 

                                     mass conservation now implies a constraint on the second 
progenitor mass:                                . Unfortunately, there is no analytical method to

include this `condition’ in the progenitor mass function, i.e., it is not clear how to 
specify                                               . Different methods for constructing halo merger

trees mainly differ in how to deal with this issue... 

n(Mp, t0 + �t|M0, t0)
Mp,2 �M0 �Mp,1

Mp,1

n(Mp, t0 + �t|M0, t0,Mp,1)
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How to Plant a healthy merger tree…

In what follows we briefly discuss the pros and cons of two of the earlier (and least 
accurate) methods:

The Binary Method   (Lacey & Cole 1993)

The N-branch Method with Accretion   (Somerville & Kolatt 1999)

These two methods serve to highlight the difficulties in constructing accurate halo merger 
trees. We emphasize though, that numerous other methods have been discussed in the 
literature. The following is an incomplete list of relevant papers:

Kauffmann & White (1993)
Zhang, Fakhouri & Ma (2008)

Cole et al. (2000)
Sheth & Lemson (1999)

Jiang & van den Bosch 2014

Parkinson, Cole & Helly (2008) 



There are two tests that one can perform to test the accuracy of a merger tree:

1: The Self-Consistency Test

Example of a method that successfully 
passes the Self-Consistency Test:

Black histograms are the progenitor

mass functions for a halo of 1012 Msun

obtained from 2000 merger trees 
constructed using Method B of Zhang, 
Fakhouri & Ma (2008). The red lines are

the direct EPS predictions, and are in 
excellent agreement with the merger tree 
results...

Construct a larger number of merger trees (using small time steps) 
for a host halo of a given mass, and compute the average mass 
function of all progenitors at different redshifts.

Compare these directly to the EPS progenitor mass functions at 
those redshifts.

These need to be in agreement with each other....
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How to Plant a healthy merger tree…



The figure compares progenitor mass fractions in the Millenium 
simulation (black histograms) to those obtained using two 
different EPS merger tree algorithms: Cole et al. (2000; green 
dotted lines), and Parkinson et al. (2008; red dashed lines). The 
latter is an empirical, ad-hoc modification of Cole et al. (2000) 
tuned towards better agreement with the simulation results....

2: Comparison with Numerical Simulations
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Cole et al. (2000)

Parkinson et al. (2008)
Fitting function (ignore)

We caution, though, that there is no unique way to 
identify dark matter haloes and their merger 
histories in numerical simulations, making the 
comparison non-trivial....

An important test of EPS merger trees is whether 
they can reproduce the merger trees 

obtained from numerical N-body simulations.

M0 = 3� 1013h�1M�M0 = 1012h�1M�
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How to Plant a healthy merger tree…



Cedric Lacey Shaun Cole
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The Binary Method



The Binary method makes the assumption that during each time step, the parent halo

splits in two (and only two) progenitors...It’s algorithm is extremely simple:

2) set the mass of the second progenitor to be Mp,2 = M0 �Mp,1

1) draw a progenitor mass                                from progenitor mass functionMp,1 2 [M0/2,M0]

3) repeat steps 1-2 for each of these progenitors
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The Binary Method
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obeys mass conservation (by construction)
easy to implement & fast to execute

Pros:

assumption of binarity is oversimplification, 

even for very small time steps

Mp = M0/2

it fails the self-consistency test

makes implicit assumption that progenitor mass 

function is symmetric around                    , which 

is not the case (see illustration)

Cons:



Rachel Somerville Tsafrir Kolatt
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The N-Branch Method with Accretion



The N-Branch Method with Accretion does not make assumption that all branches are 
binary. It continues to draw progenitors as allowed by mass budget. Progenitors below the 
(user-defined) mass limit are assumed to be accreted `smoothly’...

Progenitor mass distributions at different 
redshifts: Black histograms are the 
progenitor masses obtained using the N-
Branch method with accretion. Red lines 
are the EPS progenitor mass functions. 

3) IF                     THEN 

Np = 0 Mleft = M0

DO WHILE (                       )Mleft � Mmin

1) draw a progenitor mass Mp

2) IF                     GOTO 1Mp > Mleft

Mp � Mmin Np = Np + 1

Mleft = Mleft �Mp4) 
END DO

The algorithm for single time-step is as follows:
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The N-Branch Method with Accretion

step 2 implies that accepted progenitors do not

properly sample progenitor mass function

it fails the self-consistency test (see figure) 

Cons:

obeys mass conservation (up to mass resolution)
easy to implement & fast to execute

Pros:

allows for arbitrarily many branches



A very useful, reduced characterization of a merger tree is its Mass Assembly History 
(MAH), also called Mass Accretion History or Main Progenitor History.

The MAH           gives the mass of the main progenitor as a function of redshift;M(z)

at each time step one associates           with the most massive progenitor, and

one follows that progenitor, and that progenitor only, further back in time.... 

M(z)

Examples of Mass Assembly Histories

At each branching point in the 
tree, the MAH follows the most 
massive branch. Hence, the 
MAH is sometimes called

the main trunk of the merger 
tree...

NOTE: the main progenitor is not necessarily also the most massive of

            all progenitors at a give redshift...
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Mass Assembly Histories



The MAH is the mass history of the 0th order progenitor...

MAH
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Anatomy of a Merger Tree



Source: van den Bosch, 2002, MNRAS, 331, 98
A random subset of MAHs for a halo of mass                                              

                                       in an EdS Universe. 
Note the large halo-to-halo variance.
M0 = 5⇥ 1011h�1M�
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Mass Assembly Histories
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Mass Assembly Histories

Average MAHs for haloes of different masses. Panels on left and right show results 
from Bolshoi simulation (Klypin et al. 2011) and from EPS MergerTrees constructed 
using Parkinson+08 formalism, respectively. Note that more massive haloes 
assemble later; a clear manifestation of hierarchical structure formation...



Because of the complex structure of merger trees, it is not obvious how to define the 

formation time of a halo. The most often used definition, is that of the half-mass time

of the main progenitor, hereafter called the halo assembly time...

Mmain(ta) = M0/2

The assembly time,     , of a halo of mass       , with MAH                 is defined by 
ta M0 Mmain(t)

The probability distribution of     can be obtained as follows:ta

Any halo can have at most one progenitor with mass in the range M0/2 �M1 �M0

Hence, the probability that it has a progenitor in that mass range at time     , and 

thus an assembly time             , is given by 

t1
ta < t1

P(< ta|M0, t0) =
� M0

M0/2
n(M1, t1|M0, t0) dM1 =

� M0

M0/2

M0

M1
fFU(S1, �1|S0, �0)

����
dS1

dM1

���� dM1

=
� S1/2

S0

M(S0)
M(S1)

fFU(S1, �1|S0, �0) dS1

where                          and           .  S1/2 = S(M0/2) t1 = ta
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Halo Formation Times



S̃ =
S1 � S0

S1/2 � S0
w̃(t1) =

�1 � �0�
S1/2 � S0

Upon introducing the variables                      

one can cast this in the form

P(< ta|M0, t0) = P(> w̃a|M0, t0) =
1�
2�

� 1

0

M(S0)
M(S1)

w̃a

S̃3/2
exp

�
� w̃2

a

2S̃

�
dS̃

Differentiating yields the PDF for halo assembly times according to the EPS formalism.

A comparison with the assembly times obtained from numerical simulations shows that 

EPS predicts assembly times that are too high (i.e.,      too low)....w̃a

Differential distributions of halo assembly 
times obtained from a ΛCDM N-body 
simulation (histograms) compared to the 
EPS predictions (solid lines)S
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As shown by Giocoli et al. (2007), 
this problem is alleviated when 
using ellipsoidal collapse 
conditions within the EPS 
formalism...
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Halo Formation Times



For a more indepth discussion of halo assembly histories,  
see van den Bosch (2002) 
      Wechsler et al. (2002) 
      Zhao et al. (2009) 
      van den Bosch et al. (2014)

see Navarro, Frenk & White et al.1996 
      Neistein, van den Bosch & Dekel (2006) 
      Giocoli, Tormen & Sheth (2012)

For alternative definitions of `halo formation time’, which are likely to be more closely 
related to formation times of stars that form in the halo, 

For a more indepth discussion of halo formation times and merger statistics,  

see Lacey & Cole (1993, 1994) 
      Li, Mo, van den Bosch & Lin (2007) 
      Cole et al. (2008) 
      Jiang & van den Bosch (2014)
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more to read…



Halo Bias



Having discussed the collapse and assembly history of dark matter haloes,

  we now turn to their spatial distribution.

Since dark matter haloes are made out of (dark) matter, a naive (and wrong)

expectation might be that DM haloes sample the DM mass distribution; i.e.,

the number density of haloes is simply proportional to the matter density....

If this were the case, and galaxies form and reside in dark matter haloes,

then the number density of galaxies would be an unbiased estimator of the

local mass density, i.e.,  light traces matter....

However, large galaxy redshift surveys show 
huge variations in the number densities of 
galaxies on very large scales (supercluster vs. 
void).  If light follows mass, this implies that even 
on those very large scales the matter distribution 
is highly non-linear....

Nh(V ) / M(V ) �h =
�nh

n̄h
=

�⇥m
⇥̄m

= �m
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Spatial Distribution of Dark Matter Halos
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Light as a Biased Tracer of Land Mass



The first sites of snowfall The first sites of halo formation

The solution is that halo formation is not a random process; haloes are not a 
Poisson sampling of the matter field. Rather, they only form where the (smoothed) 
density field has a sufficiently high value: the critical overdensity for collapse.

This `threshold’ causes haloes to be biased tracers of the mass distribution.

Because of the modulation of the small-scale density field by the long-wavelength 
modes, overdense regions (on large scales) contain enhanced abundance of dark 
matter haloes, so that these haloes display enhanced clustering...
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Halo Bias



We can use the EPS formalism to derive an expression for this halo bias:

Recall that the average number of haloes of mass       at     that will merge into a 
larger halo with mass       at time             is given by

M1

M2

t1
t2 > t1

N(M1, t1|M2, t2) dM1 =
M2

M1
fFU(S1, �1|S2, �2)

����
dS1

dM1

���� dM1

Note, though, that it is not necessary that       is a halo: the above equation holds

equally well even if       is an uncollapsed spherical region whose overdensity, linearly

extrapolated to the present, is equal to     .     

M2

�2
M2

Consider a region of mass       that at          has a linearly extrapolated overdensity    .M0 z = 0 �0
The proper volume of this region at redshift    is z1

�(z1) = �0 D(z1)where 

V (M0, z1|�0) =
M0

⇥̄(z1) [1 + �(z1)]

The following derivation is due to Mo & White (1996); a different approach, 

based on the “peak-background split” can be found in Cole & Kaiser (1989)
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Halo Bias



The average number of haloes of mass      that one finds in an average region of

this volume, at redshift    ,  is                                                                    where

M1

z1

Here                        and                                             . Note that    is the halo

number density in proper (not comoving) coordinates.... 

S1 = �2(M1) �1 = �c(z1) ' 1.686/D(z1) n

However, our region is not average, in that it has a specific overdensity 

Hence, the average number of haloes will be different from the above number....

�(z1) = �0 D(z1)

We can use EPS to write the average number of haloes of mass      , in a region of 

mass       and linearly extrapolated overdensity     as�0

M1

M0

N(M1, z1|M0, �0) dM1 =
M0

M1
fFU(S1, �1|S0, �0)

����
dS1

dM1

���� dM1

N̄(M1, z1|M0) = n(M1, z1)V (M0, z1|�0)

n(M1, z1) =
⇥̄(z1)

M1
fFU(S1, �1)

����
dS1

dM1

���� dM1

N̄(M1, z1|M0) dM1 =
1

1 + �(z1)

M0

M1
fFU(S1, �1)

����
dS1

dM1

���� dM1
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Halo Bias



Thus, the overdensity of haloes of mass       at    that are in a region that has a 

linearly extrapolated overdensity     is�0

M1 z1

�h(M1, z1|M0, �0) =
N(M1, z1|M0, �0)

N̄(M1, z1|M0)
� 1 = [1 + �(z1)]

fFU(S1, �1|S0, �0)

fFU(S1, �1)
� 1

This expression is particularly simple when                  , so that               , and                :   M0 � M1 S0 ⌧ S1 |�0| � �1

�h(M1, z1|M0, �0) = �(z1) +
⇥21 � 1

�1
�0 +

⇥21 � 1

�1
�0�(z1) ⇥1 = �1/

p
S1

In the linear regime, where                                    , the last term is negligible and we

have that

�(z1) = �0 D(z1) ⌧ 1

�h(M1, z1|�0) � bh(M1, z1)�(z1)

bh(M, z) = 1 +

✓
⇥2 � 1

�c

◆
Here we have introduced the linear halo bias term

where                                 and                                . �c = �c(0) ' 1.686⇥ = �c(z)/
p

S(M)
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Halo Bias



bh > 1
Upon inspection it is immediately clear that massive haloes with                 (i.e.,          )
are positively biased            , while the opposite is true for low mass haloes (               )

M > M⇤ � > 1
M < M⇤

This is confirmed by simulations (see next 
slide for how this is done), as shown in the 
figure to the right.

Symbols are results obtained from N-body 
simulations covering a variety of cosmologies.

More massive haloes, are  
more strongly clustered.

bias

anti-bias
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bh(M, z) = 1 +

✓
⇥2 � 1

�c

◆

One can also apply the same formalism as above using ellipsoidal collapse conditions.
This yields the following, modified halo bias function:

bh(M, z) = 1 +
1

�c


⇥02 + 0.5⇥00.8 � 1.19 ⇥01.2

⇥01.2 + 0.14

�
where �0 = 0.84 �
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The Mass Dependence of Halo Bias



Similar to the halo mass function, the EPS prediction for the halo bias function has to 
be tested against numerical simulations. Using that the cross-correlation function 
between dark matter haloes of mass      and dark matter (particles) can be written asM

⇥hm(r|M) = ��h(⇤x|M) �m(⇤x+ ⇤r)⇥ = b(M)��m(⇤x) �m(⇤x+ ⇤r)⇥

we see that                                 where             is the two-point correlation function of 
the dark matter, and      indicates an averaging over large (linear) radii)

b(M) = h�hm/�mmi �mm(r)
�·⇥

Thus, we can measure the halo bias in simulations

by comparing the halo-matter cross correlation 

function with the auto-correlation function of the

dark matter particles...
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As with halo mass function, the ellipsoidal

collapse predictions are in much better 
agreement with simulation results than  
predictions based on spherical collapse

EPS spherical collapse
EPS ellipsoidal collapse
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Halo Bias: comparison with simulations



According to EPS formalism, halo bias depends only on halo mass (for given cosmology). 
However, N-body simulations show that halo bias also depends on halo assembly time....
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20% `youngest’ haloes 20% `oldest’ haloes dark matter particles

A 30 Mpc/h slice through the Millenium simulation. Left and middle panels show distribution of halos with 
between 100 and 200 particles. Right-hand panel shows random subsample of dark matter particles

The linear bias parameter of dark matter haloes in the 
Millenium simulation. Red and blue curves show the 
20 percentiles based on halo assembly time.

all haloes
old haloes

young haloes

Haloes that assemble earlier (=are ‘old’) are more strongly 
clustered than haloes of the same mass that assemble late 
(=are `young’). This phenomenon is called assembly bias
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Assembly Bias



Lecture 10

 SUMMARY



 the halo bias function

Merger Tree

Progenitor Mass Function

Mass Assembly History 

Key words 
Halo Formation time

Halo Bias

Assembly Bias


Construction of halo merger tree is subject to two conditions

              accurately samples progenitor mass function at all times (self-consistency)

              mass conservation (sum of progenitor masses = descendent mass)

Different methods for constructing EPS merger trees differ in handling corresponding subtleties…

Even in the limit of infinitesimally small time-step there is a non-zero probability of having 
more than two progenitors           binary merger tree method fails

Mass assembly histories of dark matter halos are universal, if scaled appropriately.

More massive halos assemble later, and are more strongly clustered  (i.e.,  dbh/dM > 0)

Halos that assemble earlier are more strongly clustered than halos of the same mass that 
assemble later (= halo assembly bias)
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Summary: key words & important facts



 the halo bias function

n(M1, t1|M2, t2) dM1 =
M2

M1
fFU(S1, �1|S2, �2)

����
dS1

dM1

���� dM1

Progenitor Mass Function:

in linear regime �h(M1, z1|�0) � bh(M1, z1)�(z1) bh(M, z) = 1 +

✓
⇥2 � 1

�c

◆
with

�h(M1, z1|M0, �0) = �(z1) +
⇥21 � 1

�1
�0 +

⇥21 � 1

�1
�0�(z1)

�h(~x|M) = bh(M) �(~x)

⇠hh(r|M1,M2) = bh(M1) bh(M2) ⇠mm(r)

Halo Bias

Summary: key equations & expressions

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University



Frank van den Bosch 
Yale University, Fall 2020 

ASTR 610
 Theory of Galaxy Formation

 Lecture 11: Structure of Dark Matter Halos



Topics that will be covered include:

Angular Momentum of Halos
Tidal Torque Theory
Halo shapes
NFW and Einasto Profiles
Halo Density Profiles
Virial Relations
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The Structure of Dark Matter Halos

Halo Substructure

In this lecture we examine the detailed structure of dark matter haloes in

numerical simulations. We will discuss their density profiles, their shapes, 

their angular momentum, and their substructure. We will also discuss 
observational constraints on these quantities.



Before we focus on the results of numerical simulations, it is useful to derive some 
very general scaling relations for dark matter haloes.

It is common practice to refer to the mass, radius and circular velocity of the halo 
thus defined as the virial mass,         , virial radius,       , and virial velocity,       .Mvir rvir Vvir

According to SC model, dark matter haloes have an average overdensity well fitted by

(ΛCDM only)where
x = �m(z)� 1�vir '

18�2 + 82x� 39x2

x+ 1

⇥̄h =
3Mvir

4�r3vir
= �vir(z)⇥m(z)

3H2(z)

8�G

Using that                                    we then have that Vvir ⌘
p

GMvir/rvir

rvir ' 163h�1kpc


Mvir

1012h�1M�

�1/3 
�vir

200

��1/3

⇥�1/3
m,0 (1 + z)�1

Vvir ' 163 km/s


Mvir

1012h�1M�

�1/3 
�vir

200

�1/6
⇥1/6

m,0 (1 + z)1/2
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Virial Relations
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 the halo bias function
Credit: Volker Springel
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 the halo bias function
Credit: Volker Springel



 Halo Density Profiles



�i � r�3�
i �M��

As we have seen in Lecture 6, secondary infall models `predict’ that dark matter 
haloes have a power-law density distribution

at least if the initial condition is also a power-law, i.e., 

with�(r) = �0

✓
r

r0

◆��

� =
9 �

1 + 3�
Gunn & Gott (1972)

However, single power-law density distributions are unphysical

M(< r) = 4⇥

Z r

0
⇤(r0) r02 dr0 =

4⇥⇤0r
�
0

3� �
r3��

For           the total mass is infinite, i.e., limr!1 M(< r) = 1

� � 3Similarly, for           the enclosed mass is infinite for any radius, i.e., M(< r) = 1

�  3

Pure power-law density distributions cannot exist in nature...
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Density Profiles



A more realistic density profile consists of a double power-law:

�(r) =
�0

(r/r0)⇤ [1 + (r/r0)�](⇥�⇤)/�

� / r��

� / r��

r ⌧ r0

r � r0

The parameter    controls the sharpness of the break. In order for the mass to be 
finite requires            and

↵
� < 3 � > 3

The following is a list of double power-law density profiles frequently used in astronomy.

(α, β, γ) Name Reference

(2, 5, 0) Plummer Profile Plummer, 1911, MNRAS, 71, 460

(2, 4, 0) Perfect Sphere de Zeeuw, 1985, MNRAS, 216, 273

(2, 3, 0) Modified Hubble Profile Binney & Tremaine, 1987

(2, 3, 0) Modified Isothermal Sphere Sacket & Sparke, 1990, ApJ, 361, 409

(1, 3, 1) NFW Profile Navarro, Frenk & White, 1997, ApJ, 490, 493

(1.5, 3, 1.5) Moore Profile Moore, 1999, MNRAS, 310, 1143

(1, 4, 1) Hernquist Profile Hernquist, 1990, ApJ, 356, 359

(1, 4, 2) Jaffe Profile Jaffe, 1983, MNRAS, 202, 995
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Density Profiles



In 1997, Navarro, Frenk & White wrote a seminal 
paper in which they showed that CDM haloes in N-
body simulations have a universal density profile,

well fit by a double power-law...
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The NFW Profile

Julio Navarro Carlos Frenk Simon White



Using a suite of simulations, of 
different cosmologies, they 
showed that the density profiles 
of the dark matter haloes can 
always be fit by a universal 
fitting function: 

the NFW profile

⇥(r) = ⇥crit
�char

(r/rs) (1 + r/rs)2
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The NFW Profile



The NFW profile is given by ⇥(r) = ⇥crit
�char

(r/rs) (1 + r/rs)2
log ⇢

log r

/ r�3

/ r�1

rs

M(r) = 4⇥⇤crit�charr
3
s f(c) = Mvir

f(cx)

f(c)
The corresponding mass profile is                                                                , where x = r/rvir

c = rvir/rs
It is completely characterized by the mass         and the

concentration parameter                   , which is related to

Mvir

the characteristic overdensity according to:

�char =
�vir ⇥m

3

c3

f(c)

where
f(x) = ln(1 + x) + x/(1 + x)

log r

log Vc

r
max

The circular velocity of an NFW profile is 
Vc(r) = Vvir

s
f(cx)

x f(c)

which has a maximum                                        at  V
max

' 0.465V
vir

p
c/f(c) r

max

' 2.163r
s

For example, for           one has that                      .  c = 10 V
max

⇠ 1.2V
vir

Vc / r1/2r ⌧ r
max

For                  the NFW profile has                . 
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The NFW Profile



NFW97 showed that the characteristic overdensity,         , is closely related to the 
halo’s formation time: haloes that form (assemble) earlier are more concentrated.... 

�char

Since more massive haloes assemble later (on average) they are expected to be less 
concentrated, giving rise to an inverted concentration-mass relation. Furthermore, 

because of large scatter in MAHs one expects significant scatter in this relation.

P(c|M) dc =
1⇥

2� ⇥lnc

exp


� (ln c� ln c̄)2

2⇥2
lnc

�
dc

c

Simulations have shown that halo concentrations follow a log-normal distribution:

with                  and                    .c̄ = c̄(M) �lnc ' 0.25
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The concentration-mass relation of dark matter haloes in 
a series of N-body simulations. Note that, as expected, 
more massive haloes are less concentrated, and that the 
relation has an appreciable amount of scatter...

Simulations have also shown that even at fixed mass,

halo concentration is correlated with assembly time.

(e.g., Wechsler et al. 2002; Zhao et al. 2003)
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The Concentration-Mass Relation



Several models have been developed to compute the mean concentration as function of 
halo mass and cosmology. All these models assume that a halo’s characteristic density 
is related to the mean cosmic density at some characteristic epoch in the halo’s history.
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(e.g., Bullock et al. 2001; Eke Navarro & Steinmetz 2001; Maccio et al. 2008; Zhao et al. 2009; Diemer & Kravtsov 2015)

A nice example is the model of Zhao et al. (2009), according to which the average 
concentration is

c̄(M, t) = 4⇥
(
1 +


t

3.75 t0.04(M, t)

�8.4)1/8

Here                   is the time at which the main 
progenitor had acquired 4% of its final mass    . 

t0.04(M, t)
M

This model is based on the following empirical 

fact (observed in simulations):

central structure of halo is established through 
violent relaxation at early phase of rapid major 
mergers, leading to NFW profile with c~4.

subsequent accretion increases mass & size of 

halo without adding much matter to center, 

causing concentration to increase with time...
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The Concentration-Mass Relation



Around the turn of the millenium, a lively debate 
broke out among simulators and observers 
regarding the actual inner density slopes of 

dark matter haloes: 

(e.g., Moore et al. 1998, ApJ, 499, L5;  Fukushige & Makino, 2001, ApJ, 557, 533)

However, several studies claimed that 

simulated dark matter haloes have cusps that 

are significantly steeper. A `popular’ alternative to the 
NFW profile was the Moore profile, which has � = 1.5

Dr. CuspProf. Core

According to the NFW profile, dark matter 
haloes have central cusps with � / r�1

At around the same time, however, numerous studies claimed that the observed rotation 
curves of dwarf galaxies and low-surface brightness (LSB) disk galaxies indicate dark 
matter haloes with central cores; i.e.,                      

                                                      (e.g., Moore 1994; Flores & Primack 1994; McGaugh & de Blok 1998) 

� = 0
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The Cusp-Core Controversy



arbitrary  
normalization
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Direct comparison of observed rotation curves 
with circular velocity curves of dark matter 

haloes reveals inconsistency....
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The Cusp-Core Controversy

Ben Moore



However, a direct comparison is not very meaningfull....

In general, inferring the density distribution of the dark matter 
halo from a rotation curve involves the following steps:

Convert observed velocity field into a rotation curve:
find kinematic center
correct for inclination angle
average receding & approaching sides
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The Cusp-Core Controversy

correct for beam smearing, seeing, etc. 
Complications

correct for non-circular motions (e.g., bars)

V 2

obs

= V 2

halo

+ V 2

disk

`estimate’ stellar mass-to-light ratio

Subtract contribution due to stars & gas

`estimate’ atomic & molecular gas masses



Source: van den Bosch & Swaters, 2001, MNRAS, 325, 1017

N
FW

M
oo

re

It soon became clear, though, 
that the existing data could not

really discriminate between core

and cusp, or between NFW and

Moore profiles....

Beam smearing and uncertainties

in the stellar mass-to-light ratios 
hamper unique mass

decompositions.

Better data, of higher spatial

resolution was required...

van den Bosch et al., 2000 
van den Bosch & Swaters, 2001 

Swaters et al., 2003 
Dutton et al., 2005

gas

stars
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The Cusp-Core Controversy



The cusp-core controversy, and the realization that existing HI data was insufficient to settle 
the issue, has prompted a rush to obtain high resolution Hα - rotation curves.

http://arxiv.org/abs/0910.3538For review article on cusp-core problem, seeS
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Cored profiles provide, in general, a better fit to the 
data than cusped halo profiles.

Only in few cases is NFW halo clearly inconsistent 
with the data. Often data is consistent with NFW, but 
cores are typically preferred...

But does this indicate problem for CDM???

Potential issues with non-circular motions due to 
bars, triaxiality, asymmetric drift, remain concern.

Data is much improved, and beam smearing is no 
longer an issue (see example to the left).

Moore profile is clearly inconsistent with data.
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The Cusp-Core Controversy
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The Cusp-Core Controversy



While the cusp-core controversy continues, the dispute among simulators as

to the exact cusp-slope of dark matter haloes has largely been resolved...
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Part of the discrepancy was related to resolution issues in the simulations.

But the main solution seems to be that dark matter haloes do not have double 

power-law density profiles....Neither NFW- nor Moore-profile are perfect fits...
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Halo Density Profiles…new insights



�(r) = ��2 exp
�
�2
�

��
r

r�2

��

� 1
��

The slope of the Einasto profile is a power-law function 
of radius:

d ln �

d ln r
= �2

�
r

r�2

��

Navarro et al. (2004) showed that dark matter haloes in 
simulations are better fit by an Einasto profile:

Interestingly, the Einasto 
profiles also seem to be in 
better agreement with 
observed rotation curves...

(Chemin et al., 2011, AJ, 142, 109)

The best-fit value of

typically spans the range
0.12 < � < 0.25

↵

(Gao et al., 2008, MNRAS, 387, 536)
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better fits, but one more free 
fitting parameter....
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The Einasto Profile
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The Cusp-Core Controversy



Even *if* observed dark matter haloes 
have cusps, this does not necessarily 

rule out CDM: Baryons to the rescue!!

Baryons may have several effects:

credit: A. Pontzen & F. Governato
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The Cusp-Core Controversy

they can steepen the central 
profile via adiabatic contraction

they can create cores via

dynamical friction

they can create cores via

three-body interactions 

(i.e., massive binary BHs)

they can create cores via

supernova feedback



Of the various effects mentioned on the previous slide, only the supernova (SN) 
feedback one is likely to play a role in dwarf and LSB galaxies....

Repeated SN-driven outflows out of the central regions of (dwarf) galaxies may 
therefore create cores in their dark matter haloes.

As shown by Pontzen & Governato (2012) SN feedback can result in impulsive heating of 
central region; since expansion speeds of winds are much faster than local circular speed, 
winds can cause changes in the potential that are virtually instantaneous (impulsive).
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Only seems to work in an intermediate range of halo masses…..    (Di Cintio+14)
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The Cusp-Core Controversy



 Halo Shapes



Forbidden 
Region
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Numerous authors have fitted dark matter haloes in N-body simulations with ellipsoids, 
characterized by the lengths of the axes a � b � c

These axes can be used to specify the 
dimensionless shape parameters

s =
c

a
q =

b

a
p =

c

b

T =
a2 � b2

a2 � c3
=

1� q2

1� s2

and/or the triaxiality parameter

Oblate: T = 0
Prolate: T = 1

       CDM haloes in simulations

typically have 0.5 < T < 0.85

As we have seen in our discussion of the Zel’dovich approximation, because of the 
tidal tensor                       perturbations are not expected to be spherical. Since gravity 
accentuates non-sphericity, collapsed objects are also not expected to be spherical.

�2�/�xi�xj
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Halo Shapes



Simulations show that more massive haloes are more aspherical (more flattened).
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�s⇥(M, z) = (0.54± 0.03)


M

M⇥(z)

��0.050±0.003

Allgood et al. (2006) found that the mass and redshift dependence is well characterized by

where             is the characteristic halo mass at redshift   .M⇤(z) z

Simulations suggest that the shape of a halo is

tightly correlated with its merger history:

Haloes that assembled earlier are more spherical

Haloes that experienced a recent major merger 

are typically close to prolate, with major axis reflecting 
direction along which merger occurred

Currently there are only few observational 
constraints on halo shapes....
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Halo Shapes



 Halo Substructure



 the halo bias function

Up until the end of the 1990s 
numerical simulations revealed 
little if any substructure in dark

matter haloes.
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Nowadays, faster computers 
allow much higher mass- and 
force-resolution, and simulations

routinely reveal a wealth of 

substructure... 

Dark matter subhaloes are the

remnants of host haloes that 
survived accretion/merging into 
a bigger host halo.

While orbiting their hosts, they 
are subjected to forces that try to 
dissolve them: dynamical friction, 
impulsive encounters, and tidal 
forces.... 
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Halo Substructure



The subhalo mass function, which describes the number of subhaloes of a given 
mass per host halo, is well fitted by a Schechter function

Here      and      are the masses of subhalo and host halo. Simulations indicate that                                      

                       and                        . The large uncertainties relate to uncertainties in defining 
(sub)haloes in numerical simulations...

m M
� � 0.9± 0.1 0.1 < � < 0.5

dn

d ln(m/M)
=

f0
� �(1� ⇥)

✓
m

�M

◆��

exp


�
✓

m

�M

◆�

f0 =
1

M

Z
m

dn

dm
dm =

Z
dn

d ln(m/M)
d
⇣m

M

⌘
The parameter     is the mean subhalo mass fraction:f0

and is difficult to measure reliably in simulations; 
typically one can only measure it down to the mass 
resolution of the simulation...

Subhalo mass functions in a series of N-body simulations.

Different colors correspond to different host halo masses.  

From: Giocoli, Tormen, Sheth & van den Bosch (2010)
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The Subhalo Mass Function



In addition to the (“evolved”) subhalo mass function, which reflects the abundance of 
subhaloes as a function of their present-day mass, one can also define the un-evolved 
subhalo mass function, which measures the abundance as function of their mass at infall...

Difference between evolved & un-evolved SHMFs reflects impact of tidal evolution: tidal 
stripping & heating causes sub halos to lose mass and (potentially) to completely disrupt…

unevolved

unevolved

subhalo mass function subhalo Vmax function retained mass fractions

stripping

disruption

Source: Jiang & vdBosch, 2016, MNRAS,  458, 2870

This unevolved SHMF is universal; a consequence of universal MAH of dark matter halos
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Mass Stripping



About 65% of subhalos accreted at z=1 have been disrupted by z=0

Majority of this disruption is numerical 

(Jiang & vdB 2017)

vdB & Ogiya 2018
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Subhalo Disruption



more massive hosts 
have more substructure

different 
halo-finders 

disagree 

vdB & Jiang (2016)
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Comparison with Simulations



Simulations show that halos that assemble earlier have, at present day, 

less substructure. Since more massive haloes assemble later, they, on

average, have more substructure.

As shown in van den Bosch (2005), this is a consequence of the fact that the unevolved 
subhalo mass function is virtually independent of halo mass: all haloes accrete the same 
subhalo population (in units of m/M).  Those that accrete them earlier (=assemble earlier), 
stripped more mass from them, resulting in lower subhalo mass fraction...

eary 
formation

late 
formation
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Subhalo Mass Fractions
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Subhalo mass 
fraction is tightly 
related to the 
assembly time of the 
halo: halos that 
assembled later have 
more substructure.
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Subhalo Mass Fracions



Simulations show that dark matter subhaloes are less centrally concentrated

than the dark matter, and that the radial distribution is independent of

subhalo mass (i.e., there is no indication of mass segregation)
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local mass fractions in subhaloes as a function 
of halo-centric radius. Results are shown for 6 
MW-sized haloes from the Aquarius project...

normalized radial number density profiles of dark matter 
subhaloes for five different mass bins. Note that there 
appears to be no dependence on subhalo mass.

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

The Spatial Distribution of Subhalos



present-day mass

mass at accretion

accretion redshift

retained mass fraction

vdB, Jiang, Campbell & Behroozi 2016

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Subhalo Segregation
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Subhalos roughly, but not exactly, follow Poisson statistics
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Subhalo Occupation Statistics



 Angular Momentum 



Dark matter haloes acquire angular momentum in the linear regime due to tidal 
torques from neighboring overdensities...

Consider the material that ends up as part of a virialized halo. Let VL be the Lagrangian 
region that it occupies in the early Universe. The angular momentum of this material can 
be written as

where          is the center of mass (the barycenter) of the volume. �x
com

Using the Zel’dovich approximation for the velocities     inside the volume, and 

second-order Taylor series expansion of the potential, one finds that

�v

Ji(t) = a2(t) Ḋ(t) �ijkTjl Ilk Einstein summation convention

Here          is the time-derivative of the linear-growth rate,       is the tidal tensor

at the barycenter at the initial time,      is the inertial tensor at the initial time, and

       is the 3D Levi-Civita tensor (also called the completely antisymmetric tensor).

Ḋ(t) Tij

Iij
✏ijk

This derivation for the growth of the angular momentum of `proto-haloes’ , due to

White (1984), is known as linear tidal torque theory (TTT)

⇥J =

Z

VL

d3⇥x
i

�̄
m

a3 (a⇥x� a⇥x
com

)⇥ ⇥v
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Linear Tidal Torque Theory See MBW §7.5.4 
for more details



Since principal axes of the tidal and 
inertia tensors are, in general, not 
aligned for a non-spherical volume, 
this linear angular momentum 
should be non-zero.

J / a2 ḊAccording to linear TTT,                 , 
which for an EdS cosmology implies 

that  J / t

According to linear TTT, the acquisition of angular momentum stops once a proto-halo 
turns around and starts to collapse: after turn-around, the moment of inertia starts to 
decline rapidly...Hence, according to linear TTT the final angular momentum of a virialized

dark matter halo should (roughly) be equal to

Jvir =

Z tta

0
J(t) dt = �ijk Tjl Ilk

Z tta

0
a2(t) Ḋ(t) dt

�Fgrav

�Fgrav

Ji(t) = a2(t) Ḋ(t) �ijkTjl Ilk

Linear TTT
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Linear Tidal Torque Theory



Linear TTT can be tested using numerical simulations. These show that although the 
overall behavior of angular momentum growth of proto-haloes is consistent with TTT,

it is unable to make reliable predictions for individual halos...

Source: Sugerman, Summers & Kamionkowski, 2000, MNRAS, 311, 762

tcoll tcollttatta

Not predicted  
by linear TTT

Non-linear evolution  
due to merging

Evolution of angular momentum of 
(proto)-haloes in numerical simulations

Not predicted  
by linear TTT

Testing Linear Tidal Torque Theory
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Two effects contribute to this `failure’ :
there is substantial angular momentum growth between turn-around and 
collapse, not anticipated by linear TTT

angular momenta of haloes continue to evolve due to accretion of/
merging with other haloes (Maller et al. 2002; Vitvitska et al. 2002)



The angular momentum of a dark matter halo is traditionally parameterized through 
the dimensionless spin parameter:

� =
J |E|1/2

GM5/2

where J, E and M are the angular momentum, energy and mass of the halo.

An alternative definition for the spin parameter, which avoids having to calculate the halo 
energy is: 

�0 =
Jp

2M V R

where V and R are the virial velocity and viral radius, respectively.                                                                                                        Definitions are equal

if halo is singular isothermal sphere; otherwise they differ by factor of order unity....

Simulations show that PDF for spin parameter of haloes is a log-normal

P(�) d� =
1�

2� �ln �

exp
�
� ln2(�/�̄)

2�2
ln �

�
d�

�

�̄ � 0.03 �ln � � 0.5with                and                  , with virtually no dependence on halo mass or cosmology... 
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The Halo Spin Parameter



The log-normal PDF of  
the halo spin parameter

The halo spin parameter  
is independent of halo mass
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NOTE: the fact that the (median) spin parameter is 

            so small indicates that dark matter haloes

            are not supported by rotation; flattening is

            due to velocity anisotropy, not rotation...

for comparison, the spin parameter of a typical

disk galaxy is ~0.4, roughly an order of magnitude

larger than that of a dark matter halo....

Haloes that experienced a recent major merger have 
higher spin parameters than average . This reflects the 
large orbital angular momentum supplied by the merger 

                  (e.g., Vitvitska et al 2001; Hetznecker & Burkert 2006)

However, this spin-merger correlation only persists for 
short time; virialization & accretion of new matter 
quickly brings spin parameter of halo back to average,   

                                                 non-conspicuous value 

                                                       (e.g., D’Onghia & Navarro 2007)
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The Halo Spin Parameter



Using N-body simulations, Bullock et al. (2001) showed that dark matter haloes have a 
universal angular momentum profile with characteristic value j0 and shape parameter μ :
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P(j) =
µj0

(j + j0)2
M(< j) = Mvir

µj

(j + j0)

This distribution has a maximum specific angular momentum,                               , 
which is related to the halo’s total specific angular momentum according to 

jmax = j0/(µ� 1)

jtot =
�

2 �� rvir Vvir = jmax

�
1� µ

�
1� (µ� 1) ln

�
µ

µ� 1

���

The shape parameter is characterized by a log-normal 
distribution with                and                   .  µ̄ � 1.25 �ln µ � 0.4

An alternative characterization of the angular 
momentum distribution within dark matter haloes is:

j(r) � r� � � 1.1± 0.3with

The pair (λ , μ) completely specifies the angular 
momentum content of a dark matter halo.
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The Angular Momentum Distribution



Lecture 11

 SUMMARY



 the halo bias function

NFW/Einasto profile

Halo virial relations

Cusp-Core controversy

Key words 
Halo Concentration Parameter

Halo Spin Parameter

Linear Tidal Torque Theory


The (median) spin parameter is independent of halo mass or redshift 

More massive haloes are less concentrated, are more aspherical, and have more substructure

All these trends are mainly because more massive haloes assemble later

Both concentration and spin parameter follow log-normal distributions

Dark matter halos have a universal density profile, a universal angular momentum profile,

and a universal assembly history

Subhalos reveal very little segregation by present-day mass, a weak segregation by accretion 
mass, and strong segregation by accretion redshift and retained mass fraction

Dark matter haloes acquire angular momentum in the linear regime due to tidal torques 
from neighboring overdensities...
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Summary: key words & important facts



 the halo bias function

rvir ' 163h�1kpc


Mvir

1012h�1M�

�1/3 
�vir

200

��1/3

⇥�1/3
m,0 (1 + z)�1

Vvir ' 163 km/s


Mvir

1012h�1M�

�1/3 
�vir

200

�1/6
⇥1/6

m,0 (1 + z)1/2

�(r) = ��2 exp
�
�2
�

��
r

r�2

��

� 1
��

=3

�(r) =
�s�

r
rs

� �
1 + r

rs

�2

d ln �

d ln r
= �2

�
r

r�2

��

NFW

Einasto

c = rvir/rs
concentration 
parameter

dn

d ln(m/M)
�

� m

M

���
exp [�(m/�M)]

� � 0.9± 0.1 � � 0.3

Subhalo Mass Function

�Fgrav �Fgrav

Ji(t) = a2(t) Ḋ(t) �ijkTjl Ilk

Linear TTT

Halo  
Density 
Profiles

Halo Virial Relations

� =
J |E|1/2

GM5/2
�0 =

Jp
2M V R

Halo Spin Parameter

Jvir =

Z tta

0
J(t) dt = �ijk Tjl Ilk

Z tta

0
a2(t) Ḋ(t) dt
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Summary: key equations & expressions
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Large Scale Structure

Topics that will be covered include:

The Limber equations
Galaxy surveys
Poisson sampling
n-point correlation functions
Gaussian Random Fields
Ergodic Principle

Redshift Space Distortions

In this lecture we discuss how to characterize the large scale distribution of 

matter and galaxies using n-point correlation functions both in the continuous and the 
discrete limit. We also discuss galaxy samples and redshift surveys, and what they 
teach us about the large scale distribution of galaxies.



�(⇥x) =
X

��k e
+i�k·�x

��k =
1

V

Z
�(⇥x) e�i�k·�x d3⇥x

[�(⇥x)] = unitless

[��k] = unitless

Interpretation:  
the cosmological density field is the sum over a discrete number 

of modes                                             , where�⇥k = A⇥k + i B⇥k = |�⇥k| e

i��k �k = 2�
L (ix, iy, iz)

2D analog of plane-wave mode

amplitude phase

Remember:

Dirac Delta function:

Kronecker Delta function: �D�k�k0 =
1

V

Z
e±i(�k��k0)·�x d3⇥x

�D(⇤k � ⇤k⇥) =
1

(2⇥)3

Z
e±i(�k��k0)·�x d3⇤x

Note: since         is real, we have that the complex conjugate                and thus

          and                      . This implies that one only needs Fourier modes in the upper-half

          space to fully specify 

�(⇥x) �⇤�k = ���k A�k = A��k
B�k = �B��k

�(⇥x)

�k

i = (1, 2, ...)
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Notation & Convention: Fourier modes



Since        is believed to be the outcome of some random process in the early 
Universe (i.e., quantum fluctuations in inflaton), our goal is to describe the 
probability distribution

�(�x)

P(�1, �2, ..., �N ) d�1 d�2 ...d�N

�1 = �(�x1)where                   , etc. For now we will focus on the cosmological density 
field at some particular (random) time. It’s time evolution has been addressed 
in Lectures 4 - 8.

��l1
1 �l2

2 ...�lN
N � =

�
�l1
1 �l2

2 ...�lN
N P(�1, �2, ..., �N ) d�1 d�2 ...d�N

This probability distribution is completely specified by the moments

How can we describe the cosmological (over)density field,           , without 
having to specify the actual value of    at each location in space-time,         ? (�x, t)�

�(�x, t)

Cosmological Principle: Universe is homogenous & isotropic.
all positions/directions are equivalent

all moments are invariant under spatial translation & rotation
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The Cosmological Density Field



PROBLEM: Theory specifies ensemble average, but observationally we have

                   only access to one realization of the random process....

NOTE:       denotes an ensemble average. For instance,          means the

            average overdensity at    for many realizations of the random process...

�...� ��(�x)�
�x

Ergodic Hypothesis: Ensemble average is equal to spatial average taken over 

                                 one realization of the random field...


��� =
�

�P(�) d� =
1
V

�

V
�(�x) d3�x

Essentially, the ergodic hypothesis requires spatial correlations to decay 
sufficiently rapidly with increasing separation so that there exists many 
statistically independent volumes in one realization....

The ergodic hypothesis is proven for Gaussian random fields, which are our

main focus in what follows....
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The Ergodic Hypothesis



NOTE: because of invariance to spatial translation & rotation, we have that

                                  , where                        . ��i�j� = �(r12) r12 = |�xi � �xj |

A random field        is said to be Gaussian if the distribution of the field values

at an arbitrary set of N points is an  N-variate Gaussian:

�(�x)

Q � 1
2

�

i,j

�i (C�1)ij�j

P(�1, �2, ..., �N ) =
exp(�Q)

[(2�)N det(C)]1/2

Cij = ��i�j� � �(r12)

where we have defined the two-point correlation function �(�r) = ��(�x) �(�x + �r)�

In particular, the one-point distribution function of the field is

P(�) d� =
1�
2� �

exp
�
� �2

2�2

�
d�

where                           is the variance of the density perturbation field.�2 = ��2� = �(0)

As you can see, for Gaussian random field the N-point probability function 

                        is completely specified by the two-point correlation function.P(�1, �2, ..., �N )

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Gaussian Random Fields



Rather than specifying                                                     , it is equivalent to specifyP(�1, �2, ..., �N ) d�1 d�2 ...d�N

which gives the probability that the modes      have amplitudes in the range

and phases in the range  

��ki
|��ki

| ± d|��ki
|/2

�i ± d�i/2

P(��k1
, ��k2

, ..., ��kN
) d|��k1

| d|��k2
| ... d|��kN

| d⇥1 d⇥2 ... d⇥N

For a Gaussian random field, 

P(��k1
, ��k2

, ..., ��kN
) d|��k1

| d|��k2
| ... d|��kN

| d⇥1 d⇥2 ... d⇥N =
Y

i

P(��ki
) d|��ki

| d⇥i

which makes it explicit that all modes are independent. Furthermore, for each mode

      and       are independent, which implies that      is distributed uniformly over          .   A�k B�k ��k [0, 2�]

Hence
P(��k) d|��k| d��k = exp


�

|��k|
2

2⇥|��k|2⇤

� |��k| d|��k|
⇥|��k|2⇤

d��k
2⇡

which makes is explicit that the Gaussian random field is completely specified by

the power spectrum                            ... P (k) = V �|��k|

2⇥
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Gaussian Random Fields



The n-point correlation function is defined as �(n) � ��1 �2 ... �n�

The reduced (or irreducible) n-point correlation function is defined as

�(n)
red � ��1 �2 ... �n�c

where         is the cumulant or connected moment.�...�c

In the case of                          the moments are central (i.e.,                      ) so thatP(�1, �2, ..., �n) µ1 = ��� = 0

��1�2� = ��1�c ��2�c + ��1�2�c = ��1�2�c
��1� = ��1�c = 0

��1�2�3� = ��1�c ��2�c ��3�c + ��1�c ��2�3�c (3 terms) + ��1�2�3�c = ��1�2�3�c
��1�2�3�4� = ��1�c ��2�c ��3�c ��4�c+��1�c ��2�3�4�c (4 terms)+��1�2�c ��3�4�c (3 terms)

+��1�2�c ��3�c ��4�c (6 terms)+��1�2�3�4�c = ��1�2� ��3�4� (3 terms)+��2�2�3�4�c

The cumulants      of a probability distribution are a set of quantities that 
provide an alternative to the moments      . They are related via the 
following recursion formula:  

�n

µn

�n = µn �
n�1�

m=1

�
n� 1
m� 1

�
�m µn�m
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Higher-Order Correlation Functions



Hence, we have that ��1�c = ��1� = 0
��1�2�c = ��1�2� = �(r12)

��1�2�3�c = ��1�2�3� = �(3)
123

��1�2�3�4�c = ��1�2�3�4� � ��1�2�c ��3�4�c (3 terms)

= �(4)
1234 � �(2)

12 �(2)
34 � �(2)

13 �(2)
24 � �(2)

14 �(2)
23

These reduced (or irreducible) correlation functions express the part of the n-point 
correlation functions that cannot be obtained from lower-order reduced correlation 
functions:

In the limit where r13 goes to infinity, the correlation between the three 
points in configuration 2 is entirely due to that between points 1 and 2. 
The reduced correlation function subtracts the correlations due to these 
configurations from the total correlation function. ...

configuration 1 configuration 2

1 1

22
3 3
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Higher-Order Correlation Functions



��1�2�3�4� = ��1�c ��2�c ��3�c ��4�c+��1�c ��2�3�4�c (4 terms)+��1�2�c ��3�4�c (3 terms)

+��1�2�c ��3�c ��4�c (6 terms) + ��1�2�3�4�c

Consider once more the four point correlation function:

Using similar diagrams we can understand the origin of each of these terms

1

2
3

4
1

2
3

4
1

2
3

4
1

2
3

4
1

2
3

4

Here         means: “this point moving to infinity”
Notation:

�(�x1, �x2, �x3) = ��1�2�3�c �(�x1, �x2, �x3, �x4) = ��1�2�3�4�c�(�x1, �x2) = ��1�2�c

For a Gaussian random field, all connected moments (=reduced correlation functions) 
of           are equal to zero (i.e.,                  ). n > 2 � = � = 0

One can use    and    to test whether the density field is Gaussian or not...��
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Higher-Order Correlation Functions



The Wiener-Khinchin Theorem states that the power spectrum is the Fourier transform of 
the two-point auto-correlation function.  In what follows we provide the proof:

P (k) = V �|��k|
2⇥ = V ���k�

⇤
�k
⇥ = V ���k���k⇥

��k =
1

V

Z
�(⇥x)e�i�k·�x d3⇥x

���k =
1

V

Z
�(⇥x)e+i�k·�x d3⇥x

=
1

V

Z
d3⇥x1e

�i�k·�x1

Z
d3⇥x2e

+i�k·�x2h�(⇥x1)�(⇥x2)i

=

Z
d3⇥r �(r) e�i�k·�r

�x1 ⌘ �x2 + �r =
1

V

Z
d3⇥r �(r) e�i�k·�r

Z
d3⇥x2 e

�i�k·�x2 e+i�k·�x2

= V

⌧
1

V 2

Z
d3⇥x1e

�i�k·�x1�(⇥x1)

Z
d3⇥x2e

+i�k·�x2�(⇥x2)

�
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The Wiener-Khinchin Theorem

QED



Thus far we focussed on the continuous overdensity field,        . We have seen that        can 
be described by the n-point correlation function, or, equivalently by the mass moments     

�(⇥x)�(⇥x)
n

We now consider a discrete distribution of points (i.e., galaxies) and use similar statistics to 
describe their distribution in space.

x-axis

y-
ax

is

= galaxy

Imagine space divided into many small volumes,

      , which are so small that none of them contain 
more than one galaxy...

Let      be the occupation number of 
galaxies in cell i 

Ni

Then we have that

 and therefore                              etc..

Ni = 0, 1
Ni = N 2

i = N 3
i =

�Vi
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Discrete N-point statistics



We now `replace‘                                                      with the probability  

                                that we have the realization                            . 

P(�1, �2, ..., �N ) d�1 d�2 ...d�N

P(N1,N2, ...,NN ) {N1,N2, ...,NN}

As before, we will characterize                                by its moments 
P(N1,N2, ...,NN ) �N l1
1 N l2

2 ...N lN
N ⇥

Ni = N 2
i = ... = Nn

iUsing that                                     we have that 

�N l1
1 N l2

2 ...N lN
N ⇥ = �N1 N2 ...NN ⇥ = �P12...N

�V1where we have defined the probability               that there is a galaxy in       ,  
and there is a galaxy in       , . . . , and there is a galaxy in �V2 �VN

�P12...N

�P12 = ⇥N1 N2⇤ � n̄2 �V1 �V2 [1 + ⇥12]

Let    be the average number density of galaxies, then  n̄ �P1 = �N1⇥ = n̄ �V1

If the `point process’ (i.e., the random process that puts down the points) is a

random Poisson process, then                                                  , i.e., the probability 
to have a galaxy at       is independent of probability to have one at       ...        

�P12 = ⇥N1 N2⇤ � n̄2 �V1 �V2
�V1 �V2

In the more general case where the point process is not Poisson we define
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Discrete N-point statistics



�P12 = ⇥N1 N2⇤ � n̄2 �V1 �V2 [1 + ⇥12]

The above relation defines the two-point correlation function �12 = �(r12)

As is immediate evident from its definition,       is the excess probability, 
relative to Poisson, that two galaxies (points) are separated by a distance r12

⇠12

The two-point correlation function of galaxies is typically measured using

�(r) =
DD(r)�r

RR(r)�r
� 1

Here                   is the number of pairs with separations                 in the data,

and                  is the corresponding number of pairs if point process is random. 

DD(r)�r
RR(r)�r

r ±�r/2

NOTE: when constructing the random sample, it 
is important that one carefully models the survey 
boundary (`footprint’) of the data sample...

Other `estimators’ for         are also available in the literature,

but as long as the data sample is sufficiently large, the above

is more than adequate...

�(r)
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Discrete N-point statistics



Clearly, this notation looks very similar to what we used in the continuous limit, suggesting 
a close link. To see this connection, we write �P12 = ⇥N1 N2⇤ � ⇥n1 n2⇤ �V1 �V2

where we have introduced the continuous number density field         for whichn(�x) hn(�x)i = n̄

Writing                                   , where we introduced the galaxy overdensity fieldn(⇥x) = n̄ [1 + �g(⇥x)] �g(⇥x)

we can write that 

�P12 = n̄2�V1�V2�(1 + �1) (1 + �2)� = n̄2�V1�V2[1 + ��1�2�]

where from now on we consider it understood that             (for the sake of brevity). � = �g

Thus we see that the two-point correlation function that we defined in 
the discrete case is the same as that defined in the continuous case.

�P12 = ⇥N1 N2⇤ � n̄2 �V1 �V2 [1 + ⇥12]

Comparing the above to how we defined the (discrete) two-point correlation function:

�12 = ��1�2�
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Discrete N-point statistics



Finally, we derive the power spectrum for our discrete distribution of points: 

n(⇥x) = n̄ [1 + �g(⇥x)] =
X

i

�D(⇥x� ⇥xi) �g(⇥x) =
1

n̄

X

i

�D(⇥x� ⇥xi)� 1

Hence, we have that ��k =
1

V

Z
�g(⇥x) e

�i�k·�x d3⇥x

=
1

n̄V

X

i

e�i�k·�xi � 1

V

Z
e�i�k·�x d3�x

Substitution of the above in the expression for the power spectrum yields

P (k) � V ⇥|��k|
2⇤ = Pgg(k) +

1

n̄
Students: try to derive this at home

where                                               .  The extra        -term is due to shot-noise.

If the galaxy distribution is Poisson, then                   . However, the Fourier modes

have non-zero variance                              due to discreteness. Note that this shot

noise manifests itself as a white-noise (                 ) contribution.

Pgg(k) ⌘
R
�gg(r) e�i�k·�r d3⇥r 1/n̄

Pgg(k) = 0
�|��k|

2⇥ = (n̄V )�1

P (k) / k0

=
1

n̄V

X

j

Nj e
�i�k·�xj � �D�k
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Discrete N-point statistics



Suppose galaxy formation is very simple, such that the probability that a cell

       contains a galaxy follows a Poisson distribution with a mean proportional to

the mean density  
�Vi

�i =
1

�Vi

R
�Vi

�(⇥x) d3⇥x

We say that the galaxies sample the density field                               via a Poisson process ⇥(⇤x) = ⇥̄[1 + �(⇤x)]

The probability             that a cell at    contains one galaxy is p(1)(�x) �x

p(1)(⇥x) = [1 + �(⇥x)] n̄�V

We can also write that                                , where          indicates an average

over the Poisson probability distribution...

p(1)(�x) = �N (�x)⇥P h...iP

The galaxy distribution, in this case, is the outcome of a double stochastic

process, with one level of randomness coming from the random density 
field and the second from the Poisson sampling...
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Poisson Sampling & Galaxy Bias



We can now immediately write down the n-point statistics for the galaxy distribution. 

Consider the two-point statistic (what follows holds for all n-point statistics though...)

�N1N2⇥ = �p(1)(⇤x1)p
(1)(⇤x2)⇥ = (n̄�V )2 �(1 + �(⇤x1))(1 + �(⇤x2))⇥ = (n̄�V )2[1 + ⇥(r12)]

The first step simply expresses that the Poisson samplings at different locations are 
independent of each other...

The two-point correlation function            is that of the continuous matter field. �(r12)

We also had that for a point (galaxy) distribution ⇥N1N2⇤ � �P12 = (n̄�V )2[1 + ⇥12]

�12 = �(r12)

2-point correlation 
function of galaxies

2-point correlation 
function of matter

If galaxy formation is a Poisson sampling of the density field, then all n-point correlation 
functions of the galaxy distribution are identical to those of the matter distribution
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Poisson Sampling & Galaxy Bias



How realistic is it that galaxies are a Poisson sampling with                         ?? p(1)(⇥x) / �(⇥x)

p(1)(⇥x) = [1 + b �(⇥x)] n̄�V

To get some insight into the implications of galaxies being biased tracers of the 
mass distribution, assume that the sampling is still a Poisson process but with 

As we have seen before, dark matter haloes are biased tracers of matter 
distribution. Hence, it seems only logical that the galaxy distribution is also 
biased.

Galaxies are believed to form and reside in dark matter haloes.

where b is some constant `bias’ parameter.  We then have that

�N1N2⇥ = �p(1)(⇥x1)p
(1)(⇥x2)⇥ = (n̄�V )2 �(1 + b�(⇥x1))(1 + b�(⇥x2))⇥

= (n̄�V )2[1 + b2⇥(r12)] �12 = b2�(r12)

In general, one cannot infer the matter distribution from the galaxy distribution without 
detailed knowledge of its bias.

As we will see later, galaxy bias is much more complicated than what is assumed here. 
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Poisson Sampling & Galaxy Bias



In the early days, mapping the large scale structure was done by 
counting galaxies on photographic plates, by 

Fritz Zwicky

Donald Shane

Carl Wirtanen

Constructing galaxy catalogues was pioneered by Shapley and Zwicky 
in 1930s. A milestone was the Lick catalogue ofShane & Wirtanen 
(1967),  which contained over 1 million galaxies identified by eye on the 
Lick plates, down to a limiting photographic magn. of ~18.3
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Mapping the Galaxy Distribution



During 1990s, plate scanning machines replaced humans in identifying galaxies on photographic 
plates. One example is the APM Galaxy Survey, with ~2 million galaxies       (Maddox et al. 1990)
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Mapping the Galaxy Distribution



All sky view of the “local” Universe as mapped out by the Two-Micron All Sky Survey 
(2MASS). In this map galaxies have been color coded by their photometric redshift.

                                                                                                                                      (source: Jarrett 2004)
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The Local Universe



Consider a sample of galaxies with                      and complete down to some

limiting apparent magnitude         : 

��i = (�i, �i)
mlim

The angular correlation function,         , is defined byw(�) �P12 = �̄2��1 ��2 [1 + w(�)]
where          is the probability to find two galaxies in the infinitesimal solid 
angles        and        , and     is the mean surface number density.

�P12

��1 ��2 �̄

The angular correlation function is obtained using the estimator:

w(�) =
DD(�) d�

RR(�) d�
� 1

The angular correlation function of galaxies with apparent 
photographic magnitudes in the range 17 < bJ < 20 obtained 
from the APM Galaxy Survey. Note the power-law behavior on 
small scales, and the dip below zero on large scales.....
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The first measurements of angular correlation 
function were obtained by Hauser & Peebles 
(1973) using the Zwicky et al. (1961-1968) and

Lick (Shane & Wirtanen 1967) catalogs...
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Angular Correlation Functions



The angular correlation function is related to the real space correlation function 
via a line-of-sight projection integration known as the Limber equation:

w(�) =
� �

0
dy y4 S2(y)

� �

��
dx �(

�
x2 + y2�2) Limber equation

Here         is the survey selection function, normalized such that                            ,

and defined as probability that `random’  galaxy located at y is included in the sample

�
x2 S(x) dx = 1S(y)

For example, for an apparent magnitude limited sample with                  we have that

S(z) =

��
Lmin(z) �(L) dL
��
0 �(L) dL

m < mlim

where              is the luminosity of a galaxy that at    has an aparent magnitude Llim(z) z mlim

= luminosity function�(L)

If                    then  �(r) � r�� w(�) � �1�� One can infer real-space correlation function 

from angular correlation function...

HOWEVER; in the case of a magnitude limited sample, as is generally the case, this 
is only true if clustering is independent of luminosity, which is not the case (as we will 
see). Because of this angular correlation functions have gone out of vogue.
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Angular Correlation Functions See MBW §6.5.3 
for more  details



In order to properly characterize the distribution of galaxies, we need 
information in 3D; this is provided by galaxy redshift surveys.

First galaxy redshift surveys were constructed by Gerard de Vaucouleurs 

and collaborators in 1950-1970s. 

�gg(r) =
�

r

r0

��1.8

r0 � 5.4h�1Mpcwith

The first redshift survey appropriate for measuring clustering of galaxies was the 
CfA survey of Huchra & Geller; This data set was used by Davis & Peebles  
(1983) to measure the galaxy auto-correlation function:

“correlation length”Representative Redshift Surveys

1985 CfA ~2,500

1992 IRAS ~9,000
1995 CfA2 ~20,000
1996 LCRS ~23,000

2003 2dFGRS ~250,000
2009 SDSS ~930,000

The last 30 years have seen a dramatic increase in

data, culminating with the completion of the Sloan 
Digital Sky Survey. Currently, we have accurate 
measured redshifts for well over one million galaxies.
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Galaxy Redshift Surveys

de Vaucouleurs



`stickman’Finger of God

Sloan Great Wall
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The CfA Redshift Survey

John Huchra
Margaret Geller



Using the APM Galaxy Survey as input source catalogue, Colless et al. (2001) 
constructed the Two-Degree Field Galaxy Redshift Survey (2dFGRS), containing 
redshifts for ~220.000 galaxies, covering ~1500 sq. deg. on the Southern Sky
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The 2dFGRS

Matthew Colless



 the halo bias function

At present, the largest galaxy

redshift survey is the Sloan 
Digital Sky Survey (SDSS).

Using the dedicated 2.5m 
telescope at Apache Point 
Observatory, it imaged more 
than 8000 sq. deg. of sky in

five passbands (ugriz), and 
obtained spectra for 930,000

galaxies and 120,000 quasars.

For more info: www.sdss.org
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The Sloan Digital Sky Survey



linear

A galaxy redshift survey consists of a large number of 3D `positions’ (�i, ⇥i, zi)

with    the unit direction vector in the directionr̂i (�i, ⇥i)

Define: �si =

✓
c zi
H0

◆
r̂i =

✓
vi
H0

◆
r̂i vi = radial velocity

We call                               the redshift distance of galaxy isi � |�si| = vi/H0

Recall:

with        the proper distance to the galaxyl(z)

v = v
exp

+ v
pec

= H
0

l(z) + v
pec

Due to peculiar velocities,  the redshift distances available from a

galaxy redshift survey deviate from the true, proper distances. This

results in redshift space distortions in the clustering measurements.

Although these redshift space distortions complicate the interpretation of the 
clustering, they also contain useful information. After all, the peculiar velocities 
are induced by the cosmic matter distribution.
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Redshift Space Distortions



infall motion collapse/virialized

real space

redshift space to
 o

bs
er

ve
r

“Kaiser” effect “Finger of God”

Since peculiar velocities only cause distortions along the line-of-sight, they introduce 
anisotropies in the observed correlation function:

Nick Kaiser

On large scales, peculiar velocities reflect the (linear) infall motions  towards 
overdensities, causing a circle in real space to appear `squashed’ in redshift space. 
This is often called the Kaiser effect 

On small, peculiar velocities reflect the (non-linear) virialized motion of galaxies 
inside their host haloes, causing a circle in real space to appear `stretched’ in 
redshift space. This is often called the Finger-of-God effect 
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Redshift Space Distortions



�s1

�s2

�s �l

rp

r⇡

One expresses the distance between two galaxies in 
their components perpendicular,     , and parallel,     , to 
the line-of-sight, which are defined as

rp r⇡

�s ⌘ �s1 � �s2 �l ⌘ 1
2 (�s1 + �s2)Here                      and                               (see diagram) 

r⇡ � �s ·�l
|�l|

rp ⌘
p

s2 � r2⇡and

These are used to measure the two-dimensional two-
point correlation function               , which is anisotropic.�(rp, r⇡)

rp

r⇡

The two-point correlation function                obtained

from the 2dFGRS by Hawkins et al. (2003). Note the

anisotropies due to Finger-of-God and Kaiser effect

�(rp, r⇡)
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Redshift Space Distortions



rp

r⇡

From the two-dimensional, two-point correlation function                one can 
construct several one-dimensional two-point correlation function:

�(rp, r⇡)

�(s)1) The redshift space correlation function

s =
q
r2p + r2⇡here                         is simply the redshift 

space distance between two galaxies

2) The projected correlation function wp(rp)

wp(rp) =

Z 1

�1
�(rp, r⇡) dr⇡

Since redshift space distortions only affect     , the projected correlation function is 
unaffected by redshift space distortions. Hence, it is identical to a simple projection of 
the real-space correlation function, which is given by an Abel transform:

r⇡

wp(rp) = 2

Z 1

rp

�(r)
r dr

(r2 � r2p)
1/2

NOTE:             has the units of length           one typically plots wp(rp) wp(rp)/rp
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The Projected Correlation Function



The Abel integral can be inverted to give �(r) = � 1

⇥

Z 1

r

dwp

drp

drp
(r2p � r2)1/2

One can infer the real-space correlation function 

from the projected correlation function

In particular, if the projected correlation function is a power-law, wp(rp) = Ar1��
p

then the real-space correlation function is also a power law,                            , with�(r) = (r/r0)
��

r�0 =
A�(�/2)

�(1/2)�([� � 1]/2)

= Gamma function�(x)

This figure show both the projected and the redshift-space 
correlation functions obtained from the 2dFGRS. Note how the 
redshift space correlation function overestimates the correlation 
power on large scales due to Kaiser effect, and underestimates 
the power on small scales due to Finger-of-God effect.
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The Projected Correlation Function



Let         denote the number density of galaxies in real spacen(�r)

and             denote the number density of galaxies in redshift spacen(s)(�s)

Conservation of particle number implies that                                      and thus n(s)(�s) d3�s = n(�r) d3�r

1 + �(s)(⇥s) = [1 + �(⇥r)

����
d⇥s

d⇥r

����
�1

 (see MBW §6.3.1  
   for derivation)Using that                     one can show that    �s = �r + vr r̂ ⇥(s)�k

=
⇣
1 + � µ2

�k

⌘
⇥�k

Here we have defined the parameter � =
1

b

d lnD

d ln a

Since the linear growth rate is a function of the matter density, 

this is often written as

with          the linear growth rate, b the bias of the galaxies in consideration,

and       the cosine of the angle between    and the line-of-sight.

D(a)
�kµ�k

� =
f(�m)

b
' �0.6

m

b
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Modeling Redshift Space Distortions



 see MBW §6.3.1  
for derivation

We have that the power spectrum in redshift space is related to that in real-space 
according to

P (s)(⇥k) =
h
1 + � µ2

�k

i2
P (k)

Note that              is anisotropic, while                       is not.P (s)(�k) P (�k) = P (k)

Expanding              in harmonics of      we can write thatP (s)(�k) µ�k

s = (r2p + r2�)
1/2 Pl(x)

µ = r⇡/s �sHere                 is the cosine of the angle between    and the line-of-sight, 

                            , and           is the lth order Legendre polynomial. 

�lin(rp, r⇡) = �0(s)P0(µ) + �2(s)P2(µ) + �4(s)P4(µ)

⇥0(s) =

✓
1 +

2

3
� +

1

5
�2

◆
⇥(s)

⇥2(s) =

✓
4

3
� +

4

7
�2

◆ 
⇥(s)� 3

s3
J3(s)

�

⇥4(s) =
8

35
�2


⇥(s) +

15

2s3
J3(s)�

35

2s5
J5(s)

�
Jl(s) =

Z s

0
�(x)xl�1 dx

We have made it explicit that this equation is only valid in the linear regime...

monopole

quadrupole

hexadecapole
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Modeling Redshift Space Distortions



�(r)Given a value for    and the real-space correlation function,       , which can be obtained 
from                via the projected correlation function,            , the above equation yields a 
model for               on linear scales that takes proper account of the coupling between 
the density and velocity fields.

�
�(rp, r⇡)

�(rp, r⇡)
wp(rp)

Note that this model only accounts for linear motions, i.e., the Kaiser effect.

To model the non-linear virialized motions of galaxies one can convolve                    
with the distribution function of pairwise peculiar velocities,              :        

�lin(rp, r⇡)
f(v12|r)

1 + �(rp, r⇡) =

Z 1

�1
[1 + �lin(rp, r⇡)] f(v12|r) dv12

Unfortunately, the form of                is not known a priori... f(v12|r)

Based on theoretical considerations one often adopts an exponential form

f(v12|r) =
1⇥

2�12(r)
exp

"
�
⇥
2 |v12|
�12(r)

#

By fitting the above model for                to the data, one can constrain both    as 
well as the peculiar pairwise velocity dispersion,  

�(rp, r⇡) �
�12(r)
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Modeling Redshift Space Distortions



β follows directly from asymptotic value of q(s)

The best way to measure                        is via the 

quadrupole-to-monopole ratio

� = f(�m)/b

q(s) ⌘ �2(s)

(3/s3)
R s
0 �0(s0) s02 ds0 � �0(s)

In the linear regime, one has that

q(s) =
�(4/3)� � (4/7)�2

1 + (2/3)� + (1/5)�2

�l(s) =
2l + 1

2

Z +1

�1
�(rp, r�)Pl(µ) dµwhere 

� = 0.49± 0.09

Figures show quadrupole-to-monopole ratio and pairwise 
velocity dispersions obtained from 2dFGRS by Hawkins et al. 
(2003). The former indicates that                           while the latter 
shows that galaxies separated by ~1 Mpc/h (10 Mpc/h) have a 
1D pairwise speed of ~600 (500) km/s

� = 0.49± 0.09
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Modeling Redshift Space Distortions



In 2004, Yang et al. (2004) used 
a Conditional Luminosity 
Function (CLF) to populate dark 
matter haloes in a ΛCDM

simulation for the WMAP1 
cosmology. These were used to 
construct mock versions of the 
2dFGRS, from which clustering 
was measured.

A comparison with clustering 
data from the true 2dFGRS from 
Hawkins et al. (2003) revealed 
problems with clustering on 
small scales and with the 
pairwise velocity dispersions....
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Modeling Redshift Space Distortions



One year later the 3rd year 
data release from the WMAP 
mission largely confirmed that

                .�8 � 0.75

Yang et al. (2004) argued that 
this implied either (i) that 
clusters have a mass-to-light 
ratio (in the bJ-band) of ~1000 
M⨀/L⨀ (~3x higher than what 
several methods suggested), 
or (ii) that                 , rather 
than the then favored       .                


�8 � 0.75
0.9

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Modeling Redshift Space Distortions



Using volume limited samples selected from the SDSS, Zehavi et al. (2011) 
measured the projected correlation functions for different luminosity bins.
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More massive galaxies are more strongly clustered.
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Luminosity Dependence of Clustering



Redder galaxies are more strongly clustered...
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Zehavi et al. (2011) also split the different luminosity bins in red and blue 
subsamples, and computed their projected correlation functions..
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Color Dependence of Clustering



Zehavi et al. (2011) also split the different luminosity bins in red and blue 
subsamples, and computed their projected correlation functions..

Redder galaxies also show more pronounced fingers of God..

Red Galaxies Blue Galaxies
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Color Dependence of Clustering
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The Galaxy Power Spectrum
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The Matter Power Spectrum



RECALL: once structure formation has gone non-

               linear, the power spectrum no longer

               suffices to completely describe the

               cosmological density field. 

These two images have identical 
power spectra, by construction!

In particular, the power spectrum alone does not 
capture the phase information: the coherence of 
cosmic structures such as pancakes, filaments, 
voids etc.

This is illustrated in the figure to the right, which 
shows two density distributions that have identical 
power spectra, but very different phases for the 
corresponding modes....As is evident the eye is very 
sensitive to phase information....
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Phase Information



Lecture 12

 SUMMARY



 the halo bias function

reduced/irreducible corr fnc

Poisson sampling

Wiener-Khinchin theorem

Limber equation

Key words 
projected correlation function

Redshift space distortions

Kaiser effect

Finger-of-God effect


The reduced (or irreducible) correlation functions express the part of the n-point 
correlation functions that cannot be obtained from lower-order correlation functions

For a Gaussian random field, all connected moments (=reduced correlation functions) 
of           are equal to zero (i.e.,                  ). n > 2 � = � = 0

One can use    and    to test whether the density field is Gaussian or not...��

If galaxy formation is a Poisson sampling of the density field, then all n-point correlation 
functions of the galaxy distribution are identical to those of the matter distribution
This is not the case though; galaxies are biased tracers of the mass distribution

Redder and more massive/luminous galaxies are more strongly clustered

On large (linear) scales, redshift space distortions (RSDs) depend on linear growth rate.
On small (non-linear) scales, RSDs reveal FoG indicative of virial motion within halos
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Summary: key words & important facts



 the halo bias function

w(�) =
� �

0
dy y4 S2(y)

� �

��
dx �(

�
x2 + y2�2)

�(n) � ��1 �2 ... �n�

�(n)
red � ��1 �2 ... �n�c

�(r) =
DD(r)�r

RR(r)�r
� 1

P (k) � V ⇥|��k|
2⇤ = Pgg(k) +

1

n̄

w(�) =
DD(�) d�

RR(�) d�
� 1

n-point correlation function

n-point irreducible correlation function

2-pt function (discrete)

angular 2-pt (discrete)

power spectrum 
 (discrete)

projected correlation function

�(r) = � 1

⇥

Z 1

r

dwp

drp

drp
(r2p � r2)1/2

wp(rp) =
� �

��
�(rp, r�) dr� = 2

� �

rp

�(r)
r dr

(r2 � r2
p)1/2

P (s)(⇥k) =
h
1 + � µ2

�k

i2
P (k)

1 + �(rp, r⇡) =

Z 1

�1
[1 + �lin(rp, r⇡)] f(v12|r) dv12

� =
1
b

d lnD

d ln a
=

f(�m)
b

� �0.6
m

b

redshift space distortions

Limber equation
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Summary: key equations & expressions
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Lecture 13:  The Halo Model & 

                                     Halo Occupation Statistics
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Halo Model & Halo Occupation Statistics

Topics that will be covered include:

Poisson statistics
Conditional Luminosity Function
Halo Exclusion
Halo Occupation Models
1-halo vs 2-halo terms
The Halo Model

Galaxy-Dark Matter Connection

In this lecture we discuss the “halo model”, an analytical model to describe the

(dark matter) mass distribution on small, non-linear scales. We also introduce the

concept of halo occupation statistics and discuss how data can constrain these. We 
end with some discussion on the galaxy-dark matter connection



The Halo Model



The Halo model is an analytical model that describes dark matter density distribution 
in terms of its halo building blocks, under ansatz that all dark matter is partitioned over 
haloes.

 the halo bias function

Throughout we assume that all dark matter haloes are spherical,

and have a density distribution that only depends on halo mass: �(r|M) = M u(r|M)

�
d3�x u(�x|M) = 1Here            is the normalized density profile:u(r|M)
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The Halo Model



x-axis

y-
ax

is

= halo center

Imagine space divided into many small volumes,        ,which are so small that

none of them contain more than one halo center.

�Vi

Then we have that

and therefore

Let      be the occupation number

of dark matter haloes in cell i

Ni

Ni = 0, 1
Ni = N 2

i = N 3
i =

This allows us to write the matter

density field as a summation:

�(�x) =
�

i

Ni Mi u(�x� �xi|Mi)
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The Halo Model



=
�

i

�
dM M n(M) �Vi u(�x� �xi|M)

=
�

dM M n(M)
�

d3�y u(�x� �y|M)

Q.E.D.

ergodicity halo mass function

=
�

dM M n(M)

= �

�(�x) =
�

i

Ni Mi u(�x� �xi|Mi)

=
�

i

�Ni Mi u(�x � �xi|Mi)�

� =

Z
�(⇥x) d3⇥x = ⇥�(⇥x)⇤ =

*
X

i

Ni Mi u(⇥x� ⇥xi|Mi)

+
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The Halo Model



Now that we can write the density field in terms of the halo building blocks, 

let’s focus on two-point statistics:

=
�

i

�

j

�Ni Nj MiMj u(�x1 � �xi|Mi)u(�x2 � �xj |Mj)�

convolution integral

=
�

dM M2 n(M)
�

d3�y u(�x1 � �y|M)u(�x2 � �y|M)

=
�

i

�
dM M2 n(M) �Vi u(�x1 � �xi|M)u(�x2 � �xi|M)

We split this in two parts: the 1-halo term           , and the 2-halo term (i = j) (i �= j)

�x2 = �x1 + �r

1-halo vs. 2-halo

�mm(r) � ��(�x) �(�x + �r)� = 1
�2 ��(�x) �(�x + �r)� � 1

��(�x) �(�x + �r)� =

�
�

i

Ni Mi u(�x1 � �xi|Mi) ·
�

j

Nj Mj u(�x2 � �xj |Mj)

�

For the 1-halo term we obtain:

��(�x) �(�x + �r)�1h =
�

i

�Ni M2
i u(�x1 � �xi|Mi)u(�x2 � �xi|Mi)�

N 2
i = Ni
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The Halo Model �(�x) =
�

i

Ni Mi u(�x� �xi|Mi)



For the 2-halo term we obtain:

��(�x) �(�x + �r)�2h =
�

i

�

j �=i

�Ni Nj Mi Mj u(�x1 � �xi|Mi) u(�x2 � �xj |Mj)�

=
�

i

�

j �=i

�
dM1 M1 n(M1)

�
dM2 M2 n(M2) �Vi �Vj �

[1 + �hh(�xi � �xj |M1,M2)]u(�x1 � �xi|M1) u(�x2 � �xj |M2)

?

NO: dark matter haloes themselves are clustered, i.e., have a non-zero two point

       correlation function. This needs to be taken into account.

= �2

Clustering of dark matter haloes is characterized by halo-halo correlation function:

b(M)Here          is the halo bias function.                                                         Note: the above description of the halo-halo 
correlation function is only valid on large (linear) scales!  On small scales 

non-linearities and halo exclusion become important (see below).

�hh(r|M1,M2) = b(M1) b(M2) �lin
mm(r)
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The Halo Model �(�x) =
�

i

Ni Mi u(�x� �xi|Mi)



convolution integral

For the 2-halo term we obtain:

��(�x) �(�x + �r)�2h =
�

i

�

j �=i

�Ni Nj Mi Mj u(�x1 � �xi|Mi) u(�x2 � �xj |Mj)�

= �2 +
�

dM1 M1 n(M1)
�

dM2 M2 n(M2) �
�

d3�y1

�
d3�y2 u(�x1 � �y1|M1) u(�x2 � �y2|M2) �hh(�y1 � �y2|M1,M2)

= �2 +
�

dM1 M1 b(M1) n(M1)
�

dM2 M2 b(M2) n(M2)�
�

d3�y1

�
d3�y2u(�x1 � �y1|M1) u(�x2 � �y2|M2) �lin

mm(�y1 � �y2)

=
�

i

�

j �=i

�
dM1 M1 n(M1)

�
dM2 M2 n(M2) �Vi �Vj �

[1 + �hh(�xi � �xj |M1,M2)]u(�x1 � �xi|M1) u(�x2 � �xj |M2)
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The Halo Model �(�x) =
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i

Ni Mi u(�x� �xi|Mi)



�2h(r) =
1
�2

�
dM1 M1 b(M1) n(M1)

�
dM2 M2 b(M2) n(M2)�

�
d3�y1

�
d3�y2u(�x� �y1|M1) u(�x + �r � �y2|M2) �lin

mm(�y1 � �y2)

�1h(r) =
1
�2

�
dM M2 n(M)

�
d3�y u(�x� �y|M)u(�x + �r � �y|M)

�(r) = �1h(r) + �2h(r)

Halo Model Ingredients:
 the halo mass function n(M)
 the halo bias function b(M)

the halo density profiles �(r|M) = Mu(r|M)

�lin
mm(r)the linear correlation 

function of matter

All of these are (reasonably) well calibrated against numerical simulations.
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The Halo Model: Summary



P (k) = P 1h(k) + P 2h(k)

P 1h(k) =
1
�2

�
dM M2 n(M) |ũ(k|M)|2

P 2h(k) = P lin(k)
�
1
�

�
dM M b(M) n(M) ũ(k|M)

�2

Since convolutions in real-space become multiplications in Fourier space,

the halo model expression for the power spectrum is much easier.

Therefore, in practice, one computes         and then uses Fourier

transformation to obtain two-point correlation function

P (k)
�(r)

ũ(�k|M) =
�

u(�x|M)e�i�k·�x d3�x = 4�

� �

0
u(r|M)

sin kr

kr
r2 dr

P lin(k) = Pi(k) T 2(k) = kns T 2(k)
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The Halo Model in Fourier Space



Source: Cooray & Sheth (2002)

Dashed line: true non-linear power spectrum
Solid line: halo model

�2(k) =
1

2�2
k3P (k)

Dimensionless power spectrum

large scales small scales
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The Halo Model in Fourier Space



 the halo bias function

P 1h(k) =
1
�̄2

�
dM M2 n(M) |ũ(k|M)|2

P 2h(k) = P lin(k)
�
1
�̄

�
dM M b(M) n(M) ũ(k|M)

�2

However, this is ONLY true under the simplifying assumption that

In reality, on small scales, in the (quasi)-linear regime, this description of the 

halo-halo correlation function becomes inadequate for two reasons:

�hh(r|M1,M2) = b(M1) b(M2) �lin
mm(r)

is no longer adequate

halo exclusion

RR1

R2�lin
mm(r) is no longer adequate

halo exclusion
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The Halo Model: complications

Properly accounting for this is complicated        (if interested, see vdBosch+13)



Halo Occupation
Modelling



The above equations describe the halo model predictions for the matter power spectrum

The same formalism can also be used to compute the galaxy power spectrum:

Here           describes average number of galaxies (with certain properties) that reside 
in a halo of mass     ,      is the average number density of those galaxies, and 

is the normalized, radial number density distribution of galaxies in haloes of mass     .      

hNiM
M n̄g ug(r|M)

M

simply replace:

hNiM
n̄g

M

�̄

ũ(k|M) ũg(k|M)

M2

�̄2

hN(N � 1)iM
n̄2
g
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P 1h(k) =
1
�2

�
dM M2 n(M) |ũ(k|M)|2

P 2h(k) = P lin(k)
�
1
�

�
dM M b(M) n(M) ũ(k|M)

�2

The Galaxy Power Spectrum



When describing halo occupation statistics, it is important 
to treat central and satellite galaxies separately. 

Central Galaxies: those galaxies that reside at the center

                             of their dark matter (host) halo

Satellite Galaxies: those galaxies that reside at the center

                               of a dark matter sub-halo, and are 

                               orbitting inside a larger host halo. = central

= satellite

Central Galaxies

uc(r|M) = �D(r)

�Nc⇥M =
1X

Nc=0

Nc P (Nc|M) = P (Nc = 1|M)

�N2
c ⇥M =

1X

Nc=0

N2
c P (Nc|M) = P (Nc = 1|M) = �Nc⇥M

us(r|M) = TBD

�Ns⇥M =
1X

Ns=0

Ns P (Ns|M)

�N2
s ⇥M =

1X

Ns=0

N2
s P (Ns|M)

Satellite Galaxies
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Halo Occupation Statistics



Calculating galaxy-galaxy correlation functions requires following halo occupation statistic 
ingredients:

Halo occupation distribution for centrals
Halo occupation distribution for satellites

Radial number density profile of satellites

P (Nc|M)

P (Ns|M)

us(r|M)

In principle, as we will see, one also requires the probability function                       , but it

is common practice to assume that the occupation statistics of centrals and satellites are

independent, i.e., that 

P (Nc, Ns|M)

P (Nc, Ns|M) = P (Nc|M)� P (Ns|M)
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Halo Occupation Statistics
Central Galaxies

uc(r|M) = �D(r)

�Nc⇥M =
1X

Nc=0

Nc P (Nc|M) = P (Nc = 1|M)

�N2
c ⇥M =

1X

Nc=0

N2
c P (Nc|M) = P (Nc = 1|M) = �Nc⇥M

us(r|M) = TBD

�Ns⇥M =
1X

Ns=0

Ns P (Ns|M)

�N2
s ⇥M =

1X

Ns=0

N2
s P (Ns|M)

Satellite Galaxies



Consider a luminosity threshold sample; all galaxies brighter than some threshold luminosity. 
The halo occupation statistics for such a sample are typically parameterized as follows:

hN
c

iM =

1

2


1 + erf

✓
logM � logM

min

�
logM

◆�

hNsiM =

( ⇣
M
M1

⌘�
if M > Mcut

0 if M < Mcut

= characteristic minimum mass of haloes that 
   host centrals above luminosity threshold

= characteristic transition width due to 
   scatter in L-M relation of centrals

= cut-off mass below which you have zero     
   satellites above luminosity threshold

= normalization of satellite occupation numbers

= slope of satellite occupation numbers

Mmin

Mcut

M1

�
logM

↵

hN
siM

/
M

�

Mmin

�
logM

(M
min

,M
1

,M
cut

,⇥
logM ,�)

This particular HOD model, which is fairly 
popular in the literature, requires 5 
parameters                                              to 
characterize the occupation statistics of a 
given luminosity threshold sample, and is 
(partially) motivated by the occupation 
statistics in hydro simulations of galaxy 
formation...
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Halo Occupation Statistics
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Increasing the slope                                       boosts the 1-halo term of the 
correlation function. It also boosts the 2-halo term, but to a lesser extent.

� = d log�Ns�/d log M

The latter arises because a 
larger value of α implies that 
satellites, on average, reside in 
more massive haloes, which are 
more strongly biased.

The 1-halo term scales with 
satellite occupation numbers as

            while the 2-halo term 
scales as           . This means that 
the relative clustering strengths in 
the 1-halo and 2-halo regimes 
constrains the satellite fractions.

�Ns�2M
�Ns�M
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Halo Occupation Statistics



An alternative parameterization, which has the advantage that it describes the 
occupation statistics for any luminosity sample (not only threshold samples), is 
the conditional luminosity function.

�(L|M) = �c(L|M) + �s(L|M)

The CLF describes the average number of galaxies of luminosity L that reside in 
a dark matter halo of mass M.

�N
x

⇥M =

Z L2

L1

�
x

(L|M) dL

�L⇥M =

Z 1

0
�(L|M)L dL

�(L) =

Z 1

0
�(L|M)n(M) dM

CLF is the direct link between the halo mass 
function and the galaxy luminosity function.

CLF describes link between luminosity and mass

CLF describes first moments of halo occupation 
statistics of any luminosity sample
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Halo Occupation Statistics



The CLF can be obtained from galaxy group catalogues. Yang, Mo & van den Bosch 
(2008) have shown that the CLF is well parameterized using the following functional form:

{Lc, Ls,⇥c,⇤s,�s}Note:                                all depend on halo mass. 
These dependencies are typically parameterized 
using ~10 free parameters.

�c(L|M)dL =
1⇤

2�⇥c

exp

⇤
�

�
ln(L/Lc)⇤

2⇥c

⇥2
⌅

dL

L

�s(L|M)dL =
�s

Ls

⇤
L

Ls

⌅�s

exp
�
�(L/Ls)2

⇥
dL
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The CLFs inferred from a SDSS galaxy group catalog. 
Symbols are data, while the solid, black line is best-fit 
using the CLF parameterization indicated above...

Free parameters are constrained by the 
data, which can be galaxy group 
catalogs, galaxy clustering, galaxy-
galaxy lensing, satellite kinematics, etc...

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

The Conditional Luminosity Function



The 1-halo term of the galaxy-galaxy correlation function requires the second moment

hN(N � 1)iM = hN2
c iM + 2hNcNsiM + hN2

s iM � hNciM � hNsiM

where we assumed that occupation statistics of centrals and satellites are independent

Thus, we need to specify the second moment of the satellite occupation distribution:

⇤Ns(Ns � 1)⌅M =
1X

Ns=0

Ns(Ns � 1)P (Ns|M) ⇥ �(M) ⇤Ns⌅2

where we have introduced the function �(M)

If the occupation statistics of satellite galaxies follow Poisson statistics, i.e., 

P (Ns|M) =
�Ns e��

Ns!
� = hNsiMwith

then                  . Distributions with            (          ) are broader (narrower) than Poisson. �(M) = 1 � > 1 � < 1

The second moment of the halo occupation statistics is completely described by �(M)

= hNs(Ns � 1)iM + 2hNciM hNsiM
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Halo Occupation Statistics



It is common practice to assume that satellites obey Poisson statistics. This is motivated by 
finding that dark matter subhaloes have occupation statistics that are (close to) Poissonian
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satellites
all galaxies
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Occupation statistics of simulated galaxies 

in hydrodynamical SPH simulations. 

Satellite galaxies follow Poisson statistics...

Occupation statistics of dark matter subhaloes 
in numerical (dark-matter-only) simulations. 
Subhaloes follow Poisson statistics...

N includes 
host halo 
itself
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Halo Occupation Statistics



Even real data shows that the occupation statistics of satellites are (close to) Poissonian.
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Halo Occupation Statistics
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Halo Occupation Statistics

Even real data shows that the occupation statistics of satellites are (close to) Poissonian.



The radial number density profile of satellite galaxies is typically modelled as a 

`generalized NFW profile’:

us(r|M) �
✓

r

R rs

◆�� 
1 +

r

R rs

���3

Here     is a parameter that controls the central cusp slope, and                        sets the 
ratio between the concentration parameter of the satellites and that of the dark matter. 
For                    satellites are an unbiased tracer of the mass distribution (within 
individual haloes)

� R = csat/cdm

� = R = 1
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controls the clustering on small scales (only has

significant effect on 1-halo term).

The two-point correlation function of galaxies, calculated 
using the halo model. Solid dots are data from the APM 
catalogue. The solid line is the model’s matter correlation 
function, and the other lines are galaxy correlation 
functions in which the number density profile of satellite 
galaxies is varied. 
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Radial Number Density Profile of Satellites



The radial number density profile of satellite galaxies can be constrained using the 
clustering data itself, or by directly measuring the (projected) profiles of

satellite galaxies in groups/clusters, or around isolated centrals...
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The surface density profile of satellite 
galaxies in clusters. Solid line is the 
best-fit NFW profile.
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The surface density profiles of satellite galaxies around 
isolated centrals in the SDSS. Satellites are identified in 
photometric catalogue using statistical background 
subtraction. Lines are best-fit NFW profiles.
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Radial Number Density Profile of Satellites
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Although several studies have suggested that satellite galaxies follow a radial number 
density profile that is well fitted by NFW profile, others find that               has a core and 
is less centrally concentrated than the dark matter.

This is consistent with distribution of subhaloes in dark-matter-only simulations....

us(r|M)

The surface density profile of satellite galaxies around 
isolated centrals. Here both centrals & satellites are 
obtained from the spectroscopic SDSS. Note that 
cored profiles are better fit than NFW profile.
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Radial Number Density Profile of Satellites



Zehavi et al. 2011 used halo occupation models to fit the projected correlation functions 
obtained from the SDSS for 9 different luminosity threshold samples. 

    The left-hand panel shows data+fits (offset vertically for clarity).   

    The right-hand panel shows first moments of best-fit halo occupation distributions. 
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Constraints on Halo Occupation Statistics
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The Galaxy Halo Connection
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The Galaxy Halo Connection



Both these models 

fit clustering data

equally well
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Cosmology Dependence



The mass associated with galaxies lenses background galaxies

Lensing causes correlated ellipticities, the tangential shear,    , which

is related to the excess surface density,      , according to

�t

��

�t(R)�crit = ��(R) = �̄(< R)� �(R)

�(R) = �̄

� Ds

0
[1 + �g,dm(r)] d�

�� is line-of-sight projection of galaxy-matter cross correlation

background sources lensing due to foreground galaxy
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Galaxy-Galaxy Lensing



NOTE: this is not a fit, but a prediction based on CLFCombination of clustering & lensing can constrain cosmology!!!

Cacciato, vdB et al. (2009)

Data: 
SDSS measurements
by Mandelbaum+06
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Galaxy-Galaxy Lensing



New physics beyond the “vanilla” LCDM cosmology or systematic errors?

Cacciato, vdB et al. (2013)
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Cosmological Constraints



Lecture 13

 SUMMARY



 the halo bias function

Halo model

halo exclusion

galaxy-galaxy lensing

Key words 
1-halo & 2-halo terms

Halo Occupation Distribution (HOD)

Conditional Luminosity Function (CLF)


The Halo model is an analytical model that describes dark matter density distribution in terms of its 
halo building blocks, under ansatz that all dark matter is partitioned over haloes.

In combination with a halo occupation model (HOD or CLF), the halo model can be used to 
compute galaxy-galaxy correlation function and galaxy-matter cross-correlation function. 

The latter is related to the excess surface density measured with galaxy-galaxy lensing.

HOD is mainly used to model clustering of luminosity threshold samples.

CLF can be used to model clustering of galaxies of any luminosity (bin).

It is common to assume that satellite galaxies obey Poisson statistics, such that 

<Ns(Ns-1)|M> = <Ns>2, and only the first moment of P(Ns|M) is required. This is not exact 

and may cause significant errors in the predicted clustering.

Summary: key words & important facts
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 the halo bias function

hN
c

iM =

1

2


1 + erf

✓
logM � logM

min

�
logM

◆�

hNsiM =

( ⇣
M
M1

⌘�
if M > Mcut

0 if M < Mcut

�c(L|M)dL =
1⇤

2�⇥c

exp

⇤
�

�
ln(L/Lc)⇤

2⇥c

⇥2
⌅

dL

L

�s(L|M)dL =
�s

Ls

⇤
L

Ls

⌅�s

exp
�
�(L/Ls)2

⇥
dL

halo model
P 1h(k) =

1
�2

�
dM M2 n(M) |ũ(k|M)|2

P 2h(k) = P lin(k)
�
1
�

�
dM M b(M) n(M) ũ(k|M)

�2

�t(R)�crit = ��(R) = �̄(< R)� �(R) �(R) = �̄

� Ds

0
[1 + �g,dm(r)] d�

Galaxy-Galaxy lensing: tangential shear, excess surface density and galaxy-matter cross correlation

Characteristic examples of CLF and HOD for both centrals and satellites

�N
x

⇥M =

Z L2

L1

�
x

(L|M) dL�L⇥M =

Z 1

0
�(L|M)L dL�(L) =

Z 1

0
�(L|M)n(M) dM

CLF: the link between light and mass

P (k) = P 1h(k) + P 2h(k)

Summary: key equations & expressions
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Gravitational Interactions

Topics that will be covered include:

Orbital Decay
Dynamical Friction
Tidal Radius
Tidal Shocking & Stripping
Distant Tide Approximation
Impulse Approximation

Core Stalling

In this lecture we discuss galaxy interactions and transformations. After a general 
introduction regarding gravitational interactions, we focus on high-speed encounters, 
tidal stripping, dynamical friction and mergers. We end with a discussion of various 
environment-dependent satellite-specific processes such as galaxy harassment, 
strangulation & ram-pressure stripping.



https://www.youtube.com/watch?v=DhrrcdSjroY

This simulation, presented in 
Bullock & Johnston (2005), 
nicely depicts the action of tidal 
(impulsive) heating and 
stripping. Different colors 
correspond to different satellite 
galaxies, orbiting a 

host halo reminiscent of that 

of the Milky Way....

Movie:

Visual Introduction
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Consider a body S which has an encounter with a perturber P with impact parameter b 
and initial velocity v∞

Let q be a  particle in S, at a distance r(t) from the center of S, and let R(t) be the position 
vector of P wrt S.

The gravitational interaction between S and P causes tidal distortions, which in turn 
causes a back-reaction on their orbit...

φ
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Gravitational Interactions



tenc � ttideIf                     we are in the adiabatic limit (no net effect)

the system has sufficient time to respond to tidal deformations; 
deformations during approach and departure cancel each other...

Note.                     implies that                          . However, by construction   

          and since     can’t be much smaller than    , after all P is accelerated by same 

          gravitational field that is responsible for    , the situation                     never occurs.

tenc � ttide V ⌧
⇣

R
max

R
gal

⌘
� R

max

� R
gal

�
�V

tenc � ttide

φ Let                     be the time scale of the 
encounter, where R = MAX[R0,RS,RP] and V 
the encounter velocity at R = R0.

tenc � R/V

ttide � R/�Let                     be time scale on which tides 
rise due to a tidal interaction, where R and σ 
are the size and velocity dispersion of the 
system that experiences the tides.
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Gravitational Interactions



If                   , the response of the system lags behind the instantaneous tidal force, 
causing a back reaction on the orbit.
tenc < ttide

transfer of orbital energy to internal energy (of both S and P)

Under certain conditions, if enough orbital energy is transferred, the two bodies can 
becomes gravitationally bound to each other, which is called gravitational capture.

If orbital energy continues to be transferred, capture will ultimately result in merger.

When internal energy gain is large, particles may become unbound: mass loss
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φ Let                     be the time scale of the 
encounter, where R = MAX[R0,RS,RP] and V 
the encounter velocity at R = R0.

tenc � R/V

ttide � R/�Let                     be time scale on which tides 
rise due to a tidal interaction, where R and σ 
are the size and velocity dispersion of the 
system that experiences the tides.

Gravitational Interactions



In general, N-body simulations are required to investigate outcome of a gravitational 
encounter. However, in case of V >> σ (encounter velocity is much large than internal 
velocity dispersion of perturbed system; e.g., galaxies in clusters) the change in the 
internal energy can be obtained analytically using impulse approximation

Consider the encounter between S and P. In impulse approximation we may consider 
a particle q in S to be stationary (wrt center of S) during the encounter; q only 
experiences a velocity change Δv, but its potential energy remains unchanged,

�Eq =
1

2
(�v +��v)2 � 1

2
�v2 = �v ·��v +

1

2
|��v|2

We are interested in computing         , which is obtained by integrating          over

the entire system S. Because of symmetry, the            -term will equal zero

�ES �Eq

�v ·��v

�ES =
1

2

Z
|�⇥v(⇥r)|2 �(r) d3⇥r
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High Speed Encounters



In the distant encounter approximation, 

b >> MAX[RS,RP] and the perturber P may 
be considered a point mass. 

In the large v∞ limit, R0 ➝ b and we have 

that                                     . vP(t) ' v1 êz ⌘ vP êz

R(t) = (0, b, vPt)

The potential due to P at r is                                 where �P = � GMP

|�r � �R|
|⇥r � ⇥R| =

p
R2 � 2rR cos�+ r2

with    the angle between    and    .� �r �R

Using that                                                                      we can write this as(1 + x)�1/2 = 1� 1
2x+ 3

8x
2 � 15

48x
3 + ...

�P = �GMP

R
� GMP r

R2
cos�� GMP r2

R3

✓
3

2
cos�� 1

2

◆
+O(r3/R3)

constant term; 
does not yield 
any force

describes how center of 
mass of S changes: not 
of interest to us

describes tidal force per 
unit mass. This is term  
that we want...

dropping higher order 
terms is called the  
tidal approximation.

φ
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High Speed Encounters



NOTE: high-speed encounters for which both the impulsive and the tidal approximations

            are valid are called tidal shocks.

Taking the gradient of the potential, and dropping the second (constant acceleration) term, 
yields the tidal force per unit mass: �Ftid(�r) = r�P

Integrating                            over time then yields the cumulative change in velocity wrt the 
center of S. After some algebra (see MBW §12.1) one finds that 

�Ftid(�r) = d�v/dt

Substituting in the expression for the total change in energy of S yields

Assuming spherical symmetry for S, so that 

�ES =
4

3
G2 MS

✓
MP

vP

◆2 hr2i
b4

Impulse Approximation

��v =
2 G MP

vP b2
(�x, y, 0)

�ES =
1
2

�
|��v|2 �(r) d3�r =

2 G2 M2
P

v2
P b4

�
�(r) (x2 + y2) d3�r =

2 G2 M2
P

v2
P b4

MS �x2 + y2�

�x2 + y2� = 2
3 �x

2 + y2 + z2� = 2
3 �r

2�
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Impulse Approximation



 the halo bias functionIf                     we are in the adiabatic limit (no net effect)

This approximation is surprisingly accurate, even for relatively slow encounters with 

vP~ σS, as long as the impact parameter b ≳ 5 MAX[RP,RS]. For smaller impact parameters

one needs to account for the detailed mass distribution of P       (see MBW §12.1 for details). 

Note that                               closer encounters have a much greater impact.�ES = b�4

Tidal disruption at work: comet Schoemaker-Levy

If          is sufficiently large, the system may be tidally disrupted.�ES
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�ES =
4

3
G2 MS

✓
MP

vP

◆2 hr2i
b4

Impulse Approximation

Impulse Approximation



In the impulse approximation, the encounter only changes the kinetic energy of S, but 
leaves its potential energy intact.

after the encounter, S is no longer in virial equilibrium

Consequently, after encounter S undergoes relaxation to re-establish virial equilibrium

Virial Equilibrium: ES = �KS

ES ! ES +�ES

KS ! KS +�ES

KS = �(ES +�ES) = �ES ��ES

After encounter:

Since all new energy is kinetic:
After relaxation:

Let       be the original (pre-encounter) kinetic energy of S: KS

2�ESRelaxation decreases the kinetic energy by 

This energy is transferred to potential energy, which becomes less negative. 

Hence, tidal shocks ultimately cause the system to expand (make it less bound).

Manifestation of negative heat capacity: add heat to system, and it gets colder
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Even in the non-impulsive case, tidal forces can strip matter (=tidal stripping).

M

m

R

r

Consider a mass m, with radius r, orbiting a point mass

M on a circular orbit of radius R. 

The mass m experiences a gravitation acceleration due 
to M equal to �g = G M

R2

The gravitational acceleration at the point in m closest 
to M is equal to �g = G M

(R�r)2

Hence, the tidal acceleration at the edge of m is:

�gtid(r) =
GM

R2
� GM

(R� r)2
� 2GMr

R3
(r � R)

If this tidal acceleration exceeds the binding force per unit mass,       , the material 

at distance r from the center of m will be stripped. This defines the 

Gm
r2

tidal radius rt =
� m

2M

�1/3
R
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Tidal Stripping



Taking account of centrifugal force associated with 
the circular motion results in a somewhat modified 
(more accurate) tidal radius:

rt =
�

m/M

3 + m/M

�1/3

R

Here Ω is the circular speed at R=R0

More realistic case:  
object m is on eccentric orbit within an extended mass M (i.e., 
a satellite galaxy orbiting inside a massive host halo).

M

m

rt �

�

� m(rt)/M(R0)

2 + �2R3
0

G M(R0)
� d ln M

d ln R |R0

�

�
1/3

R0

The tidal radius in this case is conveniently defined as distance 
from center of m at which a point on line connecting centers of 
m and M experiences zero acceleration when m is located at the 
pericentric distance R0. This yields

CAUTION: the concept tidal radius is poorly 
defined in this case, and the expression to the 
right therefore has to be taken with a grain of 
salt. At pericentric passage, it may be more 
appropriate to resort to impulse 
approximation...

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University
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When an object of mass MS (“subject mass”) moves through a large collisionless system 
whose contituent particles (“field particles”) have mass m << MS, it experiences a drag 
force, called dynamical friction.

Intuitive Picture 1:  Equipartition

two-body encounters move systems towards equipartition

m1 �v2
1� = m2 �v2

2� = m3 �v2
3� = etc.

since initially                           and                 the subject mass will (on average) 
loose energy to the field particles. Hence, the subject mass will slow down...

vS � �v2
field�1/2 MS � m

dynamical friction is a manifestation of mass segregation

Dynamical friction transfers the orbital energy of satellite galaxy (and dark matter 
subhaloes) to the dark matter particles that make up the host halo, causing the satellite 
(subhalo) to “sink” to the center of the potential well, where it can ultimately merge with 
the central galaxy (cannibalism)
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Dynamical Friction



Intuitive Picture 2: Gravitational Wake

The moving subject mass perturbs distribution of 
field particles creating a trailing density 
enhancement (“wake”) . The gravitational force 
of this wake on MS slows it down.

Although a very “popular” view of dynamical friction, the 
assumption that dynamical friction is due to the back 
reaction arising from a local wake is wrong...So be careful!!

Intuitive Picture 3: Linear Response Theory

The moving subject mass perturbs the gravitational 
potential; this introduces a response density 
(perturbation), whose back reaction on the subject 
mass causes it to slow down.

Although similar to the wake-picture above, the important 
different is that the response density is a global, rather 
than a local, distortion, Also, in linear response theory the 
self-gravity of the field particles is properly accounted for. S
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Dynamical Friction



                  and is independent of the mass of the field particles.�Fdf �M2
S

�Fdf       points in direction opposite to motion (similar to the case of frictional 

drag in fluid mechanics). However, whereas hydrodynamical friction always 

increases with     , this is NOT the case with dynamical friction for which vS

Fdf � v�2
S (vS large)

Fdf � vS (vS small)

Chandrasekhar (1943) derived an analytical expression for the dynamical friction force:

�Fdf = MS
d�vS

dt
= �4�

�
GMS

vS

�2

ln� �(< vS)
�vS

vS

[see MBW §12.3 
   for derivation]

Here               is the (local) density of field particles with speeds less than     , and

        is called the Coulomb logarithm, which can be approximated as

�(< vS) vS

ln�

ln� � ln
�

bmax

b90

�

b90 � GMS
�v2

m�1/2
impact parameter for which field particle is deflected 
by 90 degrees...

maximum impact parameter ~ size of system in 
which subject mass is orbitingbmax � R
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Dynamical Friction



Chandrasekhar’s expression for the dynamical friction force is based on the following three 
assumptions:

subject mass and field particles are point masses

self-gravity of field particles can be ignored

distribution of field particles is infinite, homogeneous & isotropic

The latter of these is the reason why the Coulomb logarithm has to be introduced; the 
maximum impact parameter is needed to prevent divergence....

Chandrasekhar dynamical friction is considered as the sum of uncorrelated two-body 
interactions between a field particle and the subject mass. However, this ignores 
collective effects due to self-gravity of the field particles.  

Chandrasekhar dynamical friction is considered a purely local effect, which is evident 
from the fact that                        . However, dynamical friction is a global phenomenon, 
which is evident from fact that subject mass experiences dynamical friction even if it 
orbits beyond the outer edge of a finite host system. Hence, a proper treatment of 
dynamical friction requires linear response theory...

⇥Fdf / �(< vS)
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Dynamical Friction



Consider the subject mass on a circular orbit in spherical, singular isothermal host 
halo with density distribution

�(r) =
V 2

c

4�Gr2

Note: the circular velocity      is independent of radius...Vc

Under the assumption that the velocity distribution of field particles is a Maxwell-
Boltzmann distribution with velocity dispersion                    , the DF force reduces to:� = Vc/

�
2

Fdf = �0.428
GM2

S

r2
ln�

�vS

vS

being on a circular orbit, the rate at which the subject mass loses its 
orbital angular momentum                  is LS = r vS

dLS

dt
= r

dvS

dt
= r

Fdf

MS
= �0.428

GMS

r
ln�

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Orbital Decay



Since the circular speed is independent of radius, the subject mass continues

to orbit with a speed      as it spirals inwards, so that the orbit radius changes as vS

vS
dr

dt
= �0.428

GMS

r
ln� r

dr

dt
= �0.428

GMS

Vc
ln�

vS = Vc

This allows us to compute how long it takes for the orbit to decay from some initial 
radius ri to r=0. This time is called the dynamical friction time

tdf =
1.17
ln�

r2
i Vc

G MS

Vc =
�

G Mh

rh

tdf =
1.17
ln�

�
ri

rh

�2 �
Mh

MS

�
rh

Vc

Finally, using that                                                  and that                                , yieldsrh/Vc ⇠ 1/[10H(z)] = 0.1 tH ln� ⇠ ln(Mh/MS)

Only systems, with                          experience significant mass segregationMS/Mh > 0.03

tdf ' 0.117
(Mh/MS)

ln(Mh/MS)
tH
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Orbital Decay



CAUTION: this estimate is based on a number of

                   questionable assumptions...In general

When orbits are eccentric, dynamical friction may cause the obit’s eccentricity to 
evolve as function of time. In fact, as shown by van den Bosch et al. (1999)

tdf ' 0.117
(Mh/MS)

ln(Mh/MS)
tH haloes are not singular, isothermal spheres

orbits are not circular
tidal stripping implies mass loss; MS = MS(t)

de

dt
=

�

v

de

d�

"
1�

✓
v

Vc

◆2
#

dv

dt
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Orbital Decay

� = L/Lc(E)

r+ = apocenter
r- = pericentere =

r+ � r�
r+ + r�

eccentricity

circularity L = orbital angular momentum
LC(E) = orbital angular momentum of 
            circular orbit with same energy

circular orbit:  e=0  and  η=1
radial orbit:  e=1  and  η=0



Since de/dη < 0, and since dynamical friction causes dv/dt < 0, we have that

� = L/Lc(E)

r+ = apocenter
r- = pericentere =

r+ � r�
r+ + r�

eccentricity

circularity L = orbital angular momentum
LC(E) = orbital angular momentum of 
            circular orbit with same energy

circular orbit:  e=0  and  η=1
radial orbit:  e=1  and  η=0

de

dt
=

�

v

de

d�

"
1�

✓
v

Vc

◆2
#

dv

dt

Numerical simulations of DF in realistic potentials (but ignoring mass loss) find that 
the effects largely cancel so that de/dt ~ 0 when integrated over an entire orbit.

Contrary to urban myth, dynamical friction does not lead to orbit circularization.

de/dt < 0    for  v > VC              orbit circularizes near pericenter
de/dt > 0    for  v < VC              orbit gains eccentricity near apocenter

The same simulations also show that                  . tdf / �0.53

more eccentric orbits decay faster
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Orbital Decay



Orbits of solid bodies experiencing dynamical friction in high resolution N body simulations.
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Model 1: MS/Mh = 2 x 10-4

Model 2: MS/Mh = 2 x 10-3

Model 3: MS/Mh = 2 x 10-2
No (obvious) orbit circularization

All three orbits have initial eccentricity e=0.8

Orbits of more massive subjects decay faster
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Orbital Decay



When subject masses are not solid bodies, but N-body systems themselves, they

can experience mass loss due to tidal stripping and tidal heating/shocking.

Rough, analytical estimate indicates that mass loss causes average dynamical friction 
time to increase by factor ~2.8 wrt estimate that does not account for mass loss.

[see MBW §12.3.1]

This is in good agreement with results from numerical simulations...
[e.g., Colpi et al. 1999; Boylan-Kolchin et al. 2008; Jiang et al. 2008]

These simulations show that in the presence of mass loss the dependence of the

dynamical friction time on orbital circularity becomes

tdf / �0.3�0.4

slightly weaker than in the absence of mass loss...

Accurate modeling of tidal stripping, tidal heating, and dynamical friction is 
important for predicting disruption & merger rates of satellite galaxies. 
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Dynamical Friction: impact of mass loss



Lecture 14

 SUMMARY



 the halo bias function

Impulse & tidal approximations

distant encounter approximation

tidal shock heating

tidal mass stripping

Key words 
dynamical friction

gravitational capture

orbital decay

negative heat capacity


Gravitational encounter results in tidal distortion. If tidal distortion lags perturber, the 

resulting torque causes a transfer of orbital energy into internal energy of the objects involved.

Dynamical friction does not generally result in orbital circularization.

Dynamical friction is a global, rather than a local effect. Unlike hydrodynamical friction, the

deceleration decreases with increasing velocity, at least at the high-velocity end.

An impulsive encounter that results in an (internal) energy increase !E that is larger than

the system’s binding energy does not necessarily result in the system’s disruption

More eccentric orbits decay faster.

Dynamical friction is only important for subjects with a mass larger than a few percent of the 
host halo mass. For less massive subjects, tdf > tH

During re-virialization, following an impulsive encounter, the subject converts 2x!E from 
kinetic into potential energy, resulting in the system `puffing’ up.

Summary: key words & important facts



 the halo bias function

Impulse Approximation

rt �

�

� m(rt)/M(R0)

2 + �2R3
0

G M(R0)
� d ln M

d ln R |R0

�

�
1/3

R0

�Fdf = MS
d�vS

dt
= �4�

�
GMS

vS

�2

ln� �(< vS)
�vS

vS

tdf =
1.17
ln�

�
ri

rh

�2 �
Mh

MS

�
rh

Vc

de

dt
=

�

v

de

d�

"
1�

✓
v

Vc

◆2
#

dv

dt

evolution of orbital eccentricitydynamical friction time scale (isothermal sphere)

Chandrasekhar dynamical friction force

ln� = ln
�

bmax

b90

�
� ln

�
Mh

Ms

�
Coulomb logarithm

Point masses

Impulse Approximation

�ES =
1
2

�
|��v(�r)|2 �(r) d3�r =

4
3
G2 MS

�
MP

vP

�2 �r2�
b4

Tidal Radius

rt =
� m

2M

�1/3
R rt =

�
m/M

3 + m/M

�1/3

R

+ centrifugal force + extended mass distributions

Summary: key equations & expressions
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 Lecture 15: Heating & Cooling



Topics that will be covered include:

ionization equilibrium
cooling function & cooling time
radiative cooling
virial temperature
hydrostatic equilibrium
shock heating
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Heating & Cooling

photo-ionization heating

In this lecture we address heating and cooling of gas inside dark matter haloes. After 
discussing shock heating & hydrostatic equilibrium, we introduce the concept of `virial 
temperature’, discuss radiative cooling processes and introduce the cooling function. 
We discuss the link between cooling and galaxy formation, and end with a discussion 
of photo-ionization heating.



Consider a gas cloud of mass          falling into a halo of mass       with velocityMgas Mh vin

At some point the gas is shocked; either close to center, where flow lines converge, 

or at the accretion shock, which is typically located close to the virial radius.

If we assume that the shock thermalizes all the kinetic energy of the gas cloud, so

that                 after it is shocked (a reasonable assumption), and that 

(so that internal energy of infalling gas can be ignored) then the internal energy of 

the shocked gas is equal to the kinetic energy of the gas at infall:

�vgas� � 0 v2
in � kBTin

µmp

Eint,sh = 3
2N kB Tsh = 1

2Mgasv2
in

N = Mgas/(µmp)where                               is the number of gas particles, and we have assumed a

mono-atomic gas, for which  � = 5/3

Tsh =
µmp

3kB
v2
in

If the gas falls in from large distance (where                ), and has negligible, initial

velocity, then 

�(r) � 0

vin � vesc(rsh) =
�

2|�(rsh)|
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Shock Heating



If we assume that                  (a common assumption), then rsh = rvir v2
in = �

GMvir

rvir
= �V 2

vir

Here                 is a parameter that depends on the detailed density profile of the halo.      � = O(1)

The temperature of the shocked gas in a halo with virial velocity        isVvir

Tsh �
�

3
µmp

kB
V 2

vir

S
ou

rc
e:

 B
irn

bo
im

 &
 D

ek
el

, 2
00

3,
 M

N
R

A
S

, 3
45

, 3
49

The build-up of a virial shock (discontinuity

in velocity) at around the virial radius in a 
collapsing structure. Based on 1D 
calculations in an expanding Universe...
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Shock Heating



If we assume that gas is non-radiative (cannot cool except via adiabatic expansion,

and cannot be heated by radiation), then the shocked gas will settle in 

�P (r) = ��gas��(r)Hydrostatic Equilibrium

Spherical Symmetry Ideal Gas

�P =
dP

dr
=

kB

µmp

d
dr

(� T )

M(r) = Mgas(r) + MDM(r) = �kB T (r) r

µmp G

�
d ln �gas

d ln r
+

d lnT

d ln r

�

If one knows         and             one can infer the total mass profileT (r) �gas(r) Mtot(r)

r� =
d�

dr
=

GM(r)

r2
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Hydrostatic Equilibrium



NOTE: we have made the assumption that                      . In general, one can also

            have non-thermal pressure support from magnetic fields, cosmic rays 

            and/or turbulence. When these are present we have that 

P = Pthermal

contribution due to  
non-thermal pressure

Unfortunately, accurate measurements of            are extremely difficult to obtain.... 

M
tot

(r) = �k
B

T (r) r

µm
p

G


d ln �

gas

d ln r
+

d lnT

d ln r
+

P
nt

P
th

d lnP
nt

d ln r

�

Pnt(r)
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Hydrostatic Equilibrium

NOTE: simply stating that the gas is in HE is not sufficient to determine its 

            density or temperature profiles. To make progress one often makes

            simplifying assumptions. Examples of such assumptions are

isothermal gas

polytropic gas

T (r) = T

P (r) � ��
gas

Pnt = 0



A polytropic gas has an equation of state: P � �� Γ = polytropic index

In this case, hydrostatic equilibrium implies kBT (r) =
1� �

�
µmp �(r)

(temperature profile reflects gravitational potential)

Using the ideal gas law, according to which               , we also have thatP � � T

�(r) � [T (r)]
1

��1 P (r) � [�(r)]�

An important example of a polytropic gas is an isentropic gas for which � = �

For a mono-atomic, isentropic gas, we have that               , and thus� = 5/3 �(r) � T (r)3/2

It can be shown that a polytropic gas cloud in HE is stable if               . If this criterion 
is not met, then a small compression of the gas cloud will not result in a sufficient 
increase in pressure gradient to overcome the increase in the gravitational force; the 
gas cloud is unable to re-establish HE. It will collapse and fragment...

� > 4/3
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Hydrostatic Equilibrium of Polytropic Gas



 the halo bias function

In the absence of a full solution for T(r), one can get a rough estimate of the temperature 
of the gas using the virial theorem:

1
2

d2I

dt2
= 2K + W + �

I = moment of inertia 
K = kinetic energy 
W = potential energy 
Σ = surface pressure

The system is said to be in virial equilibrium if                              . If the system is not 
in virial equilibium, it either expands (                     ) or contracts (                     )

2K + W + � = 0
d2I/dt2 > 0 d2I/dt2 < 0

where we have assumed that the gas is ideal and mono-atomic, and the halo is spherical.

3
Mgas

µmp
kBTvir � �

GMgasMvir

rvir
� 4�r3

clPext = 0

The gas in a halo of mass         and radius       is in virial equilibrium if Mvir rvir

Tvir =
�

3
µmp

kB
V 2

vir

If we ignore the external pressure (               ), this defines the virial temperature:Pext = 0

virial temperature

which is exactly the same as the temperature of the shocked gas defined before...
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The Virial Temperature



 the halo bias function

For a truncated, singular isothermal sphere of gas (no dark matter), the virial theorem 
implies a virial temperature

where we have assumed that                , appropriate for a primordial gas (X,Y,Z) = (¾,¼,0)µ = 0.59

CAUTION: in general, gas inside a (virialized) dark matter halo will have a 
temperature profile, and cannot be described merely by a single temperature. 
Nevertheless, the concept of `virial temperature’ is useful for order of 
magnitude estimates in galaxy formation theory, and is frequently used.

Tvir =
µmp

2 kB
V 2

vir � 3.6� 105 K
�

Vvir

100 km/s

�2

This is the definition of virial temperature most often adopted in the literature,

and is identical to that defined above under the `assumption’ that � = 3/2
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The Virial Temperature



 the halo bias function

Thus far we have ignored radiative processes, which can cause both heating and 
cooling of the gas. In what follows we investigate how these radiative processes

impact the gas in a virialized dark matter halo, focussing first on cooling.

Let      and     be the volumetric heating and cooling rates, respectively. H C

[H] = [C] = erg s�1 cm�3

In what follows we ignore heating (            ), and we assume that the gas is optically 
thin, so that any photon that it emits escapes the system.    

H = 0

It is useful to define the cooling function: �(T,Z) � C
n2

H

which depends on the temperature, T, and composition (metallicity Z) of the 
gas, but not on its density.

[�] = erg s�1 cm+3
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Radiative Cooling



The cooling time, the time it takes the gas to radiate away its internal energy, is

given by

tcool �
� �

C =
� �

n2
H �(T )

where for the sake of brevity we don’t explicitely write down the metallicity dependence 
of the cooling function.

Assuming an ideal, monoatomic gas, for which                        with                this yields� = 1
��1

kBT
µmp

� = 5/3

tcool =
3n kBT

2 n2
H �(T )

� 3.3� 109 yr
�

T

106 K

� � n

10�3 cm�3

��1
�

�(T )
10�23 erg s�1 cm3

��1

where we have assumed a completely ionized gas of primordial composition, for 
which                    , with                       the number density of gas particles, which 
can be written as

nH = 4/9 n n = �/(µmp)

n � 9� 10�5 cm�3

�
fgas

0.15

� �
1 + �

200

� �
�m,0h2

0.15

�
(1 + z)3
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Cooling Time



In order to assess the impact of cooling on a system, we compare the cooling time to

two other timescales:

the age of the Universe, which is roughly the Hubble time 

the dynamical time (or `free-fall time’) of the system

t� =
�

3�

32G�̄sys

�1/2

� 1
(G �̄sys)1/2

�̄sys = �̄gas + �̄DM

tH =
1

H(z)
� 1

(G�̄)1/2
�̄ = �m�crit

denser gas cools faster... tcool � n�1 � ��1tcool =
3n kBT

2 n2
H �(T )

�̄sys � 200�̄ t� � tH/10

NOTE: the free-fall time is timescale on which gas cloud collapses in absence of pressure,       

            and timescale on which system restores hydrodynamic equilibrium if disturbed.

NOTE: 
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Cooling Time



We distinguish three regimes:

tcool > tH

t� < tcool < tH

tcool < t�

Cooling is not important. Gas is in hydrostatic equilibrium, unless

it was recently disturbed

Cooling is catastropic. Gas cannot respond fast enough to loss of 
pressure. Since cooling time decreases with increasing density, 
cooling proceeds faster and faster (=catastrophic). Gas falls to 
center of dynamic system on free-fall time...

System is in quasi-hydrostatic equilibrium. It evolves on cooling 
time scale. Gas contracts slowly as it cools, but system has 
sufficient time to continue to re-establish hydrostatic equilibrium.

As we will see, in the latter case the assumption of a virial shock at the halo’s virial 
radius which heats the gas to the halo’s virial temperature is too simplistic...

NOTE:
cooling is generally more 
efficient at higher redshifts

t
cool

/ ��1

gas

/ (1 + z)�3

t� / ��1/2 / (1 + z)�3/2
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Cooling Time



The primary cooling processes relevant for galaxy formation are two-body 
radiative processes in which gas loses energy through the emission of photons

as a consequence of two-body interactions.

Four processes are important:

type reaction name

1 free-free     e- + X+ ➙ e- + X+ + γ bremsstrahlung

2 free-bound     e- + X+ ➙ X + γ           recombination

3 bound-free      e- + X ➙ X+ + 2e- collisional 
ionization

4 bound-bound
     e- + X ➙ e- + X’ 

              ➙ e- + X + γ

collisional 
excitation

Throughout we assume that the gas is optically thin, so that every photon 
generated escapes the gas, thus contributing to its cooling...

NOTE: all these processes require the presence of free electrons...
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Cooling Processes



1) free-free  (bremsstrahlung)

e-

X+

γ

2) free-bound (recombination)

e-

γ’

3) bound-free  (collisional ionization)

e-
e-

e-

4) bound-bound (collisional excitation)

e-

e-

Free electron is accelerated by ion. Accelerated charges emit 
photons, resulting in cooling. For bremsstrahlung, Λ∝T½

Free electron recombines with ion. Binding energy plus free 
electron’s kinetic energy are radiated away. If capture into an

excited state, subsequent (line) emission may result as 
electron cascades down to ground level.

Impact of free electron ionizes a formerly bound electron, 
taking (kinetic) energy from the free electron

Impact of free electron knocks bound electron to excited 
state. As it decays, it emits a photon. Note, in case of 
collisional de-excitation, no photon is emitted (no net cooling)

γ
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Cooling Processes

γ



In order to compute the cooling function                        for a certain gas, one first 
needs to determine the densities of the various ionic species. In the case of a pure 
H/He mixture (the simplest, relevant case), these are

�(T ) � C/n2
H

ne, nH0 , nH+ , nHe0 , nHe+ , nHe++

At fixed total gas densities, these densities are governed by differential equations 
such as

dnH0

dt
= �H+(T ) nH+ ne � �eH0(T ) ne nH0 � ��H0 nH0

�eH0(T )

�H+(T ) = Hydrogen recombination coefficient           [cm3 s-1]

= collisional ionization rate                             [cm3 s-1]

��H0 �
� �

�T

4�J(�)
hP�

�(�) d� = photo-ionization rate [s-1]

�T = ionization threshold (e.g., 13.6 eV/hP for H)
�(�) = ionization cross section            [cm-2]
J(�) = radiation background intensity [erg s-1 cm-2 sr-1 Hz-1]

where
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The Cooling Function



The typical timescale for photo-ionization, for a typical ionizing background, is

tphoto �
1

��H0

� 3� 104yr

which is very short (much shorter than the typical dynamical times involved). Hence,

the timescale on which        evolves is dominated by photoionization. However, even

in the absence of a photo-ionizing background,        evolves on a timescale

nH0

nH0

Both these timescales are typically short compared to the (hydro)-dynamical times.

Hence, in most (but not all) cases, it is safe to assume that the system has equilibrated 
the destruction and creation rates. Such an equilibrium is called ionization equilibrium.

If photo-ionization is ignored (i.e., there is no ionizing radiation). and one still has

equilibrium, this is called collisional ionization equilibrium (CIE).

1

ne(�H+ � �eH0)
⇠ 106 yr

⇣ ne

10�5 cm�3

⌘�1
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Ionization Equilibrium



In ionization equilibrium, the ionic abundances are determined by simple algebraic 
equations (much easier than differential equations):

�eH0 ne nH0 + ��H0 nH0 = �H+ ne nH+

nH+ + nH0 = nH

nH+ + nHe+ + 2nHe++ = ne

Examples are:

etc.

In numerical simulations and/or analytical calculations, one must decide whether 
ionization equilibrium is valid or not. If not, one needs to solve the differential 
equations in order to infer the various ionic abundances...

If there is no photo-ionization (i.e.,                ), then, under CIE, the relative 
abundances of ionic species depend only on temperature

J(�) = 0

� =
C
n2

H

= �(T )

This is the situation most often assumed in semi-analytical models for galaxy formation

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Ionization Equilibriun
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The CIE Cooling Function



Consider Collisional Ionization Equilibrium: what will the cooling function look like?
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The CIE Cooling Function

at high T, gas is fully ionized          only bremsstrahlung contributes     � � T 1/2

T < 104 Kat                    , all the gas is neutral         no ions         no bremsstrahlung
at sufficiently low T, the residual free electrons do not have enough energy to

excite H to its first excited state (which requires 10.2 eV)

if T > few x 104K all H is ionized        H no longer contributes to cooling causing a 
local drop in Λ(T) 

He is responsible for a second peak in Λ(T) at around T ~ 105K

when metals are present, many new cooling channels are available, mainly between

~104K and ~107K, greatly increasing Λ(T) . For               the cooling rate at 106K is

boosted by a factor ~100 with respect to a primordial gas! 

Z = Z�



H He � � T 1/2
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The CIE Cooling Function
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The CIE Cooling Function



Under the assumption of CIE, we can compute tcool

t�
=

tcool

t�
(n, T, Z)

tcool = t�

constant Mgas

� = 200
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Cooling & Galaxy Formation



Mvir � 6.6MgasMgas = 0.15Mvir

In early papers (and textbooks) on galaxy formation, this mass scale of

was invoked to exlain the exponential cut-off in the luminosity/stellar mass function of 
galaxies; more massive galaxies can’t form because they can’t efficiently cool their gas...

1012 � 1013M�

(e.g., Binney, 1977, ApJ, 215, 483;  Silk, 1977, ApJ, 211, 683;  Ostriker & Rees, 1977, MNRAS, 179, 541)
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Cooling & Galaxy Formation

Haloes with                         

can’t cool their gas (except by molecular cooling...)

Mvir < 109M� (Vvir < 20 km/s)

can’t cool their gas efficiently either...

Haloes with                           
Mvir > 1013M�(Z = Z�)
Mvir > 1012M�(Z = 0)

However, this argument is seriously flawed for two reasons:

Haloes and galaxies form hierarchically          the progenitors of massive haloes

can cool, especially at higher redshifts...

The curve                  is calculated for an overdensity              . The gas in a halo

typically has a density profile, and can have                near the center.

         at least some fraction of the gas should have cooled...

tcool = t� � = 200
� � 200



White & Rees (1978, MNRAS, 183, 341), in a seminal paper, showed that taking into 
account that the gas accumulates & condensates in dark matter haloes which form 
hierarchically, results in a prediction that most of the gas should have cooled and 
formed stars (it vastly overpredicts the number density of faint galaxies).  This is the 

overcooling problem

which calls for some extra processes in galaxy formation that can heat the gas!!!

In order to better account of the fact that realistic haloes have both density and 
temperature profiles, (semi-)analytical models (SAMs) of galaxy formation normally adopt 
the concept of a cooling radius, defined as the radius at which the cooling time

tcool(r) =
3 n(r) kB T (r)
2 n2

H(r) �(T )

is equal to the free-fall time,     , or the Hubble time,     (depending on the SAM)t� tH
With the cooling radius thus defined, the cooling rate is simply

Ṁcool(t) = 4��gas(rcool) r2
cool

drcool

dt
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Cooling & Galaxy Formation



When                     we are in the regime of `catastropic cooling‘ as all the gas within the 
halo is expected to have cooled. If there is no hot gas in the halo, there can also be no 
accretion shock (close to the virial radius). Hence, any new gas that is accreted will not 
be shock heated.....it will fall to the center cold. This is called cold mode accretion. 

rcool � rvir

rcool � rvirWhen                     only the inner gas can cool. In this case, halo will have hot atmosphere, 
and an accretion shock close to the virial radius. Newly accreted gas is shock heated to 
close to the virial temperature, and then slowly cools, in quasi-hydrostatic equilibrium. 

This is called hot mode accretion.

The band        indicates the boundary between hot

mode and cold mode accretion. Halos with masses

                               always accrete their gas in the 
cold mode, while haloes with                                
have a stable accretion shock close to the virial 
radius causing hot mode accretion. Whether 
haloes in the intermediate mass range experience 
hot or cold mode accretion depends on redshift 
and the metallicity of the gas (see MBW §8.4.4).

�crit

Mvir < 1010h�1M�
Mvir > 1012h�1M�
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Hot Mode vs. Cold Mode



In the discussion of cooling & galaxy formation above, we ignored the presence of a 
radiation field. At          , and perhaps higher, the Universe is pervaded by a UV radiation 
background, produced by QSOs and (star-forming) galaxies. The intensity of this UV 
background radiation is ~10-22 erg s-1 cm-2 sr-1 Hz-1 at the Lyman limit at z~2.

z < 6

Close to a QSO or to young stars, the local radiation field may be orders of magnitude 
higher than this background average.  

1) it severely suppresses the cooling rate of low density gas
2) it heats the gas 

UV radiation causes photo-ionization, which impacts cooling in two ways:
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Photo-Ionization

Because UV radiation above Lyman limit ionizes low density gas, it eliminates collisional 
ionization & line excitation as cooling processes. Although recombination cooling increases, 
the net effect is a severe reduction of the overall cooling rate of low density gas.

For gas near the cosmic mean density, the photoionization rates corresponding to 
typical UV background, are much higher than corresponding recombination rates, 

causing both hydrogen and helium to be fully ionized...

At high densities, where recombination rate becomes comparable to or 
larger than photoionization rate, cooling rate are similar to under CIE.



Photoionization also heats the gas because the photoelectrons carry off residual energy:

The heating rate decreases with increasing temperature, because the recombination 
rates, and hence the neutral “targets” for the photons, decline.

⌅i =

Z 1

�i

4⇥ J(�)

hP �
⇤i(�) [hP� � hP�i] d�where

H = nH0 �H0 + nHe0 �He0 + nHe+ �He+The heating rate is: photo-ionization 
cross-section

Unlike in the case of CIE, in the presence of photo-ionization, this net rate is NOT 
only a function of temperature. Instead, it also depends on density. This arises 
because of the competition between photo-ionization & recombination.

In the presence of photo-ionization, the “cooling function” � � C �H
n2

H

= �(T, nH)

Because of this heating, in the presence of photo-ionization what is important is 
the net heating/cooling rate, (C �H)/n2

H
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Photo-Ionization



The net heating/cooling rates as 
a function of temperature for gas 
of primordial composition in 
ionization equilibrium with a UV 
radiation background of intensity
J(�) = 10�22 (�H/�) erg/s/cm2/sr/Hz

Results are shown for 4 different 
nH, as indicated (in cm-3). Dotted 
and dashed lines show the 
cooling and heating rates, 
respectively, while the solid 
curves show the absolute value of 
the net cooling rate. Note how 
heating becomes dominant at low 
temperatures, and how photo-
ionization suppresses the H and 
He cooling peaks in low density 
gas....

heating
cooling

net  
cooling

net  
heating

net  
cooling

net  
heating

net  
cooling

net  
heating

net  
cooling

net  
heating
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Photo-Ionization



Lecture 15

 SUMMARY



 the halo bias function

Hydro-static Equilibrium

Accretion Shock

Virial Temperature

Cooling Function

Key words 
Overcooling Problem

Cold mode vs. Hot mode

Ionization equilibrium

Photo-ionization heating

Mass estimates based on the assumption of hydrostatic equilibrium need to 
correct for non-thermal pressure sources (turbulence, magnetic fields, cosmic rays)
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Summary: key words & important facts

is a function of both temperature and density. This arises because of the competition 
between photo-ionization & recombination.

In the presence of photo-ionization, the net heating/cooling rate,                     , (C �H)/n2
H

Gas infalling in a halo through an accretion shock is heated to the virial temperature 
at which the gas is in hydrostatic, virial equilibrium with the halo potential.

When ignoring photo-ionizations, it is typically assumed that the gas is in collisional 
ionization equilibrium (CIE)            one uses CIE cooling functions

Low mass halos (Mh  < 1012 M ) are predicted to experience cold mode accretion (via 
streams), as they can’t support an accretion shock.



 the halo bias function
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Summary: key equations & expressions

⌅i =

Z 1

�i

4⇥ J(�)

hP �
⇤i(�) [hP� � hP�i] d�where

H = nH0 �H0 + nHe0 �He0 + nHe+ �He+

Photo-ionization heating rate:

Spherical Symmetry Ideal Gas

�P =
dP

dr
=

kB

µmp

d
dr

(� T )

M(r) = Mgas(r) + MDM(r) = �kB T (r) r

µmp G

�
d ln �gas

d ln r
+

d lnT

d ln r

�

r� =
d�

dr
=

GM(r)

r2

virial temperature

Tvir =
µmp

2 kB
V 2

vir � 3.6� 105 K
�

Vvir

100 km/s

�2

tcool =
3n kBT

2 n2
H �(T )

�P (r) = ��gas��(r)Hydrostatic Equilibrium

� � C �H
n2

H

= �(T, nH)

Cooling Function

in presence of heating

Cooling Time



Frank van den Bosch 
Yale University, Fall 2020 

ASTR 610
 Theory of Galaxy Formation

 Lecture 16: Star Formation



Topics that will be covered include:

Star Formation Laws
the formation of GMCs
Formation and Destruction of H2

supersonic turbulence
ambipolar diffusion
Giant Molecular Clouds (GMCs)
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Star Formation

Star Formation Thresholds

In this lecture we discuss the formation of stars. After describing the structure of 
Giant Molecular Clouds (GMCs), we describe two competing theories for regulating 
the star formation efficiencies in individual GMCs. Next we describe how GMCs form, 
followed by a describtion of empirical star formation laws and star formation 
thresholds..



Stars form out of Giant Molecular Clouds (GMCs), which have densities ~100 cm-3,

and sizes of tens of parsecs. Stars have sizes of ~10-7 pc, and densities of ~1 g cm-3

Hence, during the process of star formation, densities have to 
increase by ~22 orders of magnitude

Molecular clouds usually rotate due to differential rotation in the disk in which they 
form (in MW, Ω~10-15 s-1). If collapse would conserve angular momentum, this would

imply rotation periods of the stars of well below 1 s.

Angular momentum has to be transferred out during collapse.

Potential energy of the clouds (                         ) has to be released. For the Sun, this 
corresponds to 3.8x1048 erg, equivalent to ~3x107 yrs of Solar luminosity...

Epot � �GM2

r

This energy must be radiated/transported away despite the

high opacities of the surrounding medium.
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The Challenges of Star Formation



Observational Fact: all stars form inside Giant Molecular Clouds.

Understanding star formation consists of two components:

understanding the formation of Giant Molecular Clouds

understanding how stars form inside Giant Molecular Clouds

We start with addressing the second component; how do stars form inside GMCs

The Structure of Giant Molecular Clouds

GMCs have an extremely clumpy structure. They consist of molecular clumps, 
which themselves consist of molecular cores (also called proto-stellar cores).

structure mass density (nH)

GMC 105 - 106 M⊙ 100 - 500 cm-3

clump 102 - 104 M⊙ 102 - 104 cm-3

core 0.1 - 10 M⊙ > 105 cm-3

Observational Fact:  
temperature of GMCs is ~10K, 

similar to that of the clumps 
and cores. Hence, the various 
components of a GMC are not 
in thermal pressure 
equilibrium...

GMC

clumps

cores
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Giant Molecular Clouds



Observational Fact: GMCs are strongly correlated with young stars (                  ),

                                 but little correlation with older stars.

t < 107yrs

the lifetime of GMCs is of the order of tGMC � 107yrs

For comparison, the free-fall time of GMCs is

t� =
�

3�

32 G �

�1/2

� 3.6� 106 yrs
� nH

100 cm�3

��1/2

Since this is significantly smaller than the GMC lifetime, we infer that GMCs must

somehow be supported against gravitational collapse...

We can define the star formation efficiency of a GMC as �SF,GMC �
t�,GMC

tSF,GMC
tSF,GMC �MGMC/Ṁ�where SF time scale for GMC is defined by 

Observations indicate that �SF,GMC � 0.002

Key Question:   why is the SF efficiency of GMCs so low?

But, if that is the case, then how/why/when do GMCs collapse to produce stars??
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Giant Molecular Clouds



Using that                                                and assuming that GMCs are spheres with uniform 
density, we have that

c2
s = (�P/��)S = kBT/µmp

W = �3
5

G M2

rcl
K =

3
2

N kB T =
3
2

M c2
s

If we ignore external pressure, we can use the virial theorem, according to which

1
2

d2I

dt2
= 2K + W

and collapse will occur if 2K + W < 0

Using that                       , the collapse condition for GMC based on virial theorem becomes�̄ = 3M/4�r3

A decrease in temperature (and hence sound-speed) or an increase in density, causes a 
decrease in Jeans mass, resulting in fragmentation of cloud into smaller clumps. 

M > MJ =

✓
5 c2s
G

◆3/2 ✓
3

4�⇥̄

◆1/2

' 40M�

✓
cs

0.2 km/s

◆3 ⇣ nH2

100 cm�3

⌘�1/2
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Giant Molecular Clouds



Thus, we have that                                       and even                                      , indicating

that they ought to be collapsing on the free-fall time, unless they are supported by

some other source of pressure...

MGMC �MJ �MBE Mclump �MJ �MBE

On the scale of molecular cores, though,                                   suggesting that they are 

stable against gravitational collapse in the absence of cooling... 

Mcore �MJ �MBE

NOTE: the thermal Jeans mass derived above ignores external pressure, which may not   

     be very appropriate for GMCs. For an isothermal sphere in pressure equilibrium with

     its surroundings, the equivalent of the Jeans mass is the Bonnor-Ebert (BE) mass

MBE � 1.182
c3
s

(G3 �)1/2

which is almost identical to Jeans mass....(external pressure has little impact overall) 

In what follows we first discuss the old paradigm (often called `Standard Theory’) that 

was largely developed during the 1980s, and  according to which, GMCs are supported 
against gravitational collapse by magnetic fields...

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Giant Molecular Cloudss



Equating potential energy of cloud to its magnetic energy yields a characteristic mass

M� �
53/2

48�2

B3

G3/2�2
� 1.6� 105 M�

� nH2

100 cm�3

��2
�

B

30µG

�3

where the magnetic field,    , is assumed to be uniform across the cloud (Spitzer 1986) �B

If                 the magnetic field cannot prevent gravitational collapse, and 
the cloud is said to be magnetically super-critical. 

M > M�

If                 the cloud is prevented from collapsing by magnetic forces, 
and the cloud is said to be magnetically sub-critical. 

M < M�

In order for GMCs to be sub-critical (stable) they need B � 10� 100µG

As you can see,        is large. If                  collapse occurs, which causes the density

to increase. This should lower        resulting in fragmentation. However, while the 
cloud contracts, as long as the ionization level is sufficiently high, the magnetic field 
is `frozen’ to the matter         contraction conserves the magnetic flux                   , to 
the extent that the ratio             remains fixed         no fragmentation can occur... 

M�

M� M > M�

� = �R2B
M/M�
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The Standard Theory



This gives rise to a problem: how can (low-mass) stars ever form???

Solution: ambipolar diffusion

For a cloud consisting of both neutral and ionized particles, the neutrals are only 
indireclty coupled to the magnetic field via collisions with the ionized particles. For 
a sufficiently low ionized fraction, the neutral particles can diffuse through the 
magnetic field, resulting in a contraction on the ambipolar diffusion time: 

defined as time scale over which neutrals diffuse a distance     against the ions. R

If star formation is regulated by ambipolar diffusion, then 

�SF,GMC =
t�
tad

� 0.05� 0.1

tad � 2� 107 yrs
� nH2

100 cm�3

�3/2
�

B

30 µG

��2 �
R

10 pc

�2
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Ambipolar Diffusion



Over the last two decades, it has become clear that this `standard theory’ (according 
to which GMCs are supported by magnetic fields, and dissipate due to ambipolar 
diffusion), faces a number of serious problems:

observations suggest that most clouds are magnetically super-critical, i.e., 
the magentic fields observed are not sufficient to prevent collapse

the implied star formation efficiency of GMCs, 

is too high by almost an order of magnitude. Put differently,

indicating that GMCs do not live long enough for ambipolar diffusion to matter. 

tad > tGMC

�SF,GMC = t�/tad � 0.05
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Ambipolar Diffusion



Since the 1990s, a new paradigm has largely replaced the `standard theory’. In this new 
paradigm, GMCs are not supported by magnetic fields, but by supersonic turbulence.

In presence of turbulence, the sound speed in the Jeans mass can simply be replaced by 
an effective sound speed

cs,e� =
�

c2
s + 1

3 �v2� =
�

c2
s + �2

v

Using the Jeans criterion, we see that a  GMC will be stabilized against gravitational 
collapse if                      , roughly consistent with the observed line-widths of GMCs�v > 6 km/s

GMCs are largely supported by turbulence

turbulence in GMCs is supersonic

Given that GMCs have a temperature T~10K, which corresponds to a thermal sound

speed of                       , it is clear that the (turbulent) motions revealed by the

observed line-widths are supersonic.

cs � 0.2 km/s
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Supersonic Turbulence



Turbulence is driven at some (large) scale, and then decays to smaller scales until the 
turbulent energy is dissipated on some small dissipation scale...

Let the power spectrum of the turbulent velocity field, on scales between the driving

and the dissipation scales, bePv(k) � k�n

negligible compression              n = 11/3     (classical Kolmogorov theory)

strong compression                   n = 4          (supersonice turbulence)

If                       then the velocity dispersion on scale   scales as                   with  Pv(k) � k�n �v(l) � lql q = n�3
2

For n=4, one thus expects                , which is in excellent agreement with the observational 
scaling relation of GMCs, according to which                and 

�v � l1/2

�v � R1/2M � R2

Since turbulence impacts the (effective) sound speed of the gas, as well as its density

(at areas of compression, the density is boosted by the Mach number      squared), the 
Jeans mass in the presence of turbulence scales as

M

MJ �
(c2

s + �2
v)3/2

M �1/2

`Larson scaling relations’  (Larson 1981)
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Supersonic Turbulence



MJ �
(c2

s + �2
v)3/2

M �1/2
�v � R1/2

On large scales,               , and turbulent motions increase the effective pressure, 
preventing collapse (i.e., preventing star formation on the scale of the entire GMC)

�v � cs

�v < csOn small scales,              , and turbulent compression now boosts the gas densities 
locally, pushing them `over the edge’, causing them to collapse; on small scales 
turbulence promotes collapse.

Numerical simulations & models of supersonic, self-
gravitating turbulence reveal a log-normal distribution for 
the density distribution. Combined with the Jeans mass 
above, this gives a natural explanation of why only a 
small fraction of GMC partakes in SF at any given time.

(and hence why                is so low)...�SF,GMC

log �

densities for which  
collapse will occur...

densities for which  
turbulence stabilizes  
against collapse
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Supersonic Turbulence





The turbulence picture is fairly succesful, but it poses the question:

what drives the turbulence?

There are a wide variety of sources:

Galaxy Formation itself (cold flows, mergers, tidal interactions)
Supernova explosions (outside of the GMC)
Spiral arms
Instabilities (gravitational, thermal, magnetodynamical)

Proto-stellar outflows
Stellar winds
Ionizing radiation

internal

external

External processes are believed to be most important for the formation of GMCs.

Internal processes are believed to be most important for maintaining GMCs.
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Supersonic Turbulence



In addition to turbulence, the overall star formation efficiency (SFE) of GMCs

may also be influenced by the presence of star formation itself...

Feedback from proto-stellar winds are believed to regulate the star 
formation efficiency of the stellar cores.

GMCs as a whole are believed to be destroyed by energy feedback from 
massive OB stars (photo-evaporation by HII regions, stellar winds, SN 
explosions)

NOTE: it may also be the case that GMCs are transient structures, 
both formed and destroyed by turbulence. In this picture GMCs never 
reach virial equilibrium but will be dispersed again over the timescale 
on which the large scale turbulent flows change direction.

Star formation may also provoke star formation (positive feedback). Shock 
waves associated with supernovae, stellar winds and ionization fronts may 
compress neighboring gas, therefore triggering star formation. The overall 
importance of this induced mode of star formation is still unclear...
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Self-Regulation



Having addressed the star formation within individual GMCs, we now turn to 
the issue of the formation of GMCs.                                                          Clearly, understanding the formation of GMCs 
is closely linked to understanding the formation of molecules. By far the most 
abundant molecule in interstellar space is H2, which forms via two processes:

Via recombination of pairs of adsorbed H atoms on the surface of dust grains.

For a dust-to-gas mass ratio of 1:100 (typical for low density clouds in MW), the 
time scale for H2 formation on dust grains is

t
form

' 1.5⇥ 107 yr
⇣ n

100 cm�3

⌘�1

Via gas-phase reactions such as

Overall, forming H2 via these gas-phase reactions is far less efficient than via 
dust-grains.

gas-phase H2 formation is only important in absence of dust (metals);

e.g., the formation of Pop III stars                         (see MBW App B1.4)

H0 + e-  ➞ H- + γ               H+ + H0 ➞ H2+ + γ

H- + H0 ➞ H2 + e-             H2+ + H0 ➞ H2 + H+
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The Formation of Molecular Hydrogen



The main destruction mechanism for molecular hydrogen is photo-dissociation.

the life time of a typical H2 molecule is ~600 yrs.

Without going into details (see e.g., Kouchi et al. 1997), the photo-dissociation 
rate of H2 in the unattenuated interstellar radiation field is

kpd ' 5⇥ 10�11s�1

However, molecular clouds cause self-shielding: dust and molecular hydrogen 
in  outer layers of cloud cause continuum and line attenuation, respectively. 
Hence, the inner regions of GMCs are prevented from photo-dissociation.

Detailed calculations of formation & destruction rates show that

Rmol �
nH2

nHI
⇥ P 2.2

ext J
�1

external 
pressure

radiation 
intensity

H2 forms where external pressure is high, and radiation intensity is low
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The Destruction of Molecular Hydrogen



 the halo bias function

Before we focus on the formation of GMCs let us first examine the overall 
efficiency of SF within galaxies (rather than within individual GMCs).

time scale for star formation

tSF �
Mgas

Ṁ�

For disk galaxies: tSF � (1� 5)� 109 yrs� t�

For starbursts: tSF � 107 � 108 yrs � t�

Question: Why is SF in disk galaxies so inefficient? In particular, in those haloes

                 where                 , why doesn’t all the gas collapse and form stars?tcool < t�

Angular Momentum: Gas does not collapse all the way to the center of the potential 
well. Cooling is isotropic, and therefore conserves angular momentum. Conservation 
of angular momentum causes a spin up of the cooling gas, resulting in the formation 
of a disk galaxy in centrifugal equilibrium...

However, this is not the entire story; not all gas is in GMCs, and since stars only form 
out of molecular gas, part of the inefficiency of SF is related to the

(in)efficiency of forming GMCs.
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The Star Formation Efficiency



Molecular gas can form wherever pressure is sufficiently high, and radiation intensity is 
sufficiently low.  But why is molecular gas clumpy, distributed in Giant Molecular Clouds?

thermal
gravitational
Parker (magnetic buoyancy)

Instabilities

Galaxy Formation (accretion of matter)
Large Scale Turbulence
Spiral arms (grand-design)Triggers
Star formation itself
Mergers & interactions

These instabilities can be triggered by a wide variety of phenomena. 

In addition, one instability may trigger another; for example, thermal instability may 
trigger gravitational instability, etc.

We now discuss the three instabilities mentioned above in turn, followed by brief

discussion of some of the possible triggers...
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The Formation of GMCs



A gas is said to be in thermal equilibrium if L � (C �H)/� = 0

Since both     and      depend on n and T  (for given composition and radiation field), 

thermal equilibrium defines a curve in the density-temperature plane.

C H

At low pressure, the only phase in 

thermal equilibrium is the hot phase

no molecular gas can form

At high pressure, the only phase in 

thermal equilibrium is the cold phase

ideal for GMC formation

= stable
= unstable

(= net cooling)

(= net heating)

P2P1

For pressures P1 < P < P2 gas at multiple phases can coexist in pressure 
equilibrium. Only three of the five phases are stable, which are a hot phase (T ~ 106 
K), a warm phase (T ~ 104 K), and a cold phase (T ~ 10-100 K).

lines of  
constant 
pressure
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Thermal Instability



The Jeans criterion is not the proper gravitational instability criterion to use in a

disk galaxy. After all, in a disk the differential rotation makes perturbations to feel a 
coriolis force, which causes the perturbations to start rotating. 

centrifugal force provides support against collapse

Toomre Stability Parameter

Q � cs �

� G�

Here    is the epicycle frequency: 

� =
�

2
�
V 2

c

R2
+

Vc

R

dVc

dR

�1/2

�

Toomre Stability Criterion: a disk is stable against gravitational collapse if Q > 1

�crit =
2�2 G �

�2
If Q < 1 then perturbations with size                will collapse� = �crit

For a MW-like disk galaxy,                      , which implies a mass �crit � 1 kpc

Mcrit = �

�
�crit

2

�2

� � 2.4� 107 M�

�
�

30 M�pc�2

�
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Gravitational Instability



Mcrit = �

�
�crit

2

�2

� � 2.4� 107 M�

�
�

30 M�pc�2

�

If the disk becomes gravitational unstable the masses of the objects that will

start to collapse are significantly more massive than typical GMCs: Mcrit �MGMC

Hence, mass scale of GMCs is unlikely to be directly related to gravitational instability. 
However, it is still possible that GMCs form via fragmentation of objects that becomes 
gravitational unstable.

Alternatively, in order for the mass scale of GMCs to be gravitational unstable, the 

disk needs to be far from stability, i.e., Q < 0.1. This can be accomplished if the sound-
speed of the disk is sufficiently low (cs ~ 0.2 km/s), which corresponds to a temperature 
of T ~ 10 K.  Hence, the thermal instability may be required here...
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Gravitational Instability



The Parker Instability (aka Magnetic Buoyancy Instability) works as follows: Consider a uniform, vertically 
stratified gas disk, coupled to a magnetic field parallel to the disk. Suppose  dynamical equilibrium under 
the balance of gravity & pressure (thermal & magnetic). A small perturbation which causes field lines to 
rise/sink in certain parts of disk is amplified, because gas loaded onto the field lines slides of the peaks 
and sinks to valleys, causing further `compression’ of field lines....
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The Parker Instability



The characteristic scale for the Parker instability is ~4πH, were H is the scale 
height of the diffuse component of the disk. For the Milky Way, H~150 pc, and 
thus the Parker instability causes perturbations on scales of ~1-2 kpc.


Numerical simulations show that the density contrast generated by the Parker 
instability saturates when it reaches order unity. This implies that Parker instability on 
its own may not be sufficient to drive gravitational collapse on large scales, but it 
may be an important trigger in an otherwise marginally stable disk... It may also act 
as a source of turbulence.


Illustration of Parker Instability
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The Parker Instability



Grand-Design Spiral Flocculant Spiral

Grand-Design Spirals are believed to be 
density waves that rotate around center 
with certain pattern speed. Whenever a 
gas cloud moves through such a spiral 
arms, it is compressed, which triggers 
star formation. Here the spiral arms 
trigger star formation...

Flocculant spirals are believed to be 
short-lived, transient features that 
form due to differential rotation that 
results in shearing of local instabilities. 

These spirals are a consequence of 
local instabilities...

(Students: read MBW §11.6 for details)
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Spiral Arms



Spiral density waves are a 
manifestation of orbit 
crowding; Stars and gas 
clouds  overtake (or are 
overtaken) by the density 
wave, but are not 
continuously part of it. 

Analogy: traffic crowding 
around slow  moving 
truck....

For comparison, flocculant spirals 
are always made-up out of the same 
material. Hence, they are also called 
material arms. Because of winding, 
they are short-lived (transient) 

features...

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Spiral Arms
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Triggering SF with Density Waves



In galaxy formation modeling, we rarely if ever resolve the ~20 orders of magnitude in 
density relevant for SF. Since we lack proper theory of SF, one typically resorts to 
(empirical) star formation laws, which are scaling relations between the SFR and global 
properties such as the gas density, temperature, metallicity etc.

It is common to characterize the SFR in a galaxy in terms of the mass in stars formed 
per unit time per unit area (at least in disks): �̇� = Ṁ�/area

A related quantity is the gas consumption timescale �SF � �gas/�̇�

The most well-known empirical Star Formation Law is the

Kennicutt-Schmidt law:

�̇� � 2.5� 10�4

�
�gas

M� pc�2

�1.4

M� yr�1 kpc�2

which is a good fit to the global (=averaged over entire

galaxies) SFRs of galaxies over ~5 magnitudes in gas 
surface density (see fig to the left).

Note: a power-law relation                  is called a Schmidt-law.�̇� � �n
gas

atomic + molecular
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Empirical Star Formation Laws



Caution: the KS-law is often interpreted as indicating that SFR is controlled by self-
gravity of the gas. In that case                                 , and if all galaxies have roughly

similar scale-heights, this also implies that the SFR surface density                  .                      

�̇� = �SF
�gas
tff
� �1.5

gas
�̇� � �1.5

gas

However,               which indicates that simple self-gravity can’t be the entire picture...            �GF � 1

Be careful using global, empirical SF laws to constrain physics of star formation: global 
properties integrate over many orders of magnitude in scales and physical processes....

For example, Kennicutt has shown that his data that 
implied the KS-law also reveals a tight correlation 
between       and                 . �̇� �gas/tdyn

Defining:                                              where R is

    chosen to be the outer edge of the star forming 

    disk, Kennicutt found that 

tdyn = torb = 2�R/Vrot(R)

�̇� � 0.017 �gas �

with                           the orbital frequency.� � Vrot(R)/R

~10% of gas is consumed by SF per orbital time
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Empirical Star Formation Laws



Rather than measuring     ,        ,    etc globally (i.e., averaged over entire galaxies), 
one can also measure these quantities locally (averaged over a narrow radial range, 
or even per pixel). 

�̇⇤ ⌃gas ⌦

Such data has shown that there is no local equivalent of relation between      , 

and    , indicating that the SF efficiency has little to do with the local orbital time.⌦

�̇⇤ ⌃gas

The local data does reveal an equivalent of the KS-law, but with one modification: 
there is a pronounced break in the power-law behavior near �gas ' 10M�pc

�2
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Local Star Formation Laws



The local data does reveal an equivalent of the KS-law, but with one modification:

there is a pronounced break in the power-law behavior near                                .

This break is interpreted as a SF threshold. By splitting gas in atomic and molecular, 
it is clear that threshold coincides with atomic-to-molecular transition...

�gas ' 10M�pc
�2
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Local Star Formation Laws



�̇⇤ ' 7⇥ 10�4

✓
�H2

M� pc�2

◆1.0

M� yr�1 kpc�2

Clearly, atomic gas is an extremely poor indicator of star formation. In the case of 
molecular gas, however, there is a well defined Schmidt law, with slope 
n = 1.0± 0.2
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Local Star Formation Laws
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The empirical SF laws discussed above are often used to “model” star formation 
in galaxy formation modeling. For example, many SAMs adopt

Ṁ� = �SF
Mgas

tdyn

and set                 , in agreement with the empirical findings of Kennicutt, or they

treat        as a free parameter, to be constrained by the data.

�SF � 0.1
�SF

Some SAMs even go so far to adopt a scaling

�SF = �SF,0

�
Vvir

200 km/s

��SF

where both          and        are treated as free parameters...  �SF,0 �SF

Some SAMs also include star formation thresholds, but this requires a model for 

how the gas is spatially distributed within a (disk) galaxy, which is not always

modeled very rigorously...
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Star Formation in Semi-Analytical Models



At high gas densities (                               ) conditions are such that self-
shielding becomes efficient, and molecular gas forms. 

�gas > 10M�pc
�2

Various mechanisms trigger instabilities, creating GMCs supported by 
supersonic turbulence.

Turbulent compression creates clumps and cores; the latter are Jeans 
unstable and collapse to form stars. 

Overall SFE per GMC is low �SF,GMC ⇠ 0.002

At low gas densities (                               ) star formation is suppressed, 
due to inability for gas to self-shield (i.e., form molecules), and due to 
reduced self-gravity, which enhances stability.

�gas < 10M�pc
�2

Mergers and tidal interactions cause efficient transport of angular 
momentum out (funneling gas in). This boosts efficiency of creating 

GMCs, so that galaxy enters starburst phase. 

Energy and momentum injection due to star formation process itself

is likely to be important regulator of star formation efficiency in GMCs.
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Merger Induced Starburst
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Lecture 17:  Feedback
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Feedback

Topics that will be covered include:

SNR overlap & ISM structure
Theory of blastwaves
Rayleigh-Taylor instability
Modelling SN feedback
Galactic Winds & Mass Loading
Energy Budgets (SN & AGN)

Radiation Pressure

In this lecture we discuss feedback, focussing mainly on supernove feedback.

After describing blastwaves, we show that efficient SN feedback requires an

ISM in which most of the volume is in the hot phase. We discuss how this may 

come about because of stellar evolution & radiation...



 the halo bias function

One of the most important problems in Galaxy Formation is the overcooling problem. 
Preventing overcooling requires some heat input. According to the current paradigm,  
the main heating mechanisms are feedback from star formation and AGN activity.
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Some Feedback Please



        Hα emission from WYIN Telescope 
optical star light (BVI) from HST           
(courtesy: Smith, Gallagher, & Westmoquette).
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The Starburst Dwarf Galaxy M82
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The Starburst Dwarf Galaxy M82



Hα + [NII] from HST 
I-band image (HST) 

X-ray emission
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NGC 3079



To get a feel for whether the energy input from SN can be relevant for galaxy formation, 
imagine ejecting a mass        from the center of a NFW dark matter halo.Mej

This requires an energy injection of                            . Using that, to a good 
approximation, the escape velocity from the center of a NFW halo is Vesc �

�
6 c Vvir

Eej = 1
2 Mej V 2

esc

where c is the halo concentration parameter, we have that Eej � 3 cMej V 2
vir

Equating        to        we obtain that  EejEfb

Hence, even if 100% of the SN energy can be converted into kinetic energy of a galactic 
wind,  SN can only eject about 40% of the stellar mass from a MW-sized halo.

Mej

M�
� 0.4 �SN

� c

10

��1
�

Vvir

200 km/s

��2

This efficiency increases with decreasing halo mass; for                           we have

that                       .  

Vvir = 50 km/s
Mej � 6.4 M�

The energy available from SN is

= fraction of SN energy available for feedback (not just radiated away)

= number of SN produced per Solar mass of stars formed (IMF dependent)
= energy supplied per SN ESN � 1051 erg

�SN � 1

Efb = �SN � M� ESN

� � 0.01 M�1
�
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Supernova Feedback (ejection)



Rather than ejecting gas from the halo, SN energy can also be used to reheat gas. 

The internal energy of gas is                               .

Imagine we want to reheat this gas from an initial temperature of                        to 

the virial temperature of the halo, Tvir = µmp

2 kB
V 2

vir

Tinit = 104 K

This requires an energy Ereheat =
3
2
Mgas

kB (Tvir � Tinit)
µmp

=
3
4
MgasV

2
vir

�
1� Tinit

Tvir

�

The all important question for gauging the potential impact of SN feedback is

As we will see, depending on the ISM and SF conditions, 0.01 < �SN � 1

what is the SN feedback efficiency parameter �SN

Eint = 3
2Mgas

kB T
µmp

Equating             to        yields  Ereheat

Mgas

M�
� 17 �SN

�
Vvir

200 km/s

��2 �
1� Tinit

Tvir

��1

Hence, in a MW halo, SN can reheat up to            for every Solar mass of stars formed. 17 M�

(Vesc/Vvir)2 � 6 cReheating is more efficient than ejecting gas, by roughly factor


Efb
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Supernova Feedback (reheating)



What about feedback from AGN?

EAGN

ESN
� 36

�AGN

�SN

�
Mbulge

M�

�

EAGN � 0.1 MBH c2

�AGN � �SNIf                      AGN feedback can be order of magnitude more efficient than SN feedback

NOTE: fact that we can see AGN implies that          has to be significantly smaller than unity�AGN

�AGN

where we have assumed that roughly 10% of the rest-mass 
energy is radiated away. If we assume that a fraction           of 
this radiation is used to reheat gas or to eject it from the halo, 
and we use that                                   we obtain thatMBH � 0.002 Mbulge

The energy output from an AGN (over its lifetime) is

Key question: what is a realistic value for �AGN
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AGN Feedback



Since we lack proper, theoretical understanding of how galactic winds emerge, and 
numerical simulations lack the spatial resolution (and physics) to treat SN feedback from 
first principles, a number of different heuristic approaches have been used:

Let       be the rate at which mass is ejected into a galactic wind that emerges from a 
galaxy due to SN feedback. The ratio                      is called the mass loading of the 
wind, and is the parameter of importance for galaxy formation.

Ṁw

� � Ṁw/Ṁ�

Energy-Driven Winds

Momentum-Driven Winds

Constant Winds Models

Power-Law Wind Models vw � Vvir

vw � Vvir

� � V �2
vir

� � V �1
vir

� = constantvw = constant

vw � Vvir

� � V ��fb
vir

In what follows we discuss each of these four wind models in turn...
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Mass Loading & Scaling Relations



Energy-Driven Winds

Ėw =
1
2
Ṁw v2

w

ĖSN = �SN � Ṁ� ESN

� = �0

�
Vvir

200 km/s

��2

vw � VvirAssuming that                  and that the kinematics are governed by energy 
conservation results in a wind model with                :  � � V �2

vir

Here �0 = 2 �SN � ESN
(200 km/s)2 � 25 �SN

�
�

0.01 M�1
�

� �
ESN

1051 erg

�

This particular wind-model is used abundantly in (semi)-analytical models of 

galaxy formation. In order for these models to have a sufficiently strong

impact on the galaxy stellar mass function (i.e., strong suppression of galaxy 
formation in low mass haloes), the models typically require �SN � 1
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Mass Loading & Scaling Relations



Momentum-Driven Winds

This model has been advocated by Murray et al. (2005) and is motivated by

the idea that winds may be driven by radiation pressure acting on dust grains.

vw � VvirSimilar to energy-driven wind models, these models assume that                 .

However, here the assumption is made that the wind kinematics are governed

by momentum conservation, which results in � � V �1

vir

� = �0

�
Vvir

200 km/s

��1

vw � Vvir

Ṁw vw � Ṁ�

Since this model predicts a weaker scaling with halo mass, it generally 
results in stellar mass functions that are steeper at the low mass end than 
those resulting from models that invoke energy-driven winds. 

It has been argued that momentum-driven winds are more successful in 
reproducing the size-mass relation of disk galaxies (Dutton & vdBosch 
2009), and the enrichment of the high-z IGM (Oppenheimer & Dave 2006)
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Mass Loading & Scaling Relations



Constant Wind Velocity

The rational of this model is that galactic winds arise due to local physics 
associated with SN.  Locality is assumed to imply no scaling with global potential.

These models assume that both the wind velocity vw and the mass loading η 
are constant, independent of halo mass.

Example: the SPH code Gadget-2           (Springel & Hernquist 2003)

vw = 484 km/s
� = 2

�SN � 0.5energy conservation

i.e., in this particular wind model ~50% of SN energy is tapped to drive wind

As shown by Oppenheimer et al. (2010), this wind model 
fairs extremely poorly in reproducing the stellar mass 
function at the low mass end (much too steep). This 
demonstrates that, as eluded to above, mass loading needs 
to increase with decreasing halo mass...

data
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Mass Loading & Scaling Relations



Power-Law Wind Models

Lacking a proper theory for how SN feedback operates, several authors have 
used this `freedom’ to adopt a more flexible scaling relation. In particular, 
several SAMs model SN feedback using a wind model with

� = �0

�
Vvir

200 km/s

���fb

and treat both      and       as free parameters.�fb�0

Examples are the SAM of Cole et al. (1994), who adopt                 , and the 
more recent SAM of Guo et al. (2011), who adopt                 . For comparison,

momentum and energy-driven winds have                  and       , respectively. 

�fb = 5.5
�fb = 3.5

�fb = 1.0 2.0

These large values of       are typically required to obtain a good match to the

luminosity (or stellar mass) function at the faint end...

�fb

NOTE: SAMs adopt different strategies for treating galactic winds:

retention/reheating:  wind material is added to hot gas in the halo
(r)ejection: wind material is removed from halo altogether
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Mass Loading & Scaling Relations



In numerical (hydrodynamical) simulations of galaxy formation, the two most often used

approaches to modelling SN feedback are:

Thermal Feedback

a fraction               of the SN energy is given to neighboring gas particles in the

form of thermal energy.

�SN � 1

Problem: gas in star forming region is dense, causing rapid cooling. Consequently,

most SN energy is rapidly radiated away, before it has a change to do much...

Solution: turn of radiative cooling for receptor particles for some time interval Δt, 
to allow thermal pressure to disperse gas to lower densities...

Kinetic Feedback

a fraction               of the SN energy is given to neighboring gas particles in the

form of kinetic energy. Wind velocity has to be put in by hand...

�SN � 1

Problem: gas in star forming region is dense, preventing gas from escaping to 
large distances...

Solution: turn of hydrodynamics for receptor particles for some time interval Δt, to 
allow kinematic motion to disperse gas to lower densities...
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BlastwavesSN feedback in simulations



Realistic winds are subject to Rayleigh-Taylor (RT) instability:

RT-fingers in the Crab-nebula

This instability arises when lower density gas pushes higher 
density gas, i.e., when a hot `bubble’ tries to disperse a shell of 
dense (cold) material:  RT `fingers’ appear, ultimately allowing 
the hot gas to escape. This depressurizes the bubble, stalling 
the cold shell...

If galactic winds consist of hot bubbles pushing shells 
of cold material outwards, mass loading efficiencies 
are naturally restricted to    ≲ 1�

Although, as we will see, realistic galactic 
winds most likely have a different 
morphology, be aware that Lagrangian, 
particle-based codes such as SPH often 
lack ability to properly model RT 
instabilities....

Consequently, they are likely to 
overestimate mass loading efficiencies.

[see Mac-Low & Ferrara (1999) 
for  a more detailed discussion]
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BlastwavesRayleigh-Taylor Instability



Two fluids with different densities moving past each other are

subject to the Kelvin-Helmholz (KH) instability

KH instabilities occur when a galactic 
winds blows past a cold cloud. Without 
cooling & magnetic fields the clouds will 
disrupt in roughly one cloud sound 
crossing time (cloud crushing problem). 
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BlastwavesKelvin-Helmholz Instability & Cloud Crushing

https://www.youtube.com/watch?v=ejCzlwIT--w

KH instability in  
Jupiter’s atmosphere 

[see Gronke & Oh (2018) for  
a more detailed discussion]

You can’t lift cold gas with hot wind, but you 
can destroy cold clouds, and entrail & mix 
the cold gas in the hot wind.

Recent work, though, suggest that with 
cooling and/or magnetic fields, clouds can 

be accelerated by winds…..




To consider the impact of a SN, consider the simplest case of 
a single SN going off (with spherical symmetry) in a uniform 
medium with hydrogen number density nH and temperature T.

The light emitted by a SN is spectacular, but at ~1049 erg, it 
is negligible compared to the kinetic energy in its ejecta, 
which is ~1051 erg. This is the energy we want to tap for our 
feedback...In what follows we write

Depending on type of SN, the ejecta mass ranges from ~1.4 M⊙ 
(type Ia) to ~10-20 M⊙  (type II). The RMS velocity of ejecta is 

This is much larger than the sound speed in the surrounding 
medium, which is of the order cs~0.2 km/s for the dense, cold 
medium (T=10K) to ~6 km/s for the warm medium (T = 104K)

The SN will drive a fast shock into the ISM = blastwave

ESN = 1051 E51 erg

�vej� =
�

2 ESN

Mej

�1/2

� 104 km/s
�

Mej

M�

��1/2
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BlastwavesBlastwaves



Evolution of SN blastwave consists of 4 well-defined stages:

We now briefly describe these phases in turn:

free expansion phase
adiabatic or Sedov-Taylor phase
radiative stage
momentum or snowplow phase

The Free Expansion Phase

Immediately after explosion, the gas swept up by shock is still smaller than mass of ejecta. 
At this stage, remnant is in free (ballistic) expansion with constant velocity...

Cas A: Remnant of SN that exploded 
~1689 and is still in free expansion phase

Free expansion terminates when                                    which happens whenMsh � 4�
3 r3

sh� = Mej

rsh � 1.9 pc
�

Mej

M�

�1/3 � nH

cm�3

��1/3

tf � 189 yr
�

Mej

M�

�5/6 � nH

cm�3

��1/3
E51
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BlastwavesBlastwaves



The Sedov-Taylor Phase

As long as radiative losses can be 
neglected, the next stage of blastwave 
explosion is adiabatic expansion. During this 
phase the evolution is described by a 
similarity solution that is entirely set by the 
energy of the explosion and the density of 
surrounding medium   (see MBW §8.6.1 for details)

rsh � 32 pc E1/5
51

� nH

cm�3

��1/5
�

t

105 yr

�2/5

vsh � 124 km/s E1/5
51

� nH

cm�3

��1/5
�

t

105 yr

��3/5

shock

surrounding 
medium

Self-similar blastwave solution during 

the adiabatic Sedov-Taylor  phase

This similarity solution was found 
independently by Taylor (1950) and 
Sedov (1959) in connection with the 
development of nuclear weapons...

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

BlastwavesBlastwaves



Blastwaves
The Radiative Phase

The shocked material is heated to high temperatures. Directly behind the shock 

                          , and the temperature increases towards the center. This hot 
material cools radiatively. Once the radiative losses become of order 20-30% of 
explosion energy, the blastwave enters the radiative phase....

Ts = 3
16

µmp
kB

v2
sh

This happens roughly when trad � 4.3� 104 yrE0.22
51

� nH

cm�3

��0.56

rsh(trad) � 23 pc E0.29
51

� nH

cm�3

��0.42

vsh(trad) � 200 km/s E0.07
51

� nH

cm�3

�0.13

Since density is highest just behind shock, cooling is most efficient there. The 
blastwave leaves Taylor-Sedov phase and enters the snowplow phase, with a 
dense shell of cool gas enclosing a hot central volume where cooling is important.

The name `snowplow’ refers to fact that the dense shell `sweeps up’ the ambient 
gas...
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Blastwaves



The Snowplow Phase

Initially the shell is pushed forward by the

pressure of the hot gas behind the shock.

However, cooling continues to a point where

the interior pressure becomes negligble.

From that point on, the ambient gas is swept

up by the inertia of the moving shell. 

The evolution is now governed by momentum conservation: Msh vsh = constant
The `snowplow’ phase continues until              , i.e., the shock speed becomes comparable 
to the sound speed of the surrounding medium. At this point the shock wave turns into a

sound wave, and the blastwave `fades away’. This signals the end of the blastwave... 

vsh � cs

The kinetic energy of the shell is now transferred to the ISM. Detailed calculations show 
that the kinetic energy at fading is ~0.01 of the initial explosion energy

In this scenario                   ; almost all SN energy is radiated away...�SN � 0.01
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BlastwavesBlastwaves



In order to make SN feedback more efficient, one 
needs to ensure that another SN goes off inside the 
SNR before it has radiated away most of its energy.

This requires a SN rate

If we set RSN and tSN to be the shock radius and time at the onset of the radiative phase, 
i.e., tSN = trad and RSN = rsh(trad), and we write                       with H the scale-height of the 
disk, then we obtain

�̇� = �̇�/2H

Such a high SFR is indicative of a starburst galaxy. However, those systems typically 
have most of their gas in dense, molecular form with nH~100 cm-3. For SNR to overlap 
in such high densities requires even higher SFRs with �̇� > 4.4� 103 M�kpc�2yr�1

which is too extreme, even for a starburst galaxy...

� �̇� �
3

4�R3
SN tSN

�̇� > 18.3 M�kpc�2yr�1

�
H

0.2 kpc

� �
�

10�2M�1
�

��1 � nH

cm�3

�1.82
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Towards Higher Efficiency: Overlapping SNR



However, if we can arrange for the SN to go off in a 
hot, low density medium (T~106K , nH~10-2 cm-3) then 
we only require a SFR of

�̇� > 4.2� 10�3 M�kpc�2yr�1

According to Kennicutt-Schmidt law, this requires �gas > 7 M�pc�2

which is of order the star formation threshold density....

SN feedback can be an efficient feedback mechanism, with               as long 
as most of the volume of the ISM is in the hot phase (T~106K , nH~10-2 cm-3) .

�SN � 1

NOTE: in this picture, SN feedback heats the ISM, maintaining it in a hot phase. If the 
temperature of this phase exceeds the virial temperature of the halo, the pressure of the 
gas will drive itself out of the halo (~outflow). If T<Tvir, the main impact of SN feedback is 
to reheat the gas, thereby regulating the star formation efficiency...
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Towards Higher Efficiency: Overlapping SNR



Developed by McKee & Ostriker in 1977, according to this 
model the ISM consists of 3 phases, with most of the volume 
in the hot phase, which is maintained & pressurized by SN....

Jerry OstrikerChris McKee

S
ou

rc
e:

 M
cK

ee
 &

 O
st

rik
er

, 1
97

7,
 A

pJ
, 2

18
, 1

48

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

The Three-Phase Medium of the ISM



In our treatment of blastwaves, we assumed they explode within a homogeneous 
medium. In reality, the medium will be highly inhomogeneous. What happens when 
the blastwave shockfront runs over a dense cloud of gas?

vsh

vsc

⇢ISM

⇢c

vsh

when shock `hits’ cloud, it sets of shock wave within cloud 
with velocity vsc ⇡

p
�ICM/�c vsh

Mach number of shock same in ICM as in cloud..

thermal conduction and Kelvin-Helmholtz instabilities due to 

hot wind can lead to evaporation of cloud material,

resulting in mass loss from cloud, and mass loading of wind.

shock passing through cloud will set cloud in motion

after blastwave has passed cloud is engulfed in hot gas

velocity gradients in cloud (induced by shock) may `shred’

cloud if its self-gravity or magnetic field is too small

temperature of wind decreases, since thermal energy is now 
shared by more particles; higher density also promotes cooling

clouds can be shredded or 

evaporated, adding mass 
to wind. The material that 
remains as a dense, bound 
clump is accelerated to 
wind velocity due to shock 
and ram pressure...
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Blast Waves in Inhomogeneous Medium



But....if the presence of a hot medium requires SN 
overlap, and for SN to overlap requires a hot medium,

we have ourselves a classical chicken & egg problem...

The solution to this problem requires additional 

feedback mechanisms. These include photo-ionization, 

proto-stellar jets, stellar winds (shocks), and radiation 

pressure. The combined effect of these processes is to clear-out SF regions from dense, 
cold material so that once the SN go off, they do so in a low-density, hot environment...

The radiation pressure pushes on dust, resulting in a force:

Frad = (1 + �IR)
L

c

The first factor L/c represents 
momentum imparted by optical/UV 
photons absorbed by dust, which 
re-radiates in the IR.

The factor τIR L/c accounts for the 
momentum imparted by the total 
number of IR photons absorbed/
scattered.
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Stellar Winds & Radiation Pressure
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Radiation Pressure at Work
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Radiation Pressure at Work



A recent set of simulations by

Hopkins, Quataert & Murray (2012)

shows that including radiation 
pressure and other stellar feedback 
processes, in addition to SN 
feedback, are crucial for obtaining 
succesful galactic winds.

Figure shows results for four 
different systems: a high-z 
starburst galaxy, a bursting Sbc 
galaxy, a MW-like analog and a

SMC-like analog.

Upper two rows show mock ugr 
composite image of stars + dust. 

Bottom two rows show gas; 

pink and yellow colors indicate 
warm (104-105K) and hot (>106K) 
gas, respectively.
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Simulations of Stellar Feedback



Note how most of volume is 
occupied by hot gas bubbles 
resulting from SN explosions. 
ISM is clearly multi-phase & 
turbulent...

Most of the mass is in cold-
phase (in form of GMCs) which 
occupy tiny volume, and are 
therefore barely visible...

S
ou

rc
e:

 H
op

ki
ns

, Q
ua

ta
er

t &
 M

ur
ra

y,
 2

01
2,

 M
N

R
A

S
, 4

21
, 3

52
2

Note how hot gas, heated by 
SN, is vented out of disk, 
pushing warm gas with it, 
resulting in galactic outflow. 
Most of the mass (volume) of 
wind is in warm/cold (hot) 
phase. The warm/cold gas in 
wind is mainly accelerated by 
radiation pressure..
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Starburst Mode
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In the case of a SMC-analogue

dwarf, the disc is thick with 
irregular star formation and 
large bubbles from overlapping 
SNe. Wind is prominent and 
contains mix of hot gas and 
entrained cold/warm material 
in filaments/loops/arcs... 

In the case of a `normal’ MW, 
the gas morphology more 
closely follows stars in a 
global spiral pattern. The wind 
is primarily hot SN-driven 
bubbles venting out, with little

cold/warm material
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Normal Star Formation Mode



MW



SMC



The galactic winds in the Hopkins et al. simulations reach very high velocities. 

Even cold gas is found with radial velocities that exceeds the escape speed.

This is partially cold material that has been accelerated by blastwave(s) + ram 
pressure of hot wind, but also hot material in the wind that is cooling out...

Galactic winds themselves are multi-phase structures.

Wind is a mixture of warm gas (containing most of the mass) and volume-filling 
hot gas, with a few percent contribution from cold gas at all velocities.

windwindwindwind
HiZ Sbc MW

SMC

Source: Hopkins, Quataert & Murray, 2012, MNRAS, 421, 3522
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BlastwavesThe Multi-Phase structure of Winds



The winds in the Hopkins et al. simulations have mass loadings that scale as
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which is similar to the scaling relations expected for momentum-driven winds.
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BlastwavesMass Loading Scaling Relations



Although the simulations by Hopkins et al. look extremely promising, there are a

number of caveats to be aware of

Much work remains....

no realistic boundary conditions (no external pressure, no infall of new gas)

radiation pressure only modeled in crude, approximate way.

In particular, treatment of τIR is very uncertain. Hopkins+ assume it

can be large, resulting in huge boost, but see Krumholz & Thompson 2012

no magnetic fields or cosmic rays have been included

simulations do not include metal cooling (too little cooling)

SPH-based. Doesn’t properly account for evaporation, condensation and

   acceleration of cold clouds (KH and RT instabilities)

implied scaling of mass loading with halo mass most likely insufficient to

    explain faint-end of galaxy luminosity function.
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BlastwavesCaveats



Efficient SN feedback requires three-phase ISM envisioned by McKee & Ostriker 
(1977), with most volume (mass) being in hot (cold) phase.

SN feedback is essential ingredient of galaxy formation. It helps explain why  
overall SF efficiency is low, and is invoked to explain why galaxy formation is less 
efficient in lower mass haloes...

Unless SN go off in hot, low density medium, almost all SN energy is radiated 
away during radiative phase of blastwave. 

Radiation pressure, stellar winds, and photo-ionization seem to be crucial 
ingredients for paving the way for efficient SN feedback.

Numerical simulations that include wide spectrum of stellar feedback 
processes yields mass-loading efficiencies that scale similar to momentum-
driven winds.

They predict multi-phase winds; winds properties depend on SFR rate; 
radiation pressure becomes more important in systems with higher SFRs.
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The Structure & Formation of Disk Galaxies

Topics that will be covered include:

Angular Momentum Distributions
Adiabatic Contraction
Viscosity & Resonant scattering
Angular Momemtum Catastrophe
Tully-Fisher relation
Exponential Disks

In this lecture we discuss the structure and formation of disk galaxies.

After a very brief overview of some of the main observational properties of disk 
galaxies, we discuss the `standard model’ for disk galaxy formation. We discuss 
some successes and failures of this model, and the implications.



Disk galaxies have flat rotation curves. Unfortunately, it is difficult to obtain

unique disk-halo(-bulge) decompositions....

Flat Rotation Curves

disk (stars)

disk (stars)

NFW halo

disk (gas)

A frequently used decomposition is the one that maximizes the contribution due

to the stellar disk (i.e., with a maximum M/L ratio for the stars). This is called

a `maximal disk’ decomposition....
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Observational Facts



Disk galaxies have surface brightness profiles that often are close to exponential.

Deviations from exponential at small radii are attributed to bulge and/or bar.

Deviations from exponential at large radii are attributed to star formation

    thresholds, radial migration, and/or maximum angular momentum...

Exponential Surface Brightness Profiles

disk (stars)

bulge bulgebulge

diskdiskdisk

Assuming that the disk is intrinsically round, and infinitesimally flat, the inclination 
angle follows from cos i = b/a, with a and b the semi-major and semi-minor axes.

Hence, face-on and edge-on correspond to i=0o and i=90o, respectively.
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Observational Facts



Because of their close-to-exponential appearance, disk galaxies are often modelled

as infinitesimally thin, exponential disks:

Exponential Surface Brightness Profiles

disk (stars)

V 2
c,d(R) = �4�G�0 R2

d y [I0(y) K0(y)� I1(y) K1(y)]

I(R) = I0 e�R/Rd

�(R) = �0 e�R/Rd

surface brightness

surface mass density

circular velocity

y � R/(2 Rd)

Rd Md/Ld = �0/I0disk scale length stellar mass-to-light ratio

In(x) Kn(x)modified Bessel functions

The circular velocity curve reaches a maximum at R � 2.16 Rd

For more realistic models, with non-zero thickness, see MBW §11.1.1...

Ld = 2�

Z 1

0
I(R)R dR = 2� I0 R

2
d

Md = 2�

Z 1

0
�(R)R dR = 2��0 R

2
d
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Observational Facts



Scaling Relations

Brighter disks
are larger

are redder

have higher central SB

have smaller gas mass fractions

rotate faster (Tully-Fisher relation)
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Observational Facts



The scatter in TF relation is

NOT correlated with surface 
brightness. As we will see, this

gives important insight into the

origin of the TF relation.

S
ou

rc
e:

 C
ou

rte
au

 e
t a

l. 
20

07
, A

pJ
, 6

71
. 2

03

Tully-Fisher (TF) relation: 

V � L0.30
I

The slope of the TF relation 
depends on photometric band. 

It typically gets larger for 

bluer bands.

Getting models and simulations 
to reproduce the zero-point of 
the TF relation is a challenging

problem that is still not entirely 
solved...
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Observational Facts

Scaling Relations



Surface density of disk increases, `triggering’ 
star formation; a disk galaxy is born...

Hot (shock-heated) gas inside extended

dark matter halo cools radiatively,  

Since emission of photons is 
isotropic, angular momentum 
of cooling gas is conserved.

As gas cools, its pressure decreases 
causing the gas to contract

As gas sphere contracts, 

it spins up, and flattens
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The Formation of Disk Galaxies



Disk galaxies are in centrifugal equilibrium; their 
structure is therefore governed by their (specific) 
angular momentum distribution.

The Standard Picture

disk (stars)

The standard picture of disk formation, which was introduced in a seminal paper by 
Fall & Efstathiou (1980), is based on the following three “assumptions”:

George EfstathiouMichael Fall

the angular momentum originates from cosmological torques

baryons & dark matter acquire identical specific angular momentum distributions

baryons conserve their specific angular momentum while cooling

This standard picture was `modernized’ in another 
seminal paper, by Mo, Mao & White (1998), and has

subsequently been extended/revised by numerous 
studies (e.g., van den Bosch 1998, 2000, 2002; 
Dutton et al .2007; Dutton & van den Bosch 2012).

Houjun Mo Shude Mao Simon White
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The Formation of Disk Galaxies



R
�M

For a given angular momentum,   , the state of lowest energy, and hence the state 
preferred by nature, is the one in which all mass except an infinitesimal fraction

collapses into a black hole, while        is on a Keplerian orbit with radius     given by

J

�M

J = �M (GMR)1/2

where      is the mass of the black hole.M

Clearly, this is very different from a realistic disk galaxy, whose mass distribution is

close to exponential.....

Reason for this paradox is that although lowest energy state is preferred, its 
realization requires very efficient transport of angular momentum from inside out. 

There are several mechanisms that can cause such angular momentum transport:

dynamical friction & ram pressure acting on gas cloudshierarchical 
formation

viscosity (gas only)
resonant scattering (stars & gas)

secular 
evolution

(Lin & Pringle 1987)
(Sellwood & Binney 2002)

“angular momentum catastrophe”
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Angular Momentum Transport



The fact that disk galaxies have a structure that deviates strongly from their 
minimal energy state indicates that these processes are not very efficient.

Although the secular processes are not very efficient, they cannot be neglected.

Radial migration of stars due to resonant scattering of spirals (and bars) can cause 
significant redistribution of angular momentum within disk     (e.g., Roškar et al. 2008)                                                    

In simulations, however, efficient cooling 
causes much gas to condense into clumps 
at centers of subhaloes. This gas is 
delivered to disk via dynamical friction, 
transferring (orbital) angular momentum of 
gas to dark matter         disks end-up much 
too small. This problem is known as the 


and requires feedback to prevent most of 
the gas from cooling in small haloes.
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angular momentum catastrophe
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Angular Momentum Catastrophe



As a starting point, consider the following idealized case:

self-gravity of the disk can be ignored
dark matter halo is a singular, isothermal sphere �(r) = V 2

vir/(4�Gr2)

Using the virial scaling relations between virial mass, virial radius and virial velocity 
of dark matter haloes (see lecture 11), and assuming that the mass that settles in 
the disk is a fraction md of that of the total virial mass, we have that

Md = md Mvir � 1.3� 1011h�1M�

� md

0.05

� �
Vvir

200 km/s

�3

D�1(z)

where                                                     accounts for the redshift dependence.D(z) =
�
�vir(z)

100

�1/2 �
H(z)
H0

�

Under the assumption that the disk is an infinitesimally thin, exponential,

Jd = 2�

� �

0
�(R) Vc(R) R2 dR = 2Md Rd Vvir
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Disk Formation: The Standard Picture



If we define the parameter     via                     , where        is the angular 
momentum of the dark matter halo, then we can related      to the spin parameter

of the dark matter halo, according to 

Jd � jd Jvirjd Jvir

Jd

� =
Jvir |E|1/2

G M5/2
vir

=
1
jd

Jd |E|1/2

G M5/2
vir

Using the virial theorem, according to which                                       , we have that E = �K = �Mvir V 2
vir

2

Jd =
�

2 jd � Mvir Rvir Vvir

Jd = 2Md Rd Vvir

Md = md Mvir

Rd =
1�
2

�

�
jd
md

�
Rvir

Using the virial scaling relations for dark matter haloes this yields

Rd � 10h�1kpc
�

jd
md

� �
�

0.05

� �
Vvir

200 km/s

�
D�1(z)
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Disk Formation: The Standard Picture



Rd � 10h�1kpc
�

jd
md

� �
�

0.05

� �
Vvir

200 km/s

�
D�1(z)

Consider the MW:  Assume that                                         and that Vvir = Vrot � 220 km/s
Then, using that                                 and                         the above relation implies Rd � 3.5 kpcMd � 5� 1010 M�

jd = md

md � 0.01

� � 0.011

fbar � 0.17 only ~6% of baryons are in disk

P (� < 0.011) � 3% MW halo is rare...

Alternatively, if we assume that                       we infer that                    , which 
implies that disk has to grow preferentially out of low angular momentum material.

� = �̄ � 0.04 jd � 0.3md

However, before drawing any conclusions, let’s first consider a more realistic case:

assume dark matter haloes follow NFW profile
take self-gravity of disk into account
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Disk Formation: The Standard Picture



As shown by Mo, Mao & White (1998; hereafter MMW), in this case one has that

Rd =
1�
2

�

�
jd
md

�
Rvir F�1

R F�1/2
E

new addition

E = �Mvir V 2
vir

2
FE

FR =
1
2

� Rvir/Rd

0
u2 e�u Vc(uRd)

Vvir
du

FE is defined by 

FR is defined by 

see MMW for simple 
fitting functions for 

both FE and FR....

V 2
c (R) = V 2

c,d(R) + V 2
c,h(R) = V 2

c,d(R) +
G Mh,ac(R)

R

contribution to rotation 
curve due to self-
gravity of disk

circular velocity of the dark 
matter halo, corrected for 
adiabatic contraction due to 
disk formation

With this modification, the MW can be reproduced with

                          in much better agreement with expectations� ' md ' 0.05
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Disk Formation: The Standard Picture



When baryons cool and concentrate in the center of a dark matter halo, the halo 
structure will be modified due to the gravitational action of the baryons.

In general, it is difficult to model this action of disk on halo accurately, because it 
will depend on the detailed formation history of the disk-halo system.

However, if growth of disk is slow compared to dynamical time of dark matter 
particles in (center) of halo, the system adjusts itself adiabatically (reversable):

in this case the final state is independent of the path taken.

If (i) the system is spherically symmetric, and (ii) all particles are on circular orbits, 
adiabatic invariance implies that the quantity  r M(r)  is conserved

rf Mf(rf) = ri Mi(ri)

Here           and            are the initial and final mass profiles  Mi(r) Mf(r)

In order to model adiabatic contraction, the above equation is often used, assuming 
that initially baryons and dark matter follow the same NFW profile, while after

disk formation

Mf(rf) = Md(rf) + [1�md]Mi(ri)
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Adiabatic Contraction



For given md and Md(r) the above equations can be solved (iteratively) for rf given ri.

For realistic values of md, the effect of AC can be very substantial, resulting in 
Vrot/Vvir >> 1, where Vrot is the flat part of the rotation curve. 

In fact, since smaller spin parameters result in more compact disks, the actual 
ratio Vrot/Vvir is a strong function of λ: i.e., Vrot is a poor indicator of Vvir!!!

� = 0.028 � = 0.060 � = 0.129
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Evolution of RCs in disk formation 
models. All three disks reside in haloes of 
the same mass, but with different spin 
parameters. Self-gravity of disk and AC 
are both taken into account

Many studies in the literature assume that Vrot = Vvir or Vrot = Vmax, where the

latter is the maximum circular velocity of the NFW halo (typically Vmax/Vvir ~ 1.2)

However, with self-gravity of disk and AC, one typically expects Vrot/Vvir ~ 1.4-1.8)
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Adiabatic Contractoin



Note: r M(r) is only an adiabatic invariant for spherical systems with circular orbits. In 
reality disk growth results in halo contraction that is slightly different. This can 

be parameterized by stating that                 , where                  in the simplified AC

case discussed above, and    is a `free parameter’. 

rf = ��ri � = rf/ri

�
� = 1
� = 0
� < 0

standard AC
no adiabatic contraction
halo expansion

Simulations suggest that � � 0.8
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Model predictions for the ratio V2.2/Vvir for disk 
galaxies embedded in NFW haloes. Results are 
shown as function of the halo concentration 
parameter, c. Here V2.2 is the rotation velocity of 
the disk measured at 2.2 disk scale-lengths.

Results are shown for different `forms’ of 
adiabatic contraction (different values of   ).

For comparison, the green curve shows the 
ratio Vmax/Vvir. All models use md = λ = 0.05

�

Note how even in the case without AC

 (           ) V2.2 > Vmax, which is simply 
due to the self-gravity of the disk

� = 0

factor ~1.4

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Adiabatic Contraction



Dutton et al. (2007) used an extended version of the MMW models to investigate what 
it takes for the models to reproduce the observational V-L-R scaling relations:

Model Ingredients

Exponential disks in contracted NFW haloes.

AC modeled, treating    as a free parameter.�

Bulge formation included as described in MBW §11.2.4

Disk mass fraction modelled asmd = md,0

�
Mvir

1012h�1M�

��

with     and          two additional free parameter� md,0

Disk split in stars and (cold) gas using SF threshold density;

    material with                             is turned into stars. This 

    adds one more free parameter, the Toomre Q-parameter.

�(R) > �crit(R)

We assume that                    , i.e., that �gal = �DM

The spin parameters of dark matter haloes follow a log-
normal distribution with                     and  �̄DM = 0.04 �ln� = 0.5

jd/md = 1
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Lessons Learned



MMW models can fit V-L-R scaling relations, but they assumed unrealistically low 
values for stellar mass-to-light ratios, and assumed that disk was entirely stellar (no 
cold gas). Stellar population models show that stellar mass-to-light ratios of disk 
galaxies increase with luminosity, which will impact slopes of V-L-R relations....

Dutton et al. (2007) took this into

account by modelling the stellar

mass-to-light ratios using the red

line shown in the figure...
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Stellar Mass-to-Light ratios



The `original’ MMW model matches the slope and zeropoint of the TF relation, 
and even predicts roughly the correct size-luminosity relation.

However, it adopts unrealistic stellar mass-to-light ratios, and assumes

that all the disk matter is in the form of stars (no cold gas).
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Models without scatter



Including the empirical relation between stellar mass-to-light ratio and

disk luminosity results in VL and RL relations that are too steep....
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Models without scatter



Allowing only the disk matter with                             to form stars (the rest

remains as cold gas), results in a TF relation with the correct slope, but with a 
zero-point that is ~2σ  too high.

The RL relation still has a slope that is too steep...

�(R) > �crit(R)
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Models without scatter



One can adjust the disk-mass to halo-mass relation (i.e., α) in order to match 
the slope of the RL relation, but the zero-point of theTF relation is still ~2σ  too 
high. Also, the disks are ~1σ too large...
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Models without scatter



lower stellar mass-to-light ratios

required:                                                            with  
problem: the most one can afford with changes in IMF is �IMF � �0.2

log(M/L)� � log(M/L)� + �IMF �IMF � �0.5

lower halo concentrations

required:                             with  
problem: halo concentrations depend on cosmology; the model of Dutton et al.               

              assumed WMAP1 cosmology. For WMAP3 cosmology               . 

              Having              implies a cosmology that is violently inconsistent with

              current cosmological constraints.

required: halo expansion, i.e.,
problem: requires clumpy formation of disks; difficult to reconcile with their 

              low-entropy nature. Solution may require mechanism(s) that can

              expell dark matter from center, such as the impulsive heating

              mechanism due to SN feedback discussed in Lecture 11.

� < 0
modify adiabatic contraction

c(M)� � c(M) � � 0.4

� � 0.75
� � 0.4
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The TF-zeropoint Problem



Model ν η ΔIMF

I 0.8 0.8 -0.4

II 1 0.5 -0.2

III 0 0.8 -0.2

AC parameter

c(M) parameter

All three models match slopes, zero-points and scatter of the observed TF and RL 
relations. However, the scatter in the observed RL relation requires �ln � � 0.25
For comparison, simulations predict that                  ; Hence, disk galaxies may only

form in a subset of all haloes, preferably those with smaller spin parameter (which

are the ones that experienced a more quiescent formation history)...

�ln � � 0.5
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Three Models with Scatter



If there is no angular momentum loss (or redistribution) during the disk formation 
process, then the disk surface density profile is a direct reflection of the specific 
angular momentum distribution of the proto-galaxy.

�d(R) Mbar(jbar) MDM(jDM)

In Lecture 11 we have seen that the specific angular momentum distributions of 

dark matter haloes are well fit by the Universal profile: 

P(j) =
µj0

(j + j0)2
M(< j) = Mvir

µj

(j + j0)

If picture of detailed specific angular momentum conservation is correct then

Md(< r)

Md
=

Mh(< j)

Mvir

where    and    are related according to j = r Vc(r)r j

For given halo density and angular momentum profiles one can predict �d(R)
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The Origin of Exponential Disks
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Unfortunately, the disk surface density profiles thus predicted 
look nothing like the observed, exponential disks....

DM halo

disk galaxy

Specific angular momentum distributions of dark matter haloes (solid lines) and observed 
disk galaxies (shaded curves). Former are averages obtained from numerical simulations, 
while latter derive from observed density profiles and rotation curves...

Observed disk galaxies lack both high and low specific angular momentum 
compared to predictions. This has important implications for disk formation: 

inside-out formation leaves highest angular momentum material in halo
feedback somehow preferentially ejects the low-angular momentum material
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The Origin of Exponential Disks
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The Origin of Angular Momentum
Although the Fall & Efstathiou (1980) + MMW model for disk formation has proven able to 
explain observed galaxy scaling relations (albeit after considerable tuning as demonstrated 
in Dutton+07), recent advances suggest that the crucial assumption nunderlying these 
models (i.e., disk angular momentum         halo spin parameter) is likely to be incorrect.

Source: Jiang et al. 2019, MNRAS, 488, 4801

Correlation between spin parameter of

disk galaxies and that of their halos in 

two different suites of hydrodynamical 

zoom simulations. Note the utter lack of

correlation, which is inconsistent with

the `standard’ picture of disk formation.

https://apod.nasa.gov/apod/ap120717.html

Modern simulations seems to 
suggest that disk formation is 
a much more violent process 
than originally believed, with 
angular momentum being 
related to mergers and inflow 
of gas  along streams and 
filaments….

For an up-to-date review on theoretical 
challenges in galaxy formation, see 

Naab & Ostriker 2017, ARAA, 55, 59

…many challenges remain…



Frank van den Bosch 
Yale University, Fall 2020 
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Lecture 19:  Elliptical Galaxies
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Structure & Formation of Ellitpical Galaxies

Topics that will be covered include:

Formation Scenarios
Sizes & the Merger picture
Monolithic collapse picture
Intrinsic Shapes
Fundamental Plane
Dichotomy of elliptical

In this lecture we discuss the structure and formation of elliptical galaxies.

After a very brief overview of some of the main observational properties of  
ellipticals, we discuss two `competing’ pictures for the formation of ellipticals.



Elliptical galaxies have 
surface brightness profiles 
that are well described by

a Sersic profile:

Surface Brightness Profiles

disk (stars)

�n ' 2n� 0.324

L = 2⇡

Z 1

0
I(R)R dR =

2⇡n�(2n)

(�n)2n
I0 R

2
e

follows from definition of Re

I(R)� I0 exp

"
��n

✓
R

Re

◆1/n
#

=

n: Sersic index

Re: effective radius that encloses half of the total light

For n=4 this is known as the `de Vaucouleurs’ profile, while n=1 corresponds to an exponential profile

Typically, brighter ellipticals have a larger Sersic index

Faintest ellipticals (dwarf spheroidals) have n~1,

corresponding to an exponential profile

dwarf Es
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Observational Facts



Surface Brightness Profiles

disk (stars)

Brighter ellipticals are larger and have higher surface brightness

But, trends are not continuous: for MB < -20.5 surface brightess decreases with 
increasing luminosity, while there is little to no magnitude-size trend for dwarfs…

bright Es bright Es

dwarf Es dwarf Esnormal Es normal Es
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Observational Facts



disk (stars)

The isophotes of elliptical galaxies are elliptical, but not perfectly so. They show 
deviations that are typically either ‘disky’ or ‘boxy’

=

1X

n=3

[an cos(n�) + bn sin(n�)]

�� ⌘ R
iso

(�)�R
ell

(�)

best fit elliptical

disky and boxy correspond to a4>0 and a4<0, respectively
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Brighter ellipticals are more likely boxy (disky fraction decreases with luminosity)
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Isophotal Shapes



disk (stars)

Some ellipticals reveal isophotal twists, with direction 
of major axis of isophote changing with isophotal level 

The simplest explanation is that (these) elliptical 

galaxies are triaxial (rather than oblate/prolate),

and have their intrinsic axis ratios change with radius.

Such a system in projection will reveal isophote twist

Most of these ellipticals are boxy

The presence of isophote twists

among (bright/boxy) ellipticals is

often taken as evidence that, as 
a class, they must be triaxial.
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Isophotal Twist



High resolution imaging with the HST revealed that the central regions of ellipticals 
reveal a dichotomy in their central surface brightness profile; ‘cusps’ vs ‘cores’

cuspy elliptical

cored elliptical

cuspy

cored

Typically cored ellipticals are bright (MB ≲ -20.5) and boxy,

while cuspy ellipticals are fainter and disky.

Whether this is a true `dichotomy’ or not is still debated…
Nuclei of elliptical galaxies also often harbour small 
(few 100pc) disks of gas/dust and/or stars
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The Nuclei of Elliptical Galaxies
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The Nuclear Dust Disk of NGC 4261

Dust disk ~100 pc size, oriented perpendicular to radio jets; is this the material that

feeds the accretion disk surrounding the SMBH at the center?

100 pc
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Creating Cores with Scouring SMBH Binaries

Milosavljevic & Merritt, 2001, ApJ, 563, 34

Cores can be created due to scouring by 
a SMBH binary. Dynamical friction acting 
on the SMBHs tightens the binary, and 
transfers momentum to the cusp stores, 
thereby creating a core. This process 
becomes inefficient once gravitational 
wave radiation becomes important..

Mej ~ 0.5 (M●,1 + M●,2) ln(ah/agr)Rule of thumb
ah = semi-major axis of SMBH binary when binary

       first becomes hard
ah = semi-major axis of SMBH binary when gravitational 

        radiation starts to dominate
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SOURCE: vdBosch, Jaffe & vdMarel, 1998, MNRAS, 293, 343

disky

boxy
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The Nuclear Stellar Disk of NGC 4342



The observed spectrum of an elliptical galaxy is a convolution of the template spectrum, 
which  is the luminosity weighted spectrum of all the various stars along the line-of-sight 
(LOS) and a broadening function, which is a combination of an instrumental broadening 
function an the line-of-sight velocity distribution (LOSVD)

A typical functional form for the LOSVD

is a simple Gaussian.

However, the LOSVD is generally not 
Gaussian and is has become standard 
practice to adopt a Gauss-Hermite series 

L(v) = 1p
2⇡�

e�
1
2w

2

L(v) = 1p
2⇡�

e�
1
2w

2

2

41 +
NX

j=3

hjHj(w)

3

5

w = (v � V )/�

Typically one truncates the series at N=4, 
such that LOSVD is described by four 
parameters: V, !, h3, h4

related to skewness related to kurtosis

van der Marel & Franx 1993
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Kinematics



The h4 Gauss-Hermite moment is 
especially powerful as it is sensitive 

to the orbital distribution of the galaxy, 
and can therefore be used to

break the mass-anisotropy degeneracy

that hampers kinematic models.

van der Marel & Franx 1993
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Kinematics



Disky ellipticals typically reveal strong rotation along major axis, consistent with them 
being `oblate rotators’  (oblate in shape, with flattening due to rotation)

long-slit spectroscopy IFU spectroscopy
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Boxy ellipticals reveal little rotation, and occasionaly rotation along the minor axis.

Latter is a clear sign that (boxy) ellipticals are triaxial
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Kinematics
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box orbit

In triaxial potentials, there are four families of regular orbits. 

Box orbit have no net angular momentum; the orbit comes arbitrarily close to the 
centre. Tube orbits, on the other hand, have an angular momentum barrier

short-axis 
tube orbit

outer long-axis 
tube orbit

inner long-axis 
tube orbit
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Orbital Families in Triaxial Potentials



We now examine how the structure of elliptical galaxies relates to their kinematics.

The dynamics of (elliptical) galaxies are governed by the CBE:  df/dt = 0

Mutiplying the CBE with velocity, and integrating over velocity-space yields the 

Jeans equations (which are momentum equations)

@(⇢hvji)
@t

+
@(⇢hvivji)

@xi
+ ⇢

@�

@xj
= 0

Multiplying all terms with xk and integrating over all of configuration space yields

@

@t

Z
⇢xkhvji d3~x = �

Z
xk

@(⇢hvivji)
@xi

d3~x�
Z

⇢xk
@�

@xj
d3~x

Using integration by parts, the first terms on the rhs can be written as
Z

xk
@(⇢hvivji)

@xi
d3~x = �

Z
⇢hvkvjid3~x ⌘ �2Kkj

where we have defined the kinetic energy tensor, Kkj
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The Tensor Virial Theorem



We split kinetic energy tensor into contributions from ordered and random motions:

Kij ⌘ Tij +
1

2
⇧ij

Tij ⌘
1

2

Z
⇢hvii hvji d3~x

⇧ij ⌘
Z

⇢�

2
ij d

3
~x

In addition to the kinetic energy tensor, we also define the potential energy tensor:

Wij ⌘ �
Z

⇢xi
@�

@xj
d3~x

Combining the above, and using that both     and      are symmetric, we have thatK W

1

2

d

dt

Z
⇢ [xkhvji+ xjhvki] d3~x = 2Kjk +Wjk

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Centrifugal Support vs. Pressure Support



Finally, we define the moment of inertia tensor

Differentiating wrt time and using the continuity equation (i.e., zeroth moment of CBE): 

Iij ⌘
Z

⇢xixjd
3
~x

dIjk
dt

=

Z
@⇢

@t

xjxk d
3
~x = �

Z
@⇢hvii
@xi

xjxkd
3
~x =

Z
⇢ [xjhvki+ xkhvji] d3~x

so that
1

2

d

dt

Z
⇢ [xjhvki+ xkhvji] d3~x =

1

2

d2Ijk
dt2

which allows us to write the Tensor Virial Theorem as

1

2

d2Ijk
dt2

= 2Tjk +⇧jk +Wjk

which relates the gross kinematic and structural properties of gravitational systems

students: try this at home
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The Tensor Virial Theorem



If the system is in a steady state, the moment of inertia tensor is stationary, 
and the tensor virial theorem reduces to

The common (scalar) virial theorem (2K+W=0) is simply the trace of this tensor equation. 

2Kjk +Wjk = 0

We now use this tensor virial theorem, to relate the flattening of an elliptical to

its kinematics. Consider an oblate system with it’s symmetry axis along the z-direction.

Because of symmetry considerations we have that

hvRi = hvzi = 0 hvRv�i = hvzv�i = 0

T
xy

=
1

2

Z
⇢hv

x

i hv
y

i d3~x
=

1

2

2⇡Z

0

d� sin� cos�

1Z

0

dR

+1Z

�1

dz ⇢(R, z) hv�i2(R, z) = 0

hv
x

i = hv
�

i sin� hvyi = hv�i cos�If we write                             and then we obtain

A similar analysis shows that all other non-diagonal elements of   ,    and     have to be zero    T W⇧

In addition, because of symmetry considerations we must also have that                 , and

similar for     and  

T
xx

= T
yy

⇧ W
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The Tensor Virial Theorem



Given these symmetries, the only independent, non-trivial virial equations are

2T
xx

+⇧
xx

+W
xx

= 0 2Tzz +⇧zz +Wzz = 0

If the only streaming motion is rotation about the z-axis, then              and Tzz = 0

2T
xx

=
1

2

Z
⇢ hv

�

i2d3~x =
1

2
Mv

2
0

where v0 is the mass-weighted rotation velocity. Similarly we can write

⇧
xx

= M�2
0 ; ⇧

zz

= (1� �)M�2
0

where                                     is the mass-weighted velocity dispersion along los,�

2
0 ⌘ (1/M)

Z
⇢�

2
xx

d3~x

and                                  is a measure of the anisotropy of the velocity dispersion� ⌘ 1�⇧
zz

/⇧
xx

< 1

Taking the ratio between the two non-trivial virial equations above then yields

W
xx

W
zz

=
1

1� �

✓
1 +

1

2

v20
�2
0

◆
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The Tensor Virial Theorem



As shown by Roberts (1962), for systems stratified on similar coaxial oblate ellipsoids,

the ratio                depends only on the ellipticity W

xx

/W
zz

"

W
xx

W
zz

=
1

1� �

✓
1 +

1

2

v20
�2
0

◆

The above expression therefore makes it clear that a stellar system can be flattened 

either by rotation, or by anisotropic velocity dispersion (i.e., " > 0)

It is customary to identify     with   , the mean velocity dispersion interior to half the

effective radius, and      with            , with       the maximum rotation velocity

�0 �̄
v0 4vm/⇡ vm (Binney 2005) 

changing inclination angle 

Solid lines are for edge-on system; dashed lines show 

impact of projection for decreasing inclination angle.

For isotropic case, to good approximation we have

vm
�̄

⇡
r

"

1� "

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

The Tensor Virial Theorem
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hR |V |i

hR
p
V 2 + �2i

a modern replacement for vm/�̄

One can split ellipticals in two kinematic classes: 

Fast rotators; kinematics consistent with oblate rotators,

    shape is flattened by rotation

Slow rotators; very little rotation; shape is due to 

    anisotropic pressure support

Typically, slow rotators are more massive, and are often

boxy. Fast rotators are disky ellipticals or S0s, and are

often less luminous.
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Fast vs. Slow Rotators



Faint ellipticals (MB ≳-20.5) Bright ellipticals (MB ≲-20.5)

disky isophotes                           boxy isophotes
cuspy SB profile                          cored SB profile
fast rotator                                   slow rotator
weak in radio/X-ray                     often strong radio/X-ray emittor
isophotal twists rare                    isophotal twists common

Disky ellipticals are consistent with being more bulge-dominated versions of S0 galaxies.
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The Dichotomy among Ellipticals



Faber-Jackson  
relation

Fundamental Plane 
relation

Kormendy 
  relation

Similar to the TF-relation for disk galaxies, 
ellipticals reveal a scaling relation between 
luminosity and velocity dispersion, known as 
the Faber-Jackson (FJ) relation: 


However, unlike the TF, the scatter in FJ *is* 
correlated with size, giving rise to a 

three-parameter Fundamental Plane relation.
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The Fundamental Plane



The FP-relation is generally written in the form logRe = a log �0 + b loghIie + cst

Best-fit parameters are a ~ 1.2 to 1.5 (depending on waveband), and b ~ -0.8

The FP-relation is usually interpreted in terms of the Virial Theorem

hRi =

hv2i =

average radius,such that lhs is abs. value of mean potential energy per unit mass

average rms velocity, such that half that value is mean kinetic energy per unit mass

GM

hRi = hv2i

If ellipticals are homologous (i.e. #R and #V constant), and the mass-to-light ratio is constant,

then the Virial Theorem predicts a FP-relation with a=2 and b=-1

Re = RhRi
�0 = V

p
hv2i

Let

although still debated, the latter option seems to explain most of the tilt.

The deviation from this prediction is called the ‘tilt’ of the fundamental plane, and reflects that 
ellipticals as a class are not homologous, and/or that                            with                . (M/L) / L↵hIi�e (↵,�) 6= 0

Re =
1

2⇡GR 2
V

�2
0 hIi�1

e (M/L)�1
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The Fundamental Plane



As originally proposed by Bender+92, it is useful to use an orthogonal combination of the 
three observables that enter the FP-relation, which facilitates interpretation. 

1 ⌘ (log �2
0 + logRe)/

p
2

2 ⌘ (log �2
0 + 2 loghIie � logRe)/

p
6

3 ⌘ (log �2
0 � loghIie � logRe)/

p
3

3 / log(�2
0Re/hIieR2

e) / log(M/L)

1 / log(�2
0Re) / logM

In this ‘#-space’, the #1-#2 projection is very close to a face-on projection of the FP,

while the #1-#3 projection shows the FP nearly edge-on. In fact, if ellipticals are homologous,

and (M/L) ∝ M$, the virial theorem implies that 3 =

p
2/3�1 + cst

~ mass

~ 
M

/L
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The Fundamental Plane



One ‘obvious’ scenario for why some galaxies are ellipticals and others are spirals 
is to assume this is governed by angular momentum….
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Formation of Ellitpical Galaxies



an alternative is to assume that the difference relates to the density of the proto-galaxy
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Formation of Ellitpical Galaxies



merging gas 
clouds

monolithic collapse, 
cooling, and star 

formation

feedback 
removes 

remaining gas

spheroidal

galaxy

formation of 
disk

spheroidal 

galaxy

merging

gas in merging 
dark matter 

halos

slow collapse, 
cooling, governed 

by feedback

early disk 
systems

formation of late disk
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hierarchical merger scenariomonolithic collapse
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Lecture 20:  Numerical Simulations
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Numerical Simulations

Topics that will be covered include:

Relaxation Processes
Force Softening
Time Integration
Force Calculation
N-Body methodology
Overview of Simulations Codes

In this lecture we discuss the various methods that are used in N-body 
simulations of structure formation.  Due to time constraints we will mainly 

focus on pure N-body  (gravity only) simulations.

Parts of this lecture are copied from an excellent lecture by Joshua Barnes.



disk (stars)

Grid Based
(Eulerian)

PMfast

Particle Based
(Lagrangian)

Collisional 
(trelax << tH)

Collisionless
(trelax >> tH)

Gadget

PKDgrav

Treecode

Gadget-2

Gasoline Arepo

Ramses

Enzo

ART

AMIGA

Flash

Direct N-body Tree PM P3M AP3M SPH AMRMoving gridAMR

ART

Ramses

AMIGA

Nbody-6

*NOTE: this overview is by no means exhaustive!!
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Overview of Simulation Method & Codes*

HydrodynamicsN-body (gravity only)



The equations governing a collisionless system are the Vlasov-Poisson equations:

disk (stars)

�(�x, t) =
�

d�v f(�x,�v)

�(�x, t) = �G

�
d�x� �(�x�, t)

|�x� �x�|

df

dt
=

�f

�t
+ �v · �f

��x
� ��

��x
· �f

��v
= 0

Poisson eq.

CBE (Vlasov) eq.

The direct numerical solution of the CBE, a non-linear PDE in seven dimensions, 
is not feasible. The main problems are:

The 6D grid on which to solve the CBE takes too many cells (for given resolution)

Under CBE, the DF develops ever stronger gradients; initial fluctuations are not

   averaged away, but mixed, leading to ever thinner layers of phase-space density.
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Collisionless Dynamics



disk (stars)

Phase-mixing of 104 points in simple 1D Hamiltonian. The fine-grained DF is initially 
either 0 or 1, but at late times a smooth coarse-grained DF develops...

Dehnen & Read (2011)
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Mixing in Collisionless systems



Rather than solving the Vlasov-Poisson equations on a 6D grid, we use Monte-Carlo 
techniques to solve the equations of motion for a sample of N `bodies’.

disk (stars)

Replace smooth DF with N bodies:

f(�x,�v) {(mi, �xi,�vi)|i = 1, 2, ..., N}

f(�x,�v) �
N�

i=1

mi �3(�x� �xi) �3(�v � �vi)

Select              with probability proportional to the DF, and assign all bodies equal mass:(�xi,�vi)

mi =
1
N

�
d�x d�v f(�x,�v)
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The N-body Methodology



Move bodies along phase flow (method of characteristics)

disk (stars)

(�̇xi, �̇vi) = (�vi,���i)

Estimate potential from N-body representation using Poisson equation:

�2�|�x = 4�G
N�

i=1

mi �3(�x� �xi)

This will yield the usual N-body equation for point masses. But, singular potentials 
are awkward, so we smooth the density field.

�3(�x� �xi)�
3
4�

�2

(|�x� �xi|2 + �2)5/2

Plummer (1911) smoothing;

See Dehnen+01 for other 
smoothing kernels...

This substitution yields the following equations of motion:

d�xi

dt
= �vi

d�vi

dt
=

N�

j �=i

Gmj(�xj � �xi)
(|�xj � �xi|2 + �2)3/2

ε is called the 
softening length
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Advancing Time



N-body models relax (undergo gravitational `collisions’, aka `encounters’).

The rate at which this two-body relaxation occurs is given by relaxation time:

disk (stars)

trelax �
N

8 ln(R/�)
tcross tcross �

R

�v

Since N is typically many orders of magnitude smaller in N-body representation than 
in real system, relaxation time of simulated system is orders of magnitude smaller 
than for real system.

Ex: dark matter halo NWIMP ~ 1070, whereas Np ⪝ 109

Ansatz:  as long as trelax >> tH (two-body) relaxation shouldn’t be an issue...

NOTE: (artificially short) relaxation time depends only very weakly on softening 
length.  Softening is NOT introduced to eliminate relaxation effects; it only 
suppresses the large-angle `scattering’ due to close encounters... For uniform 
density, each octave in impact parameter contributes equally to relaxation!!!
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Relaxation Time



Particle-Particle (PP):    simply sum over all other bodies

disk (stars)

�Fi

mi
=

d�vi

dt
=

N�

j �=i

Gmj(�xj � �xi)
(|�xj � �xi|2 + �2)3/2

Advantage is that this is robust, accurate and completely general

Disadvangage is that for each particle, it requires a sum over all N bodies, such 
that cost of computing forces on all particles requires              operations.O(N2)

This method is far too slow/costly, and therefore rarely used to simulate

collisionless systems. However, it is *the* method to simulate collisional systems 
such as globular clusters or (open) star clusters...
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Force Calculation



disk (stars)

Divide computational box (size L) in grid of Nc3 meshes of constant size L/Nc[1]

Compute mass density on mesh using a “Cloud-in-Cell” (CIC) interpolation scheme.

�(�q) =
m

L3

N�

i=1

W (�xi � �Xq) q is mesh location

Here W(r) is a (normalized) kernel function. Note that this density is a convolution 
of particle distribution with kernel function, and so its Fourier transform is equal to 
product of Wk and FT of particle density distribution.~

[2]

Solve for potential on mesh using the Poisson equation (in Fourier Space)[3]

�k2��k = 4�G��k
Periodic boundary 
conditions --> FFT

Force per unit mass at grid points: F�k = �i��k
�k
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Particle-Mesh (PM) method: (Hockney & Eastwood 1988)

Force Calculation



disk (stars)

[4] Compute each particle acceleration using inverse CIC interpolation scheme

F (�xi) =
�

�q

W (�xi � �Xq) F (�q)

Update each particle velocity according to its acceleration[5]

Update each particle position according to its velocity[6]

Disadvantages:

     Choice of kernel function is non-trivial and can affect numerical accuracy

     Force resolution is limited by size of mesh. Large Nc required for accuracy

     As clustering develops, forces become less and less accurate 

Advantages:

     Fast; computational cost for force calculation only 

     Consequently, large numbers of particles can be used 

O(N)
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Particle-Mesh (PM) method: (Hockney & Eastwood 1988)

Force Calculation



Particle-Particle-Particle-Mesh (P3M) method: 

disk (stars)

(e.g. Efstathiou 1985)

P3M combines the advantages of PP and PM methods:

pronounce: P-cube-M

long-range forces  (d ⪞ 2 L/Nc) are computed using PM      (fast) 

short-range forces (d ⪝ 2 L/Nc) are computed using PP      (accurate)

If particles are not strongly clustered, most particle pairs are solved using PM

Once particles become strongly clustered, code becomes effectively PP.

This problem can be avoided with the use of adaptive sub-meshes;  AP3M
(e.g. Couchman 1991)

With sufficiently adaptive grid, forces on all particles can be computed on a

grid, in which case the code becomes essentially an AMR (adaptive mesh 
refinement) code.  Different AMR codes (e.g., ART, AMIGA, RAMSES) mainly 
differ in how refinement is handled....
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Force Calculation



➜ Group particles according to distance      

    from particle under consideration.

disk (stars)

Tree-Algorithm (e.g. Barnes & Hut, 1986)

Most efficient way to do this, such that 
one can use same structure for each 
particle, is via a `tree-structure’.

Force from each group is then replaced 

by its multipole expansion; since higher-
order terms die off faster with distance, one 
only needs to keep lowest order terms
(typically up to quadrupole or hexadecapole)

Long-range gravitational field dominated 
by monopole term:

� � �Gm

r
+O(r�3)

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Force Calculation



disk (stars)

Tree-Algorithm (e.g. Barnes & Hut, 1986)

In a tree-code one replaces the sum over N bodies with a sum over

cells. Hence computational cost of force calculations is 

Nc � O(log N)
O(N log N)

Different tree-codes use different tree-structures

Octree:

each refinement, cell sizes are 
cut in half, such that one cell 
becomes 8 equal-volume 

cells      (e.g., treecode)

each refinement, cells are 
divided at median along the

x, y, and z axes. 

             (e.g., PKDgrav)

kd-tree:

ASTR 610: Theory of  Galaxy Formation ©  Frank van den Bosch, Yale University

Force Calculation



disk (stars)

Tree-Algorithm (e.g. Barnes & Hut, 1986)

In a tree-code one replaces the sum over N bodies with a sum over

cells. Hence computational cost of force calculations is 

Nc � O(log N)
O(N log N)

In order to compute the force on particle i, one proceeds as follows.

LOOP over all cells of the lowest refinement level.

IF                                 THEN 
    compute force due to this cell (using low-order multipole expansion)

|�xi � �xc| > lc/�

ELSE  
    sum the contributions of its sub-cells 
END IF

Here      is the center of mass of the cell,    is the size of the cell, and     is a free 
parameter, called the opening-angle  (typically                        ).    

�xc lc �
� � 0.6� 1.0

Smaller    results in more accurate forces, but at increased CPU cost�
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Force Calculation



Represent potential and density as linear sums of basis functions:

disk (stars)

Here Ak are coefficients and the basis functions Φk and ρk are bi-orthogonal

and satisfy the Poisson equation:

Ik�kk� =
�

d�x �k(�x) [�k�(�x)]� �2�k = 4�G�k

�(�x) =
�

k

Ak�k(�x) �(�x) =
�

k

Ak�k(�x)

The coefficients are computed using:

Ak =
1
Ik

�
d�x �(�x) [�k(�x)]� =

1
Ik

�
mi[�k(�xi)]�

The cost of calculating forces on all bodies is just O(N)

Orbits are integrated in smooth potential; no softening required!

(Hernquist & Ostriker 1992)

Method can only be used if useful set of basis functions can be found, which

is typically only the case for highly symmetric systems....
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Self-Consistent Field Method



Once you know the forces, you need to integrate the equations of motion 
forward in time. Various time-integration methods are employed.

disk (stars)

We begin by considering the simple `Euler method’ for a time step Δt

simple, but poor

accuracy O(�t2)

We can improve on accuracy by using a higher-order integration scheme.
NOTE: Euler method is simply based on first-order Taylor series expansion..

�x[n+1]
i = �x[n]

i + �v[n]
i · �t

�v[n+1]
i = �v[n]

i + �a[n]
i · �t

Second-order Leapfrog Integrator

�v[n+1/2]
i = �v[n]

i +
1
2
�a[n]

i · �t

�v[n+1]
i = �v[n+1/2]

i +
1
2
�a[n+1]

i · �t

�x[n+1]
i = �x[n]

i + �v[n+1/2]
i · �t this integration scheme is


sometimes called KDK, for

Kick-Drift-Kick

O(�t3)accuracy 
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Time Integration



In principle, one may combine as many kick and drift operations as desired to raise 
order of integration scheme. However, it is impossible to go beyond second order 
without having some terms be negative (corresponding to backwards integration). 
This is problematic when variable time steps are required....

disk (stars)

The second-order leapfrog integrator is symplectic. This means that it exactly 
solves an approximate Hamiltonian, which implies that numerical time evolution is 
a canonical map preserving certain conserved quantities exactly.

Consequently, leapfrog integrator is more stable than other (non-symplectic)

integrators. It is the most commonly used integrator for collisionless systems.

See Dehnen & Read (2011) for a more details
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Time Integration



Given the enormous range of dynamical times involved in typical simulations, it

has become essential to use variable time step schemes:

disk (stars)

Most of these adopt a hierarchy of time steps organized in powers of two:

�tn = �t0/2n n is called the rung of the time step

An often used time step criterion is the following

�ti < �
�

�/|�ai|
 free parameter (dimensionless)
softening length�

�

Not well motivated (only on dimensional grounds); many alternatives exist, and most codes 
allow multiple choices...

Particles can move to higher rung (smaller time step) whenever 
they like (meet time step criterion), but they may only move to 
lower rung at synchronisation points (red arrows in figure). 
Resulting asymmetry brakes symplectic nature of integrator...

Fixed time step is more accurate, but often too costly...
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The Choice of Time Step



N-body simulations are used to study non-linear dynamical evolution:

N-body simulations are routinely used as prime tool to address

fundamental questions in astrophysics:

nature of dark energy (determine growth rate of structures)
nature of dark matter (determines small-scale structure) 

It is crucial that we continue to scrutinize simulations

Over the years, they have been used to

probe evolution of non-linear, matter power spectrum

establish a universal (NFW) density profile of CDM halos

predict/quantify substructure of dark matter halos

study large scale structure (vindication of CDM model)

predict/quantify mass/velocity function of CDM halos
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Cosmological N-body Simulations



Springel+06
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Large Scale Structure: CDM vindication



Source: DEUS Consortium
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Non-Linear Matter Power Spectrum



Kravtsov 2010

Universal NFW 
Density Profile

Navarro+97

Dark Matter Substructure

Halo Mass Functions

Bhattacharya+11
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Abundance & Structure of Dark Matter Halos



What follows focusses exclusively on collisionless dark matter

Goal of simulations is to solve the Vlasov-Poisson equations, describing the 
evolution of collisionless system.

In N-body simulations, matter field is represented by set of N discrete 
particles. These do not represent physical objects.  Rather they represent 
phase-space elements sampling the DF              . f(�x,�v, t)

Simulations have finite force resolution, ε, which is required to suppress two-
body collision effects.

Simulations have finite mass resolution:  mp = ρ V / N-

Initial conditions typically only sample modes of the power spectrum below

the particle Nyquist frequency  kmax = π/d                        (d = L/N1/3)

Simulation is typically performed over a finite, periodic volume V = L3.
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Cosmological N-body Simulations



Ideal: simulate systems for which you have an anaytical solution
very rare in non-linear structure formation...

Look for signatures of collisional relaxation

mass segregation (use ≥2 particle species with different masses)

creation of isothermal cores in dark matter halos

Compare simulations against simulations

convergence; a necessary condition, but not sufficient...
different quantities (halo mass function, matter power spectrum, halo density 
profile, subhalo mass function, etc) all converge differently.

(1 and 2 refer to different simulations 
  with different numerical parameters)K =

��1 �2�
�1 �2

cross-correlation:   
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How to Test Simulations?



A `natural’ choice for ε is the mean interparticle separation d=L/N1/3 
In what follows, ε is normalized to d (ε=ε/d)

Modern `high-res’ codes (P3M, tree-codes, AMR) typically use ε ~ 0.01-0.03

Efstathiou & Eastwood (1981): 

     P3M simulations become collisional   

     (i.e., reveal mass segregation) if ε<0.1

Peebles (1989):  PM codes require ε ~1

Melott et al. (1997): 

        N-body codes in general require ε ~1 Melott+97

Lively, ongoing debate whether simulations with ε < 1 are reliable...
(Kuhlman+96; Splinter+98; Knebe+00; Melott 07; Romeo+08; Joyce+09; Benhaiem+16; Power+16)

What is the optimal softening length? (Athanassoula+00; Dehnen 01; Power+03)

At the very least, softening should be adaptive... (Iannuzzi & Dolag 11; Hobbs+15)
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Force Softening & Discreteness Effects



Warm Dark Matter simulations show `beats-on-a-string’ halos within filaments.

These structures form on scales smaller than cut-off scale in power spectrum.

Bode+01

Initially interpreted as due to (physical) fragmentation (Knebe+03)

(Bode, Ostriker & Turok 2001; Knebe+02)
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Spurious Fragmentation



Spurious fragmentation now understood as arising from discreteness-induced

velocity perturbations during early highly-anisotropic phase of structure formation

(Hahn & Angulo 2016; Power+16)

Source: Wang & White 2007

Beats-on-a-string halos are manifestation

of spurious fragmentation.

Spacing of artificial halos equal to grid-spacing. 
Suggests link to regular, cubic lattice used for

the initial particle load...

(Götz & Sommer-Larsen 2002, 2003)

But, spurious fragmentation also present with glass-
like initial particle load, which has no preferred 
direction, and no long-range order.

(Wang & White 2007)

This is exactly the artefact that has been discussed again and again, 

since 1990, by Melott, Shandarin and collaborators!!


                   (see also Romeo+08; Joyce+09; Benhaiem+16; Power+16 and references therein)
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Spurious Fragmentations



(Melott 2007; arXiv:0709.0745)

Adrian Melott
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Abundance & demographics of dark matter substructure depends 

sensitively on nature of dark matter:  CDM  vs  WDM  vs  SIDM

Different models mainly differ in 
abundance of low mass halos, where

galaxy formation is expected to be 
supressed due to re-ionization.

Bose+16

WDM = 3.3 keV (thermal)

WDM simulations suffer from artificial 
fragmentation; cannot be avoided.

(e.g., Schneider+13; Lovell+14; Bose+16)

State-of-the-Art `solution’:
    remove spurious halos `by hand’
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Testing the Nature of Dark Matter



If spurious fragmentation is an outcome 
of discreteness relaxation, shouldn’t it 
also be present in CDM simulations?
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Power+16

ε=0.01ε=1.0 ε=0.1

colllisionality

Collisionality gives rise to velocity perturbations that `thicken’ the sheet

and fragment into clumpy structures in phase-space (`spurious halos’).
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Plane-Symmetric Collapse



particles

FoF halos

ε=0.01 ε=0.1 ε=1.0

Power+16

When ε<1, CDM simulations reveal a `fog’ of low mass halos, 

both in filaments and in the field: spurious or real???
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Spurious Fragmentation in CDM



Power+16

Why would spurious fragmentation not occur, or not matter, for CDM?

CDM does NOT suffer from spurious 
fragmentation, because

- no upturn, as for WDM

- agreement with EPS-predictions

- convergence; running at higher force 

  resolution yields consistent results...

optimist’s view

BUT: WDM results have also converged.

         But converged to garbage....

reality check...

My 
View

It does happen, with similar abundance of spurious halos as for WDM

Real halos dominate ➢ no significant impact on CDM mass function

But what about internal structure of halos? Is NFW reliable?
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Spurious Fragmentation in CDM



Chandrasekhar (1943) derived change in orbit by summing over all (independent) 

      two-body scatterings with all other particles in homogeneous system.

Roughly equal contribution from every decade in impact parameter:

�relax �
ln�
N

� =
bmax

bmin

bmin = b90o � 2Gmp

�2

bmax = L
trelax �

N

8 ln �
tcross

Two-body relaxation generally deemed unimportant, since trelax > tH, for N ≳ 100

This `standard’ treatment of relaxation ignores three important points:

orbits are quasi-periodic, giving rise to resonant effects

self-gravity of large-scale fluctuations  

                                       [responsible for spurious fragmentation]

each halo starts out small, when it is subject to severe relaxation
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Two-Body Relaxation



Self-Consistent Field (SCF) method, which uses  basis-functions to compute 
gravitational potential (no softening required) suffer from same amount of 
relaxation as regular N-body codes (e.g, tree-code)!!

Hernquist & Ostriker (1992)

Dominant contribution to relaxation arises from non-local, 
collective modes of order the size of system in question.

(Weinberg 1993)
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Discreteness Driven Relaxatioin



Poisson fluctuations cause fluctuations in 
large-scale potential, which drives

relaxation (akin to violent relaxation).

Weinberg (1993): during the initial collapse phase, Poisson fluctuations 

       may contribute relaxation that is factor 10-100 larger than what is

       predicted by local (i.e., Chandrasekhar) theory. 

In SCF method, this is evident from rapid 
fluctuations in the amplitude of zero-th 
expansion coefficient.

Source;Hernquist & Ostriker (1992)

Softening has little to no impact on these large-scale relaxation processes

Only way to suppress these is by increasing number of particles

Softening only suppresses impact of large-angle scattering events; not 
impact of small-angle scattering (large-impact parameters)
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Discreteness Driven Relaxation



Progenitors of every halo start out small, and thus experience periods during 
which relaxation rate is large...

Even in a halo with N=650,000 (at z=0), the cumulative relaxation is such that |ΔE| > E


All knowledge about initial conditions has been erased due to two-body relaxation!!

And this doesn’t even acount for collective relaxation, which may well dominate...

�relax =
G2 mp � ln�

�3

Fokker-Planck estimate

d(t) � �E2(t)
E2

=
�

�relax(t) dt =
Nstep�

i=1

�relax(ti) �t

Diemand+04

Diemand+04 integrated 
cumulative impact of 
relaxation for individual 
particles in cosmological 
N-body simulation.
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Discreteness Driven Relaxation



Well, what  
do you think of 
simulations now? I think they 

are very relaxing
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ASTR 610
The End


