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DYNAMICAL MODELS FOR THE FORMATION AND 

EVOLUTION OF SPHERICAL GALAXIES 
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SUMMARY 

Models for the collapse of spherical protogalaxies have been computed 
using a two-fluid hydrodynamical approach to treat both the gas and the 
stars. The effects of gaseous energy losses, star formation, stellar mass loss 
and heavy element (Z) production are included and are followed over the 
lifetime of the galaxy. With reasonable choices for the parameters, the models 
reproduce well the observed structure of NGC 3379 and other nearly spherical 
galaxies. The observed Z gradients in elliptical galaxies are qualitatively 
reproduced, and metal-poor stars are very rare in the inner regions of the 
models, as in the solar vicinity. Star formation continues for the longest time 
in the nucleus, owing to the continuing condensation of residual gas toward 
the centre, and in some circumstances the infall of the last remnants of the 
initial protocloud may continue to support significant star formation in a 
galaxy even after 1010 yr. Various characteristics of the models suggest that the 
quasar phenomenon may be identifiable with the formation of the nucleus 
of a giant elliptical galaxy. 

I. INTRODUCTION 

As our knowledge about galaxies has steadily increased, it has become more and 

more clear that many of the most basic properties of galaxies can only be explained 
through an understanding of how they were formed. For example, because of the 
very long relaxation times of galaxies, such basic structural properties as the degree 
of flattening and the degree of central concentration can hardly change significantly 
after a galaxy has formed, and must therefore be determined at the time of forma- 
tion. Also, the basic properties of the stars in a galaxy, such as the stellar metal 
abundances and their variation with position in the galaxy, are largely determined 

at the time of formation of the system. It is therefore of considerable interest to 
try to construct theoretical models describing the formation and evolution of 
galaxies and capable of predicting in some detail the various properties of interest. 

The most widely accepted point of view concerning the origin of galaxies is 
that they have formed through the collapse of ‘ protogalaxies ’, or relatively dense 
regions in the early universe which were gravitationally bound and therefore 
stopped expanding and collapsed to form galaxies within 1010 yr after the initial 

big bang (Rees 1971 ; Field 1974). At present, the origin and the properties of the 
dense regions which eventually collapse to form galaxies are not well understood, 
so that in order to compute models for the formation and evolution of galaxies it 
is necessary to postulate somewhat arbitrarily the existence of protogalaxies with 
suitable properties. Recently some attention has been devoted to cosmologies in 
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which it is assumed that the Universe was initially quite chaotic and that the present 
galaxies and clusters of galaxies represent the surviving vestiges of the primordial 
chaos ; possibly the further development of such theories will be able to account in 
a natural way for the basic properties of galaxies (Rees 1971). The possible role of 
primordial turbulence in the formation of galaxies has been investigated by Silk & 
Ames (1972) and Jones (1973), and these authors conclude that primordial turbu- 
lence may well be able to produce protogalaxies with the required properties, 
although a complete theory of protogalaxy formation based on primordial turbulence 
is not yet available. 

In the present investigation we are mainly concerned with the processes occurr- 
ing in a protogalaxy of typical galactic mass (1011 M0) after it has stopped expanding 
and has begun to collapse to form a galaxy. Dynamical calculations similar to the 
present ones were previously carried out by Larson (1969, Paper I) and were shown 
to be able to provide a good qualitative representation of the observed structure 
of elliptical galaxies. Recent improvements in the quantity and quality of observa- 
tional data on elliptical galaxies have made it desirable to calculate more detailed 
models capable of predicting not only the structure of a galaxy but also the metal 
abundance and photometric properties of the galaxy as a function of distance from 
the centre. In addition, various cosmological studies require a detailed knowledge 
of how the properties of a galaxy vary with time from the time of formation to the 
present. In order to be able to provide such predictions, the present model calcula- 
tions are improved over those of Paper I by the inclusion of the effects of stellar 
evolution, stellar mass loss, and heavy element production throughout the lifetime 
of a galaxy, as described in Section 3. Also, since the dynamical assumptions of 
Paper I were somewhat arbitrary and difficult to justify physically, some different 
and possibly more realistic dynamical assumptions have been considered in the 
present models, as described in Section 2. 

The basic question to which this investigation has been directed is whether 
collapse models of the present type, based on simple and plausible assumptions, 
can explain satisfactorily the principal observed properties of typical elliptical 
galaxies. Other questions of interest include the question of whether the effect 
of gas flows during the galaxy formation process can produce a metal abundance 
distribution like that observed in the solar neighbourhood, where metal poor stars 
are quite rare (Larson 1972b; Searle 1973). It is also of interest to consider the 
probable time (i.e. redshift) and observational consequences of the galaxy formation 
process, and in particular to consider whether the quasar phenomenon can be 
interpreted as a stage in the formation of a galaxy, as suggested by Field (1964). 
A related question is that of whether it is possible in some cases for the condensa- 
tion of protogalactic matter into a galaxy to continue for an extended period of 
time and produce significant observable effects even after io10yr (Larson 1972a). 
Finally, there is the problem of explaining the apparent correlation between the 
mass and the metal abundance of elliptical galaxies (Sandage 1972; Faber 1973). 
It is not yet possible to give definitive answers to all of these questions, but in 
most cases the present model results are able to provide at least some partial or 
suggestive answers. 

The present paper will be concerned mainly with the dynamical and chemical 
properties of the various models considered. The photometric properties of these 
models have been computed by B. M. Tinsley, and they will be described in detail 
and compared with the observations in a later paper. 
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2. DYNAMICAL ASSUMPTIONS 

2. i General assumptions 

For computational reasons it is necessary to adopt a number of idealizing 
assumptions concerning the model protogalaxies to be studied. We shall consider 
only spherically symmetric, non-rotating models, and we assume that a protogalaxy 
can be treated as a discrete, isolated system with a boundary enclosing a fixed 
mass, most or all of which eventually collapses into a galaxy. Thus we neglect 
any interactions or mass exchange between a protogalaxy and its surroundings. 
We also neglect the possibility that a galaxy may form by the clustering or agglomera- 
tion of smaller objects (Saslaw 1972). At present we cannot argue that such processes 
are unimportant, but only that one must first solve the simpler problem of what 
would happen in their absence. The resulting models for the formation and 
evolution of isolated spherical galaxies will hopefully provide a reasonable represen- 
tation not only for spherical galaxies but also for moderately flattened elliptical 
galaxies as well, since the basic properties of moderately flattened ellipticals do 
not appear to differ much from those of spherical galaxies. It may also be hoped 
that when the effects of finite angular momentum are taken into account, certain 
of the present results can be extended to the case of flattened rotating systems; 
this expectation is in fact borne out by some preliminary results for rotating models, 
to be published in a later paper. 

2.2 The two-fluid representation 

The dynamics of the gaseous and stellar components of a collapsing proto- 
galaxy have been calculated in the same way as in Paper I; that is, the gaseous and 
stellar components have been treated as two independent fluids for which fluid- 
dynamical equations can be derived by taking moments of the Boltzmann equation. 

The resulting equations describe the variation of the fluid-dynamical variables, 
i.e. the local mean density, the mean velocity, and the velocity dispersion, for the 
gas and the stars as functions of time and radial coordinate r. The gas is assumed 
to be clumpy and turbulent, with large (supersonic) internal mass motions that 
provide the dominant contribution to the velocity dispersion. In Paper I it was 
rather arbitrarily assumed that the gas is concentrated into discrete spherical clouds 
with masses equal to the Jeans mass; the number of such clouds is then so large 
that the local average values of the gas density, mean velocity and velocity dispersion 
are reasonably well defined and can be used in a fluid-dynamical treatment. 
Unfortunately, it is difficult to justify the assumption that the inhomogeneities 
and internal motions in the gas are all of a scale much smaller than the galaxy, since 
the gas may in reality contain inhomogeneities and streaming motions on all scales 
up to that of the galaxy itself; if so, it would become difficult to define local mean 
values of the fluid variables, and a spherically symmetric fluid-dynamical descrip- 
tion of the gas would be only a crude approximation to reality. Nevertheless, this 
approach should still yield results that are at least qualitatively valid, and it may in 
any case be all that is warranted by our still very sketchy understanding of most of 

the detailed physical processes involved in the formation and evolution of galaxies. 

2.3 The gaseous dissipation and star formation rates 

A model for the formation of a galaxy must incorporate some description of 
the two principal physical processes involved: (1) the dissipation of the internal 
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motions in the gas, a process which plays an important role in allowing the gas to 
condense, and (2) the continual transformation of gas into stars. Since our under- 
standing of these processes is still inadequate to allow us to calculate their rates 
in any a priori way, it is necessary to make some plausible assumptions. In Paper I 
the gaseous dissipation rate was obtained from the discrete cloud model for the 
turbulent motions, and the star formation rate was assumed to depend on a power 
of the gas density. Since these assumptions are rather arbitrary and not justified 
by any strong physical arguments, we have in some of the present calculations 
adopted different assumptions which are simpler and perhaps more physical; 

these are described below. 
Instead of assuming that all of the internal motion in the gas is in the form of 

small scale cloud motions, it may be more realistic to assume that the gas is in 
general characterized by streaming motions on all scales up to that of the galaxy 
itself; most of the kinetic energy of the gas may then be in motions whose scale is 
not much smaller than that of the galaxy. This possibility is suggested in part by 
the fact that most galaxies are observed to rotate, and some show more complicated 
internal motions ; thus protogalaxies must have contained at least some large scale 
internal motions, and these may have been quite chaotic. If most of the gaseous 
dissipation occurs through collisions between large scale gas streams, the dissipa- 
tion time will be comparable to the time scale for these streaming motions, which 
is approximately the dynamical or free fall time for the system. We have therefore 

assumed that the rate of dissipation of the kinetic energy of internal motions in the 
gas is related to the dynamical time scale by 

Ldÿ=-C»tr\ (i) 
ocg at 

where ocg denotes, as in Paper I, the mean square internal velocity of the gas in 
one coordinate direction, Cd is a dimensionless constant of order unity, and tf 
is a local free fall time defined by 

where p is the mean density of matter inside the radius r at which tf is evaluated. 

Cd has been treated as a free parameter in the calculations, but it is found that 
reasonable results are obtained with values of Cd nearly equal to unity, as expected. 

It is possible that the star formation rate, like the gaseous dissipation rate, is 
also determined by the large scale dynamics of the gas in a galaxy or protogalaxy. 
Observationally, this is suggested by the fact that star formation in galaxies usually 
occurs in spiral arms which, whatever their origin, evidently reflect large scale 
patterns in the dynamics of the gas. Recent theories have proposed that star forma- 
tion is triggered by the compression of interstellar gas in spiral shock fronts; if 
so, the star formation rate is then determined, at least in part, by the rate at which 
the gas is processed through such shock fronts, and this is in turn related to the 
dynamical time scale of the galaxy. If protogalaxies and young galaxies contain 
large scale gas motions or streams, as we have assumed, then the shock fronts 
produced when these gas streams collide should likewise lead to star formation, 
and the time scale for the star formation process will again be related to the 
dynamical time scale for the system. Accordingly we have assumed that the star 
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formation rate, like the gaseous dissipation rate, is given by a relation of the form 

= -Cgir1 

pg dt 

where pg is the gas density, —dpg/dt is the star formation rate, and Cs is a dimen- 
sionless constant of order unity. Again it is found that reasonable results are 
obtained with values of Cs near unity. It is evident that Cs cannot differ drastically 
from unity if the present prescription is to produce acceptable models, since if 

Cs>i star formation proceeds so rapidly that the gas is all transformed into 
stars before any strong central condensation has developed, whereas if Cs<i the 
gas collapses to a much too condensed configuration before forming stars. 

It is not unreasonable that the star formation rate should be proportional to the 
gaseous dissipation rate, as implied by equations (i) and (3), since both processes 
involve inelastic compression of the gas and loss of energy by radiation. Indeed, 
if shock fronts are involved, the same shock fronts may be responsible for both 
dissipation and star formation. Of course, the above assumptions cannot be justified 
as valid in any more than an order-of-magnitude sense, so one cannot expect the 
resulting models to be quantitatively accurate in all respects, and it is mainly the 
qualitative features of the results which can be considered as well established and 
significant. 

2.4 Initial and boundary conditions 

Since we have essentially no observational information concerning the early 
properties of collapsing protogalaxies, it is necessary to adopt some more or less 
arbitrary assumptions for the initial and boundary conditions. In the present 
calculations, as in Paper I, we have considered two types of boundary conditions: 
(1) a boundary of fixed radius i?, as might be appropriate for a galaxy forming in a 
cluster with approximately constant dimensions, and (2) a boundary expanding 
with time according to R — i?o^2/3, as might be appropriate for a field galaxy 
forming in an expanding region. While neither of these boundary conditions can 

be justified as being necessarily very realistic, the two cases should at least illustrate 
the range of possibilities that might plausibly occur. 

In the case of a fixed boundary, as adopted in most of the calculations, the 
boundary radius R can be imagined to correspond approximately to the maximum 
radius attained by a protogalaxy before it begins to collapse. Since many elliptical 
galaxies are observed to extend out to radii of at least 30 kpc, a lower limit to the 
boundary radius is then approximately 30 kpc. An upper limit to a plausible 
boundary radius is set by the requirement that the collapse must be completed at 
a sufficiently early cosmological time. For example, if we assume that elliptical 
galaxies are at least 80 per cent as old as the Universe (i.e. that they formed at 
redshifts of the order of 2 or more), the maximum radius which a protogalaxy 

of mass 1011 M0 can attain before beginning to collapse is about 100 kpc. Most 
of the present calculations have been made for boundary radii of 30 or 50 kpc. 

In all cases the protogalaxy has been assumed to consist initially entirely of 
gas, and to start with a uniform average density and velocity dispersion. The 
initial mean velocity of the gas has been taken to be zero in the models with a 
fixed boundary, and a uniform expansion in the cases with an expanding boundary. 
In reality, it is possible that a substantial fraction of the mass may already have been 
converted into stars when the protogalaxy begins to collapse (Gott 1973); however, 
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it appears that the presence of metal abundance gradients and highly condensed 
nuclei in elliptical galaxies can only be accounted for it at least some of the star 
formation occurred during or after the initial collapse. At any rate, the present 
results show that the observed properties of elliptical galaxies are consistent 
with the assumption that protogalaxies are still entirely gaseous when they begin to 
collapse. Since we have little idea what to assume for the initial velocity dispersion 
in a protogalaxy, this has been treated as a free parameter which can be adjusted 
to give the best agreement with observations. In the present models, values for the 
initial velocity dispersion ranging from 6 to 55 km s_1 have been considered. 

3. STELLAR EVOLUTION, MASS LOSS AND HEAVY ELEMENT 
PRODUCTION 

3.1 Effects of stellar evolution 

Stars with masses greater than about 1 M0 are believed to lose part of their 
mass at the end of their lifetime, and this stellar mass loss must be included in a 
complete model for the formation and evolution of a galaxy. The amount of mass 
lost from stars of different masses has been calculated on the assumption, following 
Tinsley (1972a) and Talbot & Arnett (1973), that stars with masses in the range 
0*7 < m < 5 (solar units) leave a white dwarf remnant of mass 0*7, while stars of 
mass t/Z > 5 leave a neutron star remnant of mass 1 *4. The stellar lifetimes used in 
these calculations have been taken from Tinsley’s (1972a) compilation of evolu- 
tionary lifetimes of stars of different masses. For computational convenience these 
tabulated lifetimes have been represented by the following simple analytic formula 
giving the stellar lifetime rm as a function of mass m: 

log Tm = 10*02 — 3*57 log m + 0*90 (log m)2 (4) 

where rm is in years and m is in solar masses. This formula represents the tabulated 
lifetimes with a typical accuracy of about 5 per cent and a maximum error of about 
15 per cent, which is probably consistent with the accuracy of the data. 

Since the observable photomteric properties of a galaxy depend on the metal 
abundances of its stars, it is important to follow the production of heavy elements 
by massive stars during the evolution of the system. To calculate the amount of 
heavy elements ejected from stars of various masses we have used simple formulas 
supplied by B. M. Tinsley (private communication) and based on the assumptions 
of Talbot & Arnett (1973, Version I). The fraction of the total mass of a star of 
mass m which is ejected as heavy elements at the end of its lifetime is assumed to 
be given by 

Rz = qc + (i-qc) Zf-i'ilm (5) 

where Zt is the metal abundance of the gas from which the star was formed and 

£C = o-i56+ 0*537 log (m/9) (6) 

is the fraction of the star’s mass which is processed into a core of heavy elements 
during its lifetime. According to equation (6) the core mass qcm exceeds the 

assumed remnant mass of 1 *4 only for stars of mass m > 9, so that only these stars 
actually release heavy elements to the surroundings when they die. Since stars of 
mass m > 9 have lifetimes < 3 x 107 yr which are much shorter than the formation 
time of a galaxy ( ^ 109 yr), the ejection of heavy elements can be considered as 
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taking place almost instantaneously after the formation of massive stars, so that the 
metal production rate is very nearly proportional to the star formation rate. 

3.2 The initial stellar mass spectrum 

Before any models can be calculated it is necessary to specify the mass spectrum 
with which stars are formed. In the absence of any direct knowledge of the stellar 
mass spectrum in external galaxies, a common practice has been to assume a 
simple parametric form for the mass spectrum, such as the power law adopted by 
Tinsley (1972a, b) for the number of stars formed per unit mass interval: 

dNjdm oc m-(1+x) (7) 

where # is a free parameter, as are the upper and lower mass limits for the power 
law. The (non-dynamical) galaxy evolution models of Tinsley (1972a, b) show that 
the best agreement between the predicted and observed colours of elliptical galaxies 
is obtained with values of x between about i-o and 1-5; in particular, the well- 
known Salpeter law with x = 1-35 gives results which agree well with the observa- 
tions. Therefore we have adopted a Salpeter mass spectrum in most of the present 
models. The upper mass limit mjj has been taken to be 50 M0 ,in approximate 
agreement with both the observed upper mass limit in the solar vicinity and the 
theoretical upper limit found by Larson & Starrfield (1971). While it is possible 
that some of the very first stars to form in a galaxy may have been much more 
massive than this limit because of the absence of heavy elements to cool the gas 
(Larson & Starrfield 1971), this would probably involve only a small fraction of 

the galaxy’s mass, since as soon as even a small amount of heavy elements has been 
produced the gas temperature and the maximum stellar mass would be reduced to 
more ‘ normal ’ values. 

The choice of the lower mass limit mj, is more critical, since most of the galactic 
mass is in low mass stars ; the choice of m^ thus determines both the mass-to-light 
ratio of the system and the fraction of the mass which goes into massive stars and 
is processed into heavy elements. In the present calculations values for mj, of 
0*02 and 0-04 have been considered; values in this range appear to yield mass-to- 
light ratios and metal abundances which are approximately consistent with observa- 
tions. It should be noted that m^ is not necessarily to be interpreted as an actual 
lower limit of stellar masses, since there is no reason to believe that the Salpeter 

law holds at such small masses; in effect, mL is simply a parameter describing the 
fraction of the total mass which goes into very faint stars. 

It would evidently be desirable to have a physical theory to predict the initial 
stellar mass spectrum, instead of having to rely on rather arbitrary formulas with 
several free parameters. An attempt in this direction has been made by Larson 

(I973) on basis of a simple stochastic model of the fragmentation process. The 
resulting predicted mass spectrum, expressed as the fractional mass per unit 
logarithmic mass interval, is given by a gaussian function: 

f(logm) = 
(277)1/2 Jj eXP 

(log m — a)2] 

2P J 
(8) 

where/(log m) is the fraction of the total mass per unit interval of log m and a and b 

are the mean and standard deviation of log m. As an example, we have considered 
a gaussian mass spectrum with a = o and b = 0-75 ; this is similar to the one which 
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was found by Larson (1973) to approximate the available data for the initial mass 
spectrum in the solar vicinity. Since this choice of initial mass spectrum yields a 
mass-to-light ratio which seems somewhat too low for an elliptical galaxy and since 
recent data (e.g. Weistrop 1972) suggest the presence of more low mass stars in 
the solar vicinity than were previously known to exist, we have somewhat arbitrarily 
modified the gaussian mass spectrum by assigning only half of the total mass to 
the gaussian spectrum and the other half to unspecified ‘ invisible objects ’ of 
very low mass. 

Fig. i. The three initial stellar mass spectra considered in the present models; f {log ni) 
denotes the fraction of the total mass per unit interval of log m. A is a gaussian mass spectrum 
with mean o and standard deviation 075 in log my multiplied by J; B is a Salpeter mass 
spectrum with mass limits 0-02 and 50 MQ; and C is a Salpeter spectrum with mass limits 
o*04a«d5oM0. 

The three initial mass spectra considered in the present models are illustrated 
in Fig. i, which shows log/(logm) plotted vs, log m. Curve A is the modified 
gaussian mass spectrum described above, curve B is a Salpeter mass spectrum with 
lower mass limit mj, — 0-02, and curve C is a Salpeter spectrum with mi, = 0*04. 
In all cases the initial mass spectrum has been assumed to remain the same at all 
places and times throughout the evolution of a galaxy. This assumption has been 
adopted mainly for simplicity and cannot be given any strong justification, but as 
will be seen, the results obtained with this assumption are consistent with the 
available observational data pertaining to galactic evolution. 

4. CALCULATIONS 

4.1 Dynamical calculations 

In the present models, the gaseous component of a protogalaxy is characterized 
by a local mean density pg, a mean velocity wg, and a mean square internal velocity 
oLgy all of which are functions of r and t. The time variation of these quantities is 
governed by equations (I. i2)-(1.14) of Paper I, here modified to include the effects 
of mass loss from evolving stars. The rate of mass ejection from stars per unit 
volume, dpe/dty is calculated as described below in Section 4.3, and this quantity 
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is added to the right-hand side of the continuity equation (1.12) to represent an 
input of gas. If uQ denotes the mean velocity of the ejected gas, conservation of 
momentum requires that the term (ue — Ug)(dpeldt)lpg be added to the right-hand 
side of the momentum equation (1.13); likewise, if oce is the mean square velocity 
of the ejected gas, conservation of energy requires the term (oíe — o¿g)(dpeldt)lpg to 
be added to the right-hand side of the energy equation (1.14). 

The choice of values for ue and ae is not entirely trivial and requires some 
discussion. Since much of the ejected gas comes from short-lived massive stars 
which have mean velocities closer to the gas velocity ug than to the average stellar 
velocity uSy ue will not be equal to uB but will be intermediate between us and ug. 
Since the exact choice of ue does not appear to be of critical importance for the 
dynamics, we have simply set ue equal to |(ws + ^g)- It is more difficult to estimate 
(xef since this quantity represents the contribution of stellar mass ejection to the 
kinetic energy of large scale gas motions which are mostly of a much larger scale 
than the gas shells ejected from individual stars. It is possible that the kinetic 
energy of the ejected shells is completely dissipated on small scales and makes no 
contribution to the large scale motions of the gas, in which case oce x o. On the 
other hand, if the young stars responsible for most of the mass ejection retain 
some of the streaming motions of the gas from which they formed, the ejected 
material will likewise possess some large scale motions whose velocity dispersion 
may be comparable with that of the gas or the stars, in which case we might have 
ocq £ ocs. It is even possible that very energetic ejection processes could make oce 

much larger than as. In the present models we have not attempted to include such 
effects, but have simply assumed oce = as. In practice, the effect of varying the 
assumed value of ae is found to be similar to the effect of varying Cd in equation (1), 
so the uncertainty in ae can be regarded as being partially absorbed into the free 
parameter Cd* 

The stellar component of a protogalaxy is characterized by four variables: 
a mean density ps, a mean velocity u8, and the mean square random velocities as 

and ß8 in the radial and transverse directions. The evolution of these quantities is 
governed by equations (I.i5)-(I.i8) of Paper I, with the single modification that 
here the stellar mass loss rate, —dpejdty is added to the right-hand side of the 
continuity equation (1.15). The complete set of modified dynamical equations 
for the gas and the stars can then be solved in exactly the same way as in Paper I. 

4.2 The star formation history 

In order to calculate the stellar mass loss and metal production rates and the 
photometric properties of a galaxy at any time in its evolution, it is necessary to 
keep track of the distribution of stellar ages and initial metal abundances as functions 
of position and time throughout the evolution of the system. If the mean motion 
of the stars could be neglected, i.e. with u8 — o, this could be accomplished by 
simply storing the star formation rates (or density increments) and the initial stellar 
metal abundances calculated for each zone during each time step. In general, 
however, it is necessary to take into account the fact that the stars do not remain in 

the same zones in which they were formed but move radially with average velocity 
u8. It is also desirable to allow for the fact that the youngest stars, which account 
for most of the mass ejection, have mean velocities closer to the gas velocity ug 

than to the average stellar velocity u8. We have crudely allowed for this by assigning 
a different mean velocity u to the stars in each age group, varying continuously from 
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u = Ug for newly formed stars to w = ws for old stars. In particular,we have assumed 
that u varies linearly with stellar age r for o < r < ^ and that u = z/s for r > if, where 
if is the free fall time defined by equation (2) and is taken to be the effective mixing 
time for stellar velocities. Using the mean velocities estimated in this way for 
stars in each age group, the flux of stars in each group across the zone boundaries 
has been calculated using equation (1.22) of Paper I at each time step. 

After the above procedure has been carried out, the star formation rates (or 
density increments) stored for each previous time step give the complete past 
history of star formation for those stars currently located in each zone; this is 
clearly the information required to calculate the mass ejection rate and photometric 
properties for each zone. In practice, the time steps originally used in the dynamical 
calculations have been merged into a smaller number of time intervals for which 
averaged star formation data have been kept stored ; this has been done in order to 
economize on the computing and storage demands. Merged time intervals not less 
than about one-tenth of the initial free fall time were found to provide coarse but 
adequate time resolution for the history of star formation throughout the evolution 
of the system. 

It should be noted that only the mean motions of the stars have been taken into 
account in these models; the effects of the random orbital motions of individual 
stars, which would result in some spatial diffusion or mixing of stellar character- 
istics, are not taken into account in the present models. 

4.3 The stellar mass loss and metal production rates 

In calculating the stellar mass loss and heavy element production rates, the 
stars have been divided into a large number of mass intervals (typically about 60), 
chosen to be much smaller near 1 MQ than at larger masses so as to keep the 
difference in stellar lifetimes between neighbouring mass groups less than 109 yr; 
this is necessary to ensure adequate time resolution in calculating the required time 
integrals. For each mass interval, equation (4) gives the corresponding interval of 
lifetimes rm and hence the interval of formation times t — rm for those stars which 
at time t are just ending their lifetimes and ejecting mass. For each stellar mass the 
fractional mass which is lost at the end of a star’s lifetime is known, given the 
assumed remnant mass (Section 3.1). Multiplying the fractional mass loss by the 
rate at which stars of each mass die, which is the same as the rate at which they 
were formed at a time Tm earlier, it is straightforward to calculate the total mass loss 
rate dpe/dt by integrating the star formation rate over the time interval of formation 
for each mass group and then adding the contributions of all mass groups. This 
calculation makes use of the star formation rates stored for the previous time 
intervals of the evolution, and in evaluating the time integrals the star formation 
rate is assumed to be constant during each time interval and the distribution of 
stellar lifetimes is taken to be uniform within each mass interval. The rate of 
production of heavy elements dpz/dt is calculated in the same way as the mass loss 
rate dpe/dty using equations (5) and (6) to calculate for each stellar mass the frac- 
tional mass which is ejected as heavy elements, and using stored data for the initial 
stellar metal abundances Zf in each zone. 

4.4 Metal abundances of the gas and stars 

The metal abundance Zg of the gas is by definition equal to pzjpg where pz 

is the density of heavy elements in the gas. Differentiating with respect to time, we 
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obtain the following expression for the Lagrangian rate of change of Zg due to 
metal production at the rate dpz/dt and mass loss at the rate dpe/dt: 

dZg 

dt 
  I /dpz _ g dpe\ 

pg \ dt ^ dt) 
(10) 

The corresponding Eulerian equation used to calculate the time variation of Zg is 

dZg dZg = 1 /^Pz _ z dpe\ 
pg \ dt e dt ) (”) 

Equation (n) has been replaced by an implicit difference approximation of the 
same form as those used in the dynamical calculations, as described in Paper I. 
In calculating the change in Zg during each time step the quantities dpz/dt and 
dpe/dt have been calculated as described in Section 4.3 at the beginning of the time 
step, and they have been assumed to remain constant during the time step. Since 
the dynamical equations are independent of Zg, the dynamical variables can be 
advanced first and the new values of ug and pg thus obtained can be used in 
equation (11). All of the quantities in equation (11) are then known except for Zg, 
and new values for Zg can be calculated by solving the resulting simple set of linear 
equations. 

The average stellar metal abundance Zs is calculated from an equation similar 
to (11), except for the source term on the right-hand side which in this case gives 
the rate of change of Zs due to star formation at the rate dps¡dt from gas with metal 
abundance Zg: 

. azs _ (Zg—Z8)dpa , . 
-si+U8~W pT~~di‘ () 

Once Zg has been calculated, all of the quantities in equation (12) are known 
except for Zs, and the difference approximation to equation (12) can be solved for 
new values of Zs in the same way as the equation for Zg. In this case a consistency 
check on the accuracy of the calculations can be performed by comparing the value 
of Zs calculated from equation (12) with that calculated from the stored data for 
the star formation rates and initial stellar metal abundances in each zone. The 
two values for Zs are generally found to agree to an accuracy of about 10-20 per 
cent, although in a few exceptional situations discrepancies of up to 50 per cent 
may occur. In view of the various uncertainties affecting both the theory and the 
observations relating to metal abundances in galaxies, this appears to be an accept- 
able level of numerical accuracy for the present purposes. 

5. RESULTS AND COMPARISON WITH OBSERVATIONS 

5. i Structure of the resulting galaxy 

We consider first the results obtained for models constructed with the simplest 
possible assumptions, i.e. models for which the boundary radius R is fixed and the 
gaseous dissipation and star formation rates are given by equations (i)-(3). Apart 
from scale factors for the mass and radius, there are then three principal parameters 
which determine the dynamical properties of the models: the constants Cd and 

Cs in equations (1) and (3), and the ratio of the initial velocity dispersion to the 
velocity dispersion given by the virial theorem. The choice of initial stellar mass 
spectrum also influences the dynamics through its effect on the stellar mass loss 

40 
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rate, but for the cases considered here this is not an important source of variability 
between the models, and it has in any case been largely compensated by small 
adjustments to the constant Cs specifying the star formation rate. 

Since the constants Cd and Cs and the initial velocity dispersion cannot be 
predicted quantitatively, these quantities have been treated as free parameters to 
be varied until the best match between the model predictions and the observed 
properties of elliptical galaxies is found. The most extensively observed property 
of elliptical galaxies is the surface brightness distribution /(r); for a constant mass- 
to-light ratio, this is proportional to the projected surface density a(r), a quantity 
which can be directly calculated from the stellar density distribution />s(r) of any 
model. The only elliptical galaxy for which extensive photoelectric surface bright- 
ness measurements have been published appears to be the Ei galaxy NGC 3379 
studied by Miller & Prendergast (1962). Recent unpublished observations by I. R. 
King (private communication) of 15 elliptical galaxies show that most of these 
galaxies have luminosity profiles quite similar to that found by Miller & Prendergast 
(1962) for NGC 3379; we have therefore adopted NGC 3379 as a standard with 
which to compare the model predictions. 

A series of three models designated Models A, B and C have first been calcu- 
lated with the initial stellar mass spectra A, B and C of Section 3.2 and Fig. 1 in 
order to find out how the results depend on the initial mass spectrum. These models 
all have an assumed boundary radius of 30 kpc, which is probably a lower limit for 
the maximum radius attained by a typical protogalaxy. Since the three models are 
found to be dynamically almost identical, and since Model B seems to give the best 
fit to the observed photometric properties of NGC 3379, we describe first the results 
for Model B which has a Salpeter mass spectrum with lower mass limit 0*02 M0. 
For this model, it is found that good agreement between predicted and observed 
projected density distributions is obtained with values of Cd and Cs near unity, 
i.e. Cd = 0-85 and Cs = 0*90, and with an initial velocity dispersion of 12 km s-1. 

The density distributions for the stars and gas in Model B after an assumed 
galactic lifetime of 12 x 109 yr are illustrated in Fig. 2. The predicted stellar density 
distribution is approximately of the form p oc r-2'65 for radii between about 
300 pc and 20 kpc, a range which includes the bulk of the galaxy’s mass. The 
density does not reach a flat maximum at the centre as in the models of Paper I 
but increases steadily to the smallest radius used in the calculations (about o-i pc), 
approximately as r-°'75. This steady increase in density at small radii is not 
necessarily realistic, since the model assumptions are probably not valid on such 
small scales; nevertheless, it is worth noting that the small dense core predicted 
by this model resembles the dense cores actually observed in M31 and M32. For 
example, M32 has a small core with a radius of ~8 pc and a mass of ~ 107 M0 

(Walker 1962); for comparison, Model B has a mass of about 4Xio6M0 in a 
region of the same size. 

The projected stellar density distribution of Model B is illustrated in Fig. 3, 
where it is compared with the surface brightness measurements of NGC 3379 by 
Miller & Prendergast (1962), reduced in the same way as by King (1966). The 
theoretical curve has been positioned to give the best fit to the observations, but 
the horizontal placement of the curve is close to that appropriate for a distance to 
NGC 3379 of 14*6 Mpc, as would be implied by the measured redshift of 730 km s_1 

with a Hubble constant of 50 km s-1 Mpc-1. The fit is seen to be rather good, 
demonstrating that simple collapse models with apparently reasonable choices of 
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parameters are able to reproduce in some detail the observed radial structure of 
typical elliptical galaxies like NGC 3379. As would be expected, the space density 
distribution p oc r-2*65 projects into a surface density distribution which is approxi- 
mately a oc r-i-65 over much 0f the galaxy. The predicted increase in o(f) at small 
radii is possibly in conflict with the observations which suggest a flat central maxi- 
mum, but the observations are limited to a resolution not much better than 100 pc 
(i-4") and therefore cannot rule out the presence of a small sharp core at the 
centre of NGC 3379. 

Fig. 2. The density distributions of the stars and gas in Model B at t — 12 x 109 yr. The 
radii enclosing various fractions of the total mass are marked along the solid curve. The 
total mass is 1011 MQi of which 1*4 x 106 M0 is still in gaseous form. 

Both the model and the observations show a possibly significant slight change in 
slope near r ~ 1-5 kpc. In the model this represents a dividing point between two 
dynamically distinct regions which may be referred to as the ‘halo’ and the 
‘ nucleus \ The ‘ halo ’ part of the galaxy consists mostly of stars formed during 

the initial free fall stage of the collapse, which thus have radially elongated orbits 
with a ratio of radial to transverse velocity dispersions of about 3 at r = 104 pc. 
The ‘ nucleus on the other hand, consists mostly of stars formed after the velocity 
dispersion of the gas has built up sufficiently to slow or halt the initial free fall 
collapse near the centre, so that the stars in this region are formed in a near 
equilibrium configuration and have a nearly isotropic velocity distribution. 

In order to determine the importance of the assumed boundary radius i?, 
we have computed Model D with the same initial mass spectrum as Model B but 
with a boundary radius of 50 kpc which may be more realistic than the 30 kpc 
assumed for Models A-C. The other parameters for Model D are Cr> = 0*75, 

Cs = o*8o, and an initial velocity dispersion of 5*7 km s_1. The results for Model D 
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are in most respects quite similar to those for Model B, except that the collapse time 
scale is increased by a factor of 2-2; thus the initial free fall time is increased from 
2*7 x 108 yr to 5-9 x 108 yr. The projected density distribution of Model D, illus- 
trated in Fig. 8, is quite similar to that of Model B except that it falls off less rapidly 
at radii larger than about 6 kpc, where it does not fit the observations of NGC 3379 
quite as well as does Model B. However, it is worth noting here that NGC 3379 

Fig. 3. The projected density distribution of Model B {solid curve) compared with the 
V-magnitude surface brightness measurements of NGC 3379 by Miller & Prendergast 
(1962). Here I denotes the ratio of the number of galaxy counts per square arcsecond aperture 
to the number of reference star counts, and the slight ellipticity of the image has been corrected 
for in the same way as by King (1966). The dots are direct measurements and the open 
circles are deduced from measurements made with different apertures centred at the centre 
of the galaxy. The curve has been shifted to give the best fit to the observations; the horizontal 
placement corresponds to a distance of 15-8 Mpc, and the vertical placement corresponds 
to o{r) — 7*2 x 105/(r) Moj^c2. 

has a close companion galaxy, NGC 3384, which probably influences its outer 
structure; other more isolated elliptical galaxies have luminosity profiles which on 
the average fall off slightly less rapidly than NGC 3379 at large radii (King, private 
communication), and in some cases they extend out to radii of the order of 50 kpc 
or more. The mean profile of 14 elliptical galaxies as determined by King is, 
in fact, matched better by Model D than by Model B at large radii. 

The projected stellar velocity dispersion in Model D, which is nearly identical 
to that in Models A-C, is shown as a function of projected radius in Fig. 10. The 
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velocity dispersion predicted for the nuclear region is in good agreement with the 
observed nuclear velocity dispersion of 187 km s_1 in NGC 3379 (Burbidge, 
Burbidge & Fish 1961), confirming that the mass of NGC 3379 is indeed about 
1011 M0, as assumed. 

The residual gas content of Models A-D after 12 x 109 yr is of the order of 
2X 106 M0, most of which is in the outer regions of the galaxy and at extremely 
low densities; under these conditions it appears that this amount of gas would be 
unobservable, in agreement with the absence of any observable gas content in most 
elliptical galaxies. 

5.2 Metal abundances and photometric properties 

To obtain a quantity that can be compared with observations of metal abun- 
dances in elliptical galaxies, we have calculated a ‘ projected metal abundance 

by averaging the stellar metal abundance along each line of sight through 
each model. Fig. 4 shows the resulting Zp distributions for Models A-C at an 
assumed galactic age of 12 x 109 yr. The three curves have the same shape and 
differ only by scale factors depending on the initial stellar mass spectrum; as is 
evident from Fig. 1, Models A, B and C have increasing proportions of massive 
stars in the initial mass spectrum, and therefore they show increasing final metal 
abundances. The + symbols plotted in Fig. 4 represent crudely calibrated metal 
abundance measurements for the nuclear region of NGC 3379, derived from the 
CN band observations of Spinrad et al. (1972); the plotted points have been derived 
from Table 2 of Spinrad et al. (1972) by assuming rather arbitrarily that a super 
metal rich ’ star has Z = 0-06 and a ‘ normal ' star has Z = 0-015. 

The most striking feature of Fig. 4 is that both the models and the observations 
show a steep radial gradient in metal abundance in the nuclear region {r < 2 kpc). 
The reason for the abundance gradient in the models is readily understood in 
terms of the dynamics of formation of the nuclear region. The stars in this region 

Fig. 4. The stellar metal abundance averaged along lines of sight through Models A, B 
and C and plotted vs. projected distance from the centre. The + symbols are derived from 
observations of NGC 3379 by Spinrad et al. (1972, Table 2) by assuming that a 1 super 
metal rich ’ star has Z = 0-06 and a ‘ normal ’ star has Z = 0-015. 

© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 



19
7 

4M
N

RA
S.

16
6.
 .

58
5L

 

Vol. 166 6oo R. B. Larson 

are formed with a velocity dispersion which is nearly large enough to balance 
gravity, and therefore they experience little net inward motion after they are formed. 
In contrast, the gas continues to dissipate its kinetic energy and condense centrally 
through the stellar background. The heavy elements ejected by evolving stars are 
therefore carried inward by the inflowing gas, and the gas becomes more and more 
enriched in heavy elements as it flows toward the centre. Thus an abundance 
gradient is established in the gas, and this is reflected in the compositions of the 
stars which form from this gas. 

The existence of metal abundance gradients and ‘ super metal rich ’ stars in 
the nuclei of many bright elliptical galaxies is now well established through the 
work of McClure (1969), Spinrad et ah (1971, 1972), and others. The fact that the 
present models predict such abundance gradients in a natural way adds further 
support to the general picture of galaxy formation represented by these models. 
Quantitatively, however, it is not yet possible to make accurate comparisons 
between predicted and observed metal abundances, since no accurate calibration 
of the observed photometric indices in terms of Z is yet available. Thus the 
apparent discrepancy in slope between the theoretical curves and the observations 
in Fig. 4 may not be significant. On the theoretical side, it should be noted that the 
models neglect the effects of stellar orbital motions which would tend to smear out 
the predicted abundance gradient and bring it closer to the ‘ observed ’ one. 

In the ‘halos’ of Models A-D (r > 2 kpc) the abundance gradient almost 
vanishes and the average stellar metal abundance becomes almost independent 
of r. This is because the halo stars are formed mostly during the initial free fall 
phase of the collapse when the gas and stars are falling inward together at nearly 
the same velocity ; at this stage there is as yet little separation between gas and stars, 
and therefore little relative concentration of heavy elements toward the centre. 
At present there exist no measurements of CN bands or other metallicity indices 
at distances greater than about 2 kpc from the centres of elliptical galaxies, and 
therefore it is not known whether the metal abundances in galactic halos are really 
independent of r, as predicted for Models A-D. However, Miller & Prendergast 
(1962) found that the B-V colour of NGC 3379 is reddest at the centre and becomes 
bluer with increasing radius out to about r ~ 2 kpc, beyond which point B-V 
becomes constant within the accuracy of measurement. If the colour variation is 
due to a variation in metal abundance, as seems most likely, then the absence of a 
colour gradient at r >2 kpc suggests that the metal abundance is indeed constant 
in this region of NGC 3379, as predicted for Models A-D. 

From Fig. 4 it appears that Model B or perhaps something intermediate between 
B and C may provide the best match to the ‘ observed ’ metal abundance of 
NGC 3379, although this comparison is rather uncertain. A further important 
check or constraint on the models is provided by the photometric properties of the 
models, which have been computed by B. M. Tinsley and will be described in 
detail in a later paper. These calculations show, for example, that Models B and C 
both have B-V colours of about 0*97 in the ‘ halo ’ region, in excellent agreement 
with the observed B-V of 0*96 for the halo of NGC 3379 (Miller & Prendergast 

1962). Model A, with B-V ^ 0*94, is slightly but probably not significantly bluer, 
so that all three models predict colours which are in satisfactory agreement with 
the observations. The mass-to-light ratio M/Lb has also been calculated and 
is about 20 for Model A, 24 for Model B and 17 for Model C; within the con- 
siderable uncertainty, all of these values are consistent with the observed mass-to- 
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light ratios for elliptical galaxies, which are believed to be typically of the order of 
15 to 30 (King 1971). 

5.3 History of star formation and metal enrichment 

In order to completely specify the stellar content of a galaxy it is necessary to 
know the distribution of stellar ages and metal abundances, or equivalently the 

complete past history of star formation and metal enrichment at each radius. Fig. 5 
shows the star formation rate as a function of time at five representative radii in 
Model D; the results for Models A-C are almost identical to Model D except that 
the curves are shifted to somewhat earlier times. The zero point of time for Fig. 5 
is taken to be the beginning of the universal expansion, and the collapse of the 
protogalaxy is assumed to begin one free fall time later ; this is the minimum time 
that would be required for a protogalaxy to expand from infinite density to a state 
of rest from which it can begin to collapse again. 

Since the initial velocity dispersion is relatively small and the collapse is 
initially nearly a free fall, the protogalaxy develops a strong central density peak 
just one free fall time after the beginning of the collapse, i.e. at t = i-zx 109 yr. 
The star formation rate in the central region therefore rises rapidly to a maximum 
at this time. The star formation rate then begins to decrease as the protogalactic 
gas becomes depleted, but the decrease is less rapid in the nucleus than in the 

Fig. 5. The star formation rate vs. time at five representative radii in Model D; the radius 
is indicated in pc on each curve. The quantity plotted is the formation rate in M0 per 109 yr 
for those stars which at t = izx 109 yr are located in a volume of 1 pcz at the indicated 
distance from the centre. The three ticks along each curve indicate the times at which star 
formation is 10, 50 and 90 per cent complete at each radius. 
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outer regions because the residual gas, supplemented by recycled material, con- 
tinues to condense toward the centre and form new stars there. The times at which 
star formation is 10, 50 and 90 per cent complete at each radius are marked along 
the curves in Fig. 5 ; we see that the halo of the galaxy (which contains the bulk of 
the mass) tends to form first, whereas the nucleus develops later and its formation 
continues for a considerably longer period of time. For the whole galaxy, star 
formation is 50 per cent complete at i = i-i x 109 yr and 90 per cent complete at 
t — i*4x 109 yr, whereas at a representative point in the nucleus with r = 83 pc 
the corresponding times are 1*3 x 109 yr and 37 x 109 yr. Over most of the galaxy 
the number of young stars still present after 12 x io9yr is too small to have an 
important effect on the photometric properties, but the proportion of young stars 
increases toward the centre and this may have a significant effect on the photometric 
properties of the nucleus. 

The time variation of the initial stellar metal abundance Zf at the same radii 
is illustrated in Fig. 6. During the initial free fall collapse the metal abundance 

increases at about the same rate in all zones, but after a stationary background of 
stars has begun to form, the continuing inflow of gas produces a strong metal 

abundance gradient, as described in Section 5.2. In the nuclear region an approxi- 
mate steady state situation is soon established in which the effects of metal produc- 
tion and continuing gas inflow nearly balance to produce a metal abundance 
distribution which remains nearly constant with time. The result that Z(r) becomes 
nearly independent of time is similar to the prediction of the elementary argument 
of Larson (1972b), except that the latter neglected the existence of abundance 
gradients. In the outer part of the galaxy no such steady state is established since 
continuing star formation and metal production are not imporant there; during the 
later stages of evolution most of the gas in this region has been ejected from old, 

Fig. 6. The initial stellar metal abundance Zf vs. time at five radii in Model D. The 
curves are marked in the same way as those in Fig. 5. 
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low mass stars, and therefore its metal abundance stops increasing after the initial 
rapid rise and drops again to a value more representative of the average Z with 
which the halo stars were formed. This effect has been noted previously in the 
(non-dynamical) galactic evolution models of Talbot & Arnett (1971), Ikeuchi et aL 

(1972), and others. 
The distribution of stellar Z values in several zones at t — i2xio9yr is 

illustrated in Fig. 7. The diagram shows Z/Zmax, where Zmax is the maximum Z 
attained in each zone, plotted vs. iV/iVi, the fractional number of stars formed up to 
any time t. An important result is that in zones near the centre (^<300 pc) most 

N/N, 

Fig. 7. The distribution of stellar metal abundances at each of the five representative radii 
in Model D. Z is the metal abundance of stars formed at any time t at each radius and 
Zmax is the largest value ever attained by Z at that radius; N is the number of stars formed 
up to time t at each radius, and Ni is the number formed up to time t = 12 x 109 yr. 

of the stars in each zone have nearly the same metal abundance, and relatively metal 
poor stars are quite rate. Thus the proportion of stars with metal abundances 
smaller than o-i Zmax is less than io-2 at r;$ 1 kpc and less than io~3 at r < 20 pc. 
This is an illustration of the ‘ chemically inhomogeneous collapse ’ discussed by 
Searle (1973), who showed that if metal production occurs in a region of limited 
extent into which uncontaminated gas continues to flow, an approach to a uniform 
distribution of stellar Z values can be attained. It is well known that in the solar 
neighbourhood most of the stars have about the same Z, and metal poor stars are 
very rare; for example, Bond (1970) finds that stars with Z<o*i Z0 occur with a 
frequency of only about one in 103. A qualitatively similar result has been found by 
van den Bergh (1971) for a region in the nucleus of our Galaxy. These observations, 
which cannot easily be understood on the basis of a simple ‘ one zone ’ model of 
galactic evolution (Ostriker 1973), can be understood if the disc and nucleus of 
our Galaxy formed in the same manner as the nucleus of a spherical galaxy, i.e. 
through continuing inflow of gas into a region in which a nearly time-independent 
metal abundance distribution has been established. This general qualitative picture 
seems likely as a generalization of the present results for spherical models, and is 
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supported by some preliminary calculations for rotating models to be published 
later. 

6. RESULTS WITH OTHER ASSUMPTIONS 

6. i Effect of the assumed star formation rate 

Since the star formation rate is a crucial but uncertain function in the present 
models, it is of interest to consider the possibility of large deviations from the 
assumptions used in Models A-D for the star formation rate. In experimenting 
with other possible assumptions it has been found that the gaseous dissipation rate 
must be treated in a similar manner to the star formation rate, or else one process 
or the other may become strongly dominant and cause the resulting galaxy to be 
much too diffuse or much too condensed. Only two simple approaches were found 
to yield satisfactory models, namely the one used above in Models A-D and the 
one previously adopted in Paper I. To illustrate some of the possibilities, we 
present results for two additional models, Models E and F, which adopt the same 
initial stellar mass spectrum and the same boundary radius (50 kpc) as Model D 
but different assumptions for the star formation and gaseous dissipation rates. 

Fig. 8. The projected density distributions of Models D, E and F. 

Since the star formation rate assumed in Models A-D is considerably higher 
than that inferred observationally for the solar neighbourhood or for spiral galaxies, 
the star formation and gaseous dissipation rates have been arbitrarily reduced by 
about a factor of 4 in Model E, which has Cd = Cs = 0*2 and an initial velocity 
dispersion of 12 km s_1. The projected density distribution a(r) and the projected 
metal abundance Zv(r) at time t — izx 109 yr are shown in Figs 8 and 9, along 
with the results for Models D and F. The projected density o-(r) decreases more 
rapidly with r (approximately as r~2*8) than is observed, so that Model E does not 
provide a very good model for NGC 3379 or most elliptical galaxies. A noteworthy 
feature of Model E is that the projected metal abundance Zv{r) does not become 
constant at large radii as in Model D but continues to decrease with increasing 
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Fig. 9. The projected average stellar metal abundance in Models D, E and F. The + 
symbols are reproduced from Fig. 4. 

radius (see Fig. 9). This is mainly because the relatively low star formation rate in 
Model E results in less star formation and therefore less metal production during 
the early stages of the collapse when the outermost part of the galaxy is formed. 

A better fit to the observed surface brightness distribution of NGC 3379 
(although still not quite as good as Model B) is provided by Model F, which is 
based on the same type of assumptions for the star formation and gaseous dissipa- 
tion rates as were previously used in Paper I. The star formation rate is assumed to 
vary as a power of the gas density: 

^ = 0-85 ^ (I3) 

and the gaseous dissipation rate is assumed to be given by equation (1.6) of Paper I. 
In order to obtain reasonable agreement with the surface brightness distribution 
of NGC 3379 it is necessary to assume a much larger initial velocity dispersion than 
in Models A-D, and a value of 55 km s_1 has been adopted here. The projected 
density and metal abundance distributions of Model F are illustrated in Figs 8 
and 9. The metal abundance in Model F continues to decrease with increasing 
radius as in Model E and for a similar reason, since the star formation rate given by 
equation (13) is initially much smaller than that used in Model D. In addition, the 
large initial velocity dispersion in Model F inhibits any substantial inward motion 
of the stars once they have formed, so that a differential motion between gas and 
stars is present almost from the outset and this establishes a continuous Z gradient 
throughout the galaxy. Clearly, direct observations of the metal abundance in 
galactic halos would be valuable in helping to discriminate between models. 

Fig. 10 shows the predicted line-of-sight velocity dispersions of Models D, E 
and F, averaged along lines of sight through the models. The velocity dispersions 
in the nuclei of Models D and F agree well with the velocity dispersion of 187 km s-1 

observed in the nucleus of NGC 3379 (Burbidge et al. 1961). However, in the 
outer regions where the line-of-sight velocity dispersion reflects mainly the trans- 
verse velocity component, Models D and F diverge because of the larger initial 
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Fig. io. The line-of-sight velocity dispersion averaged along lines of sight through Models 
Dy E and F, plotted vs. projected distance from the centre. The arrows indicate the velocity 
dispersion measured by Burbidge et al. (1961) in the nucleus of NGC 3379 (r < zoo pc). 

velocity dispersion in Model F, which produces a larger transverse velocity 
dispersion. In Model F the stellar velocity distribution is nearly isotropic through- 
out the system, in contrast to Model D where the velocity distribution is radially 
elongated. Again, measurements of the velocity dispersions in the outer parts of 
elliptical galaxies would be useful in helping to discriminate between models. 

Fig. ii. The star formation rate vs. time at five radii in Model F. The data presented are 
the same as those shown for Model D in Fig. 5. 
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The star formation rates and initial stellar metal abundances at several radii 
in Model F are shown as a function of time in Figs 11 and 12, which may be 
compared with the results for Model D shown in Figs 5 and 6. The initial collapse 
is somewhat slower in Model F than in Model D because of the larger initial 
velocity dispersion, and the condensation of residual gas toward the centre and the 
formation of the nucleus take a longer time because the gaseous dissipation rate 
becomes relatively low at low gas densities. The star formation rate also becomes 
very low at low gas density, and therefore most of the residual gas condenses into 
the nucleus before becoming dense enough to form stars; thus the residual star 
formation activity in Model F is more strongly concentrated toward the centre 
than in Models A-E. 

log t (yr ) 

Fig. 12. The initial stellar metal abundance Zf vs. time at five radii in Model F. 

The final distribution of stellar Z values at several radii in Model F is illustrated 
in Fig. 13, which may be compared with the results for Model D shown in Fig. 7. 
While the results for Models D and F are quantitatively different, they share the 
basic qualitative property that in the inner part of the galaxy most of the stars at 
any point have approximately the same Z and metal poor stars are quite rare, 
whereas in the outer part of the galaxy the stars have a wider range of Z values. 

Model F, with a total residual gas content after i2xio9yr of about 
i*4 x io8 M0, predicts more gas and more young stars in the nuclear region than 
are observed in most elliptical galaxies ; however, this is not necessarily an objection 
to the basic model since there may in reality be processes which tend to remove 
the residual gas from elliptical galaxies (e.g. Mathews & Baker 1971). Also, some 
elliptical galaxies do contain significant amounts of gas and young stars ; for 
example, NGC4278 contains ä6xio4 M0 of gas within about 100 pc of the 
centre (Osterbrock 1971), which may be compared with the model predictions of 
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Fig. 13. The distribution of stellar metal abundances at five radii in Model F. 

2 x io3M0 for Model D and 3X io5M0 for Model F in a region of the same 
size. Evidence for ongoing or recent star formation in the inner regions of a number 
of elliptical galaxies, as predicted by the present models (particularly Model F), 
has been described by van den Bergh (1972). 

6.2 Effect of an expanding boundary 

Since the assumption of a fixed boundary is rather arbitrary and not neces- 
sarily realistic in all cases, we have computed some models with an expanding 
boundary for which R = Rç)t2lz. These models may crudely simulate not only the 
case of galaxy formation in an expanding region but also cases in which, for one 
reason or another, condensation of primordial material into a galaxy continues for 
a longer period of time than in the models so far considered. These ‘ expanding 
models ’ all have the same initial mass spectrum as Models B and D-F, i.e. a 
Salpeter law between 0*02 and 50 M0, and the calculations have been started at 
t = 108 yr in each case. 

Model G has been calculated using assumptions which are identical to Model E 
except that the boundary radius is R = 1000 i2/3 {R in pc, £ in 106 yr). In this model 
expansion continues throughout the system until tu 5 x 108 yr, at which time 
R ~ 65 kpc and the velocity dispersion has dropped to about 6 km s“1; the con- 
ditions at this time are thus similar to the initial conditions for Model D, except 
that about 20 per cent of the mass has already been converted into stars. The 
central part of the protogalaxy then stops expanding and begins to collapse, and at 
successively later times shells farther and farther from the centre stop expanding 
and begin to fall inward. The central gas density and star formation rate rise 
rapidly to a maximum at t ^ 1*2 x io9yr, as in Model D, but the maximum is 
less pronounced than in Model D and the formation process continues for a longer 
time because of the ever increasing time required for the outermost layers of the 
protocloud to stop expanding and fall back into the galaxy. The final results are 
similar to those for Model D except that, as illustrated in Figs 14 and 15, the 
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log r(pc) 

Fig. 14. The projected density distributions of Models G, H and I. 

projected density a(r) and metal abundance Zv(r) fall off somewhat less rapidly at 
large radii. Note that while Model E (Section 6.1) had a density distribution which 
was too steep, the effect of an expanding boundary is to make the density distribu- 
tion less steep and more realistic; for Model G we find approximately a(r) oc r-2 0. 

Model H, which is identical to Model G except that R = 1100 £2/3, represents 
a more extreme case of prolonged expansion and recollapse. The central region 
does not begin to collapse until ¿ ^ 1-2 x 109 yr, and the peak gas density and star 
formation rate occur at t ~ 2*7 x io9yr. The star formation rate drops relatively 
gradually after reaching its maximum (see Fig. 16), and even after i2xio9yr 
the galaxy still has an appreciable gas content (~ 12 per cent) and star formation 

Fig. 15. The projected average stellar metal abundance in Models Gy H and I. The + 
signs are taken from Fig, 4. 
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rate (^i*6M0yr_1) due to the continuing infall of gas from the outer layers of 
the remnant protocloud. Thus Model H would clearly not look like a normal ellipti- 
cal galaxy but would instead probably resemble an irregular or late spiral galaxy, 
at least as far as its gas and stellar content are concerned. 

Finally, Model I has been computed with the same assumptions as Model F 
except that the boundary radius is R = 1000 £2/3. In this case the recollapse begins 
at ¿ ^ yx io8 yr, and the total star formation rate reaches a broad maximum at 
t ~ 2X io9 yr. The time dependence of the star formation rate at several radii in 
Model I is illustrated in Fig. 17, which may be compared with the results shown 
for Model H in Fig. 16. The tendency of residual gas to concentrate in the nucleus 
before forming stars is even more evident here than in Model F (Fig. 11) ; in fact, the 

log t(yr ) 

Fig. 16. The star formation rate vs. time at five radii in Model H. 

gas density and star formation rate at the centre (r<2o pc) continue to increase 
monotonically up to £ = i2Xio9yr. Star formation is correspondingly less 
important in the outer part of the galaxy, which would thus look more like a normal 
elliptical galaxy. Thus the striking feature of Model I is that it would resemble an 
elliptical galaxy with very active star formation still going on in its nucleus. This 
situation bears a suggestive resemblance to the galaxies with active nuclei, and may 
be relevant to the interpretation of these objects (Section 7.2). 

From the various results described in this paper it appears that the structure 
finally attained by a spherical galaxy is not strongly dependent on the initial or 
boundary conditions for the protogalaxy but instead is determined mainly by basic 
physical processes, especially the star formation and gaseous dissipation processes. 
On the other hand, the time dependence of star formation as well as the proportion 
of gas and young stars remaining after i2x io9yr can vary widely from case to 
case, depending on the initial and boundary conditions. In particular, the models 
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Fig. 17. The star formation rate vs. time at five radii in Model /. 

described in this section show that under some circumstances the continuing 
condensation of protogalactic gas into a galaxy can support star formation at a rate 
of the order of i Moyr-1 or more for 12 x io9yr or longer, a possibility which 
may help to explain some important characteristics of normal and peculiar galaxies 
(Larson 1972a). 

7. POSSIBLE OBSERVATIONAL CONSEQUENCES OF GALAXY FORMATION 

7.1 The time of galaxy formation 

In any consideration of the observable consequences of galaxy formation a key 
role is played by the time (i.e. redshift) at which galaxy formation occurs. In the 
present models, the most conspicuous observable property of a forming galaxy 
would be the high luminosity produced by the many massive young stars formed; 
other conspicuous phenomena, such as the formation of luminous H 11 regions 
and the production of supernovae at a high rate, would also accompany the forma- 
tion of massive stars. Since these stars have lifetimes of < 108 yr which are short 

compared with the time scale for formation of a galaxy (# 109 yr), the number of 
massive stars present at any time and hence the luminosity of a protogalaxy are 
approximately proportional to the star formation rate. For example, with a Salpeter 
mass spectrum between 0*02 and 50 M0 as assumed in most of the present models, 
it can be shown that the luminosity due to main sequence stars is about 3 x 109 L0 

times the star formation rate in solar masses per year. 
The time dependence of the total star formation rate in all of the present 

models is shown in Figs 18 and 19. The sudden ‘ turning on J of star formation 
when the calculations begin is of course an artificial feature of the models, but in 
all cases the star formation rate increases to a maximum about one free fall time 

41 
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Fig. 18. The total star formation rate vs. time for Models A-F. 

later when a strong central condensation develops. The time of maximum star 
formation rate and maximum luminosity varies from 5 x io8 yr for Models A-C 
to 27 x 109 yr for Model H, a ‘ typical ’ value being about x-5 x 109 yr. The red- 

shifts corresponding to these times depend sensitively on uncertain cosmological 
parameters, but if we adopt H = 50 km s“1 Mpc“1 and q = the corresponding 
range of redshifts is from 7-0 to 1-9, with a ‘typical’ value of about 3-3. The 
largest of these values should probably be regarded as an upper limit since it refers 
to models with a boundary radius of only 30 kpc, which is probably a lower limit 
for typical galaxies; at least some elliptical galaxies are observed to extend out to a 
radii of 50 kpc or more, and they must have collapsed at later times and smaller 

Fig. 19. The total star formation rate vs. time for the ' expanding ’ Models G, H and I. 
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redshifts than the models with i? — 30 kpc. Thus redshifts in the lower part of 
the above range, say of the order of 2 to 5, may be most realistic. Smaller values are 
entirely possible, and there is no a priori reason why some protogalaxies should not 
collapse at even later times than any of the present models; thus galaxy formation 
may continue, presumably at a decreasing rate, down to the present time (i.e. to 
zero redshift). 

We have so far discussed only the time of maximum star formation rate, but it 
is important to note that the galaxy formation process continues for a finite period 
of time which may be quite extended in some cases ; thus the effects of galaxy 
formation may be observable over a considerable range of redshifts even in a single 
galaxy. This is particularly true of the ‘ expanding models v G-I, in which star 
formation continues at a significant rate even after i2xio9 yr. It is also note- 
worthy that in all of the present models star formation continues for a relatively 
extended period of time in the nucleus, owing to the continuing inflow of residual 
gas into the nuclear region. Thus one might expect to see star formation continuing 
actively in the nuclear regions of some galaxies at redshifts which may be con- 
siderably smaller than the redshift at which the bulk of the galaxy formation 
activity took place. 

7.2 Possible interpretation of galaxies with active nuclei 

There is now good evidence (e.g. Gunn 1971; Kristian 1973; Sandage 1973) 
that quasars represent a particularly intense form of nuclear activity in large 
elliptical galaxies and that the quasars are thus morphologically as well as spectro- 
scopically similar to the N galaxies and Seyfert galaxies, the basic phenomenon 
in all cases being the generation of large amounts of non-thermal radiation in a small 
region in the nucleus of a galaxy. Many theories have been proposed to explain 
the origin of this radiation, but most of them require the presence in the nucleus 
of a substantial amount of gas and/or recently formed massive objects such as 
massive stars (which rapidly evolve to produce supernovae and pulsars), super- 
massive objects, or black holes. A high gas content and a high star formation rate 

are in fact expected to be present in the nucleus of a galaxy during the later stages 
of the galaxy formation process when the bulk of the galaxy has already formed and 
the remaining gas is condensing strongly at the centre to form a dense nucleus. Thus 
an attractive possible interpretation of the quasars and similar objects is that they 
may represent a stage in the formation of a galaxy, specifically the formation of a 
dense nucleus by the condensation of residual gas at the centre. 

Some approximate numerical coincidences lend support to this possible inter- 
pretation of quasars. The redshift range of ^2-5 suggested above for the time of 
maximum star formation rate in a forming galaxy is approximately consistent with 
the redshift range of ^ 2-3 in which the highest space density of quasars is observed, 
and the agreement may be even better if the quasars represent a somewhat later 
stage of the galaxy formation process, as may well be the case. The peak star 
formation rate in a forming galaxy of mass 1011 M0 is of the order of 100 M0 yr_1 

(Figs 18 and 19), which implies a stellar luminosity of the order of 3 x 1011 L0; 
for a massive elliptical galaxy of mass 1013 M0 the peak stellar luminosity would 
be as high as #3X io13L0. While these numbers cannot be compared directly 
with the (mostly non-thermal) radiation from quasars, they at least show that 
quasar-like luminosities are to be expected for forming galaxies. Finally, it has been 
noted by Schmidt (1972) that the space density of quasars at a redshift of 2*5 is 
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comparable with the presently observed space density (in comoving coordinates) 
of giant elliptical galaxies, a fact which is consistent with the interpretation of the 
quasars as an early stage in the evolution of giant elliptical galaxies. 

It is possible that the various apparently exotic properties of quasars, such as 
the non-thermal emission, rapid variability, and complex and variable small scale 
radio structure, can be accounted for by relatively conventional processes if super- 
novae and pulsars are produced at a high rate in a dense ambient gas in the nucleus 
of a galaxy (Blandford & Rees 1972; Arons et ah 1973). This situation is expected 
to occur during the formation of a galactic nucleus, since a high rate of star forma- 
tion leads very rapidly to a high rate of production of supernovae and pulsars. 
If all stars more massive than 4 M0 become pulsars (Gunn & Ostriker 1970) and 
if we consider as before a Salpeter mass spectrum between 0*02 and 50 M0, then 
a star formation rate of looMoyr-1 yields a pulsar formation rate of 1 yr-1. If 
each supernova/pulsar releases io53erg and if most of this energy is converted 
into non-thermal radiation, the corresponding average luminosity is then about 
io12L0, or about three times the thermal luminosity from stars; thus the 
luminosity of a forming galactic nucleus could well be predominantly non-thermal. 
In the quasar model of Blandford & Rees (1972) and Arons et ah (1973), the low 
frequency electromagnetic waves produced by an assembly of pulsars accelerate 
electrons from the ambient gas to relativistic energies, causing them to radiate 
non-thermally the pulsar energy; with this model, the properties of typical quasars 
can be accounted for with a pulsar formation rate of £ 1-10 yr_1, a rate which is 
easily achieved during the formation of a massive elliptical galaxy. The theory of 
Arons et ah (1973) requires most of the quasar activity to take place in a small 
volume of dimension only ^ 10 pc, a requirement which is not quantitatively met 
by the present models. However, the present models describe only the averaged or 
smoothed-out properties of a forming galaxy, and in reality the star formation 
process is almost certainly highly non-uniform and confined mostly to small regions 
of exceptionally high density; it is probably in such atypically small, dense regions 
that the conditions required for quasar activity are met. 

The fact that quasars and similar objects are observed over a wide range of 
redshifts extending down to nearly zero can plausibly be understood as being due 
to the continuing formation of galaxies at all times up to the present time. The 
strong variation in the space density of quasars as a function of redshift (Schmidt 

1972) would then indicate a strong decrease in the galaxy formation rate with time, 
a situation which is not implausible. However, it is also possible that quasar 
activity may sometimes occur in a galaxy long after the initial collapse process if a 
remnant part of the initial protocloud or another cloud of intergalactic matter falls 
into the galaxy and condenses in the nucleus to produce a high rate of star formation 
there (Larson 1972a). If this is an important cause of quasar activity, then the 
quasar redshift distribution would reflect at least in part a decrease in the rate of 
occurrence of such delayed infall processes, which again is to be expected since the 
density of protogalactic matter or intergalactic clouds decreases with time. At 
present our knowledge about quasars is not sufficient to indicate just how closely 
the quasar phenomenon is related in time to the initial collapse of the protogalaxy. 
The large redshifts of most quasars indicate that in most cases the quasar pheno- 
menon occurs at an early stage in the evolution of a galaxy, but in some nearby 
galaxies showing nuclear activity it appears that the galaxy involved is basically a 
normal old galaxy, so that in some cases there is evidence for continuing or recurrent 
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nuclear activity long after a galaxy has formed. Much more observational work will 
be required to completely elucidate the relation between nuclear activity and the 
formation and evolution of galaxies. 

8. CONCLUSIONS 

The present results, particularly for Models B and D, demonstrate that collapse 
models based on simple assumptions and plausible choices of parameters are able 
to reproduce rather well the principal observed properties of nearly spherical 
galaxies ; the properties satisfactorily explained by the models include the surface 
brightness distribution, the metal abundance distribution, and the photometric 
properties of nearly spherical galaxies. Thus the conventional collapse picture of 
galaxy formation represented by these models is able to give a quite satisfactory 
account of the formation of such galaxies, and there is no need to invoke any of 
the more exotic or unconventional theories which have sometimes been proposed, 
such as the idea that galaxies may be formed by the ejection of matter from a nuclear 
source. Indeed, the metal abundance gradients observed in galactic nuclei are 
most naturally explained in terms of a collapse or infall process, and it is difficult 
to explain the distribution of stellar metal abundances in the solar vicinity in any 
other way (e.g. Ostriker 1973). 

The models suggest that the star formation rate in a collapsing protogalaxy 
reaches a maximum at a time of the order of i*o-2-5 x 109 yr after the big bang, 
corresponding to a redshift of the order of 2 to 5, and that the collapse process takes 
a similar amount of time for its completion. As the system evolves, the residual gas 
tends to become more and more condensed at the centre, so that intense star 
formation activity may continue in the nucleus of the galaxy for a significantly 
longer period of time. Within the uncertainties, the results are consistent with the 
interpretation of the quasar phenomenon as a stage in the formation of a giant 
elliptical galaxy, namely the stage when a dense nucleus is forming as a result of 

the central condensation of residual gas. The complete explanation of the quasar 
phenomenon evidently involves many complicated physical processes and it is not 
yet possible to make quantitative predictions for all of these processes, but the 
present interpretation (see also Arons et ah 1973) at least does not seem inconsistent 
with any present knowledge, and it is again not clear that any more exotic or un- 
conventional models are required. 

The present models do not provide any direct explanation for the apparent 
correlation between the masses and the metal abundances of elliptical galaxies, 
since the fractional mass processed into heavy elements is fixed within fairly narrow 
limits by the assumed stellar mass spectrum, regardless of the dynamical charac- 
teristics of the models. As long as a galaxy can be treated as a closed system, the 
effect of the internal dynamics is mainly to redistribute the heavy elements without 
significantly changing the total amount produced. Thus in order to explain differ- 
ences in the metal abundances of galaxies it is necessary either to assume different 
initial mass spectra, for which there is no obvious justification, or to abandon 
the assumption of a closed system and allow that forming galaxies may lose or gain 
processed gas from their surroundings. For example, if galaxies of different masses 
form at the same time and in the same region of space, e.g. in a protocluster of 
galaxies, it is not difficult to imagine that the small galaxies will tend to lose their 
processed gas and that the massive galaxies will tend to accrete this metal-enriched 
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gas from the surrounding region. This might then account for the fact that more 

massive galaxies tend to have higher metal abundances. At any rate, it seems 
likely that future more sophisticated models of galaxy evolution will have to allow 
for the fact that galaxies need not evolve as closed systems but may exchange 
matter with their surroundings. 

Yale University Observatory, New Haven, Connecticut 06520 
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