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The stellar mass in disk galaxies scales approximately with the fourth power of the 

rotation velocity, and the masses of the central black holes in galactic nuclei scale 

approximately with the fourth power of the bulge velocity dispersion.  It is shown 

here that these relations can be accounted for if, in a forming galaxy with an 

isothermal mass distribution, gas with a column density above about  8 Mּס pc−2 

goes into stars while gas with a column density above about  2 g cm−2 (104 Mּס pc−2) 

goes into a central black hole.  The lower critical value is close to the column 

density of about  10 Mּס pc−2 at which atomic gas becomes molecular, and the upper 

value agrees approximately with the column density of about  1 g cm−2 at which the 

gas becomes optically thick to its cooling radiation.  These results are plausible 

because molecule formation is evidently necessary for star formation, and because 

the onset of a high optical depth in a galactic nucleus may suppress continuing star 

formation and favour the growth of a central black hole. 

   The condensation of diffuse matter into stars or black holes requires the loss of 

both angular momentum and energy, and while angular momentum can be removed or 

redistributed in a number of ways1, the thermal energy created by compression must be 

removed by radiation.  The radiative properties of condensing matter are controlled by 

its optical depth, and this depends on its column density.  At one extreme, the most 

diffuse matter in the universe has a very low column density and cannot form stars 

because it is kept ionized by the ultraviolet radiation that pervades the universe.  At the 

other extreme, any matter with a column density high enough that radiation is trapped 
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and cooling is prevented cannot easily form stars either, although it can be accreted by 

an existing object.  Between these extremes of column density, the gas can form atoms 

and molecules that radiate energy efficiently and thus allow normal star formation to 

occur. 

In galaxies, the stellar mass and the black hole mass both increase systematically 

with the mass of the system, mostly in dark matter.  The best-defined correlations are 

with a characteristic velocity, either the rotation velocity V of a disk or the velocity 

dispersion σ of a bulge, both of which are typically nearly constant.  For disk galaxies, 

the luminosity and inferred stellar mass increase approximately as V 4, following the 

well-known Tully-Fisher relation2,3,4.  The masses of the central black holes in galaxies 

with significant bulges increase approximately as σ 4, being typically about 3 orders of 

magnitude smaller than the stellar mass5,6,7.  These relations can be accounted for if 

there are critical column densities for star formation and black hole formation in 

galaxies: if the mass distribution in a forming galaxy is approximated by a singular 

isothermal sphere with a constant velocity dispersion σ, and if the gas is distributed 

radially in the same way as the total mass, then as will be shown below, the amount of 

gas whose column density exceeds any critical value Σcrit is proportional to σ 4 or V 4 and 

inversely proportional to Σcrit .  The scaling relations noted above can then be accounted 

for if there are two critical column densities in a forming galaxy, such that most of the 

gas whose column density exceeds a lower critical value goes into stars while most of 

the gas whose column density exceeds another critical value about 3 orders of 

magnitude higher goes into a central black hole. 

For a singular isothermal sphere with a constant velocity dispersion  σ and rotation 

velocity V, the mass M(r) inside radius r is M(r) = V 2r/G = 2σ 2r/G (ref. 8).  If the gas in 

a forming galaxy is distributed radially like the total mass, and if the ratio of gas mass to 

total mass is  fg , the mass of gas inside radius r is Mg(r) =  fg M(r).  If this gas is mostly 
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in a disk, the surface density of gas Σg(r) at any radius  r in the disk is  fg dM(r)/2πrdr, 

from which we obtain by differentiation  Σg(r)  =  fg V 2/2πGr  =  fg σ 2/πGr.  Eliminating  r 

from the expressions for Mg(r) and Σg(r), the mass of gas inside the radius where the gas 

surface density is  Σcrit , i.e. the mass of gas with surface density greater than Σcrit , is 

                  Mg (Σg > Σcrit)  =  fg
2 V 4/2πG 2Σcrit  =  2 fg2 σ 4/πG 2Σcrit .                 (1) 

For disk galaxies, the relation between stellar mass and rotation velocity is 

approximately Mstars  ~  4.5 × 1010 V200
4 Mּס (ref. 4), where V200 is the rotation velocity in 

units of 200 km s−1;  if the presently observed stars formed from gas with a surface 

density greater than some critical value Σcrit, and if  fg is taken to be the cosmic baryon 

fraction of 1/6, then this relation is reproduced if  Σcrit ~ 8 Mּס pc−2.  The Tully-Fisher 

relation can thus be accounted for if, in a simple model of a star-forming disk, all of the 

gas with surface density above  8 Mּס pc−2 forms stars while all of the gas with lower 

surface densities remains in gaseous form.  For other values of  fg, the critical gas 

surface density scales as  fg
2.  For the central black holes in galaxies, the relation 

between black hole mass and bulge velocity dispersion is approximately MBH  ~  

1.5 × 108 σ200
4 (ref. 7), and if we again assume a ratio of gas mass to total mass of  fg = 

1/6, as is typically found  in starburst galactic nuclei9, this relation is reproduced with a 

critical gas surface density Σcrit ~ 2 g cm−2 (104 Mּס pc−2).  The relation between black 

hole mass and bulge velocity dispersion can thus be accounted for if, in the above 

simple model, all of the gas in a galactic nucleus with a surface density greater than 

about 2 g cm−2 goes into a central black hole, while the gas with lower surface densities 

goes mostly into stars. 

One can ask whether such simple models are realistic enough to be relevant, and 

whether the derived threshold column densities for star formation and black hole 

formation are astrophysically plausible.  In fact, these models appear to be in reasonable 
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accord with observations, at least on large scales, and the derived threshold column 

densities correspond in both cases to transitions between different astrophysical regimes 

that can be expected to be important for star formation and black hole formation. 

For disk galaxies, the model assumes that a galaxy acquires most of its mass in a 

time short compared with the time required for the gas to turn into stars, and that the 

dark matter quickly settles into an isothermal sphere and the gas into a disk with the 

same radial mass distribution.  Although the innermost parts of large galaxies may be 

baryon-dominated, the outer parts are not, and it is in these outer parts where the 

threshold surface density for star formation is determined.  For example, in a galaxy like 

the Milky Way, the threshold gas surface density occurs at a radius of about 25 kpc 

where dark matter is dominant and the gas and dark matter are not strongly radially 

segregated.  A baryon-to-dark-matter ratio equal to the cosmic value of 1/6 is in 

reasonable accord with the known properties of the outer disk of the Milky Way galaxy; 

for example, in the Solar vicinity the disk accounts for about 1/4 of the mass inferred 

from the rotation curve.  A threshold surface density of  8 Mּס pc−2 for star formation is 

plausible astrophysically because it is similar to the column density of about 10 Mּס pc−2 

above which atomic hydrogen is predicted to become self-shielding against dissociation 

and hence to become mostly molecular10.  Observations agree with this prediction, 

showing that the surface density of atomic hydrogen in galaxies typically saturates at 

around 10 Mּס pc−2 and that gas with higher surface densities is mostly molecular10.  

This threshold surface density for molecule formation also agrees well with the 

observed threshold gas surface density for star formation in galaxies11,12, as would be 

expected if molecule formation is a prerequisite for star formation13.  The possibility 

that the Tully-Fisher relation can be accounted for by a threshold gas surface density of  

~ 8 Mּס pc−2 for star formation therefore appears to receive support from both theory and 

observations. 
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The formation and growth of central black holes in galactic nuclei is much less 

well understood, but an important aspect of the problem has been considered to be the 

competition between black hole feeding and star formation in a nuclear gas disk14,15,16.  

At radii larger than a few tenths of a parsec, any disk that might feed a black hole at a 

significant rate is predicted to be gravitationally unstable14,15, and most of its gas might 

then go into stars rather than into a central black hole.  It is then necessary to understand 

how star formation might be inhibited and black hole accretion favoured in such a 

nuclear gas disk.  If there were no change in the physics in the central part of a forming 

galaxy, the same processes that build roughly scale-free distributions of dark matter and 

stars at larger radii would continue to build them indefinitely toward smaller radii.  In 

models for the formation of individual stars, isothermal gas collapse builds a scale-free 

density distribution indefinitely toward smaller radii until isothermality is broken by the 

onset of a high opacity at the centre17, and we might expect that in the case of galaxy 

formation, a high opacity will again eventually intervene and change the physics in a 

dense central region, possibly favouring the formation of a single massive object there. 

At the high densities of galactic nuclei, the thermal and radiative properties of the 

gas are controlled by dust, and cooling is by far-infrared emission from the dust.  The 

dust in the Milky Way nucleus has temperatures of the order of 50 K18, while the dust in 

starburst nuclei is typically warmer, with temperatures up to 100 K or more19.  At a 

temperature of  50 K the Rosseland mean opacity of star-forming gas is about 0.7 

cm2 g−1, and at 100 K it is about 3 cm2 g−1, remaining in the range of a few cm2 g−1 at 

higher temperatures20.  The gas in a galactic nucleus therefore becomes optically thick 

to its cooling radiation at a column density of about 0.3 to 1.5 g cm−2, and a column 

density twice this large is required for the optical depth in the midplane of a gas layer to 

equal unity.  Thus, within a factor of a few, a column density of the order of 1 g cm−2 

(5×103 Mּס pc−2) is required for the gas in a galactic nucleus to become optically thick to 

its cooling radiation. 
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The column density at which the gas becomes optically thick to its cooling 

radiation agrees approximately with the column density of  ~ 2 g cm−2 above which, in 

the above model, most of the gas must go into a black hole if the relation between black 

hole mass and bulge velocity dispersion is to be accounted for.  The optical depth of a 

nuclear gas disk would be expected to play an important role in its evolution because a 

high optical depth will tend to suppress star formation, and it may also alter the physics 

in ways that favour black hole accretion.  Star formation, or at least the formation of 

low-mass stars, is likely to be suppressed by a high optical depth because the 

temperature can then only increase when the gas is compressed; this is true even if the 

photon diffusion time is short, because an outward temperature gradient is still needed 

to drive photon diffusion.  This is in contrast to normal star formation where efficient 

cooling to very low temperatures during the early stages allows the gas to fragment to 

masses of a solar mass or less21,22.  Even a modest increase in temperature with 

increasing density can strongly suppress fragmentation23.  Simulations of star formation 

in gas captured into orbit around a central black hole in a galaxy show that 

compressional heating of the optically thick gas near the black hole can yield quite high 

temperatures and raise the Jeans mass sufficiently that mostly massive stars are 

formed24.  The Galactic Center Cluster around the central black hole in our Galaxy does, 

in fact, have an anomalous stellar mass function that strongly favours massive stars25. 

If the formation of low-mass stars is suppressed, this will reduce the competition 

from star formation to black-hole feeding.  Massive stars may continue to form, but they 

will not contribute to a population of long-lived stars in a galactic nucleus.  A transition 

from low-mass to high-mass star formation might then be an important first step in the 

larger transition from star formation to black hole formation in a galactic nucleus.  The 

formation of massive stars in regions of  high column density might be expected more 

generally because a minimum column density of about 1 g cm−2 for massive star 

formation has also been derived from a different argument based on spherical models26.  



7 

While these spherical models differ in many details from the simpler disk models 

discussed above, in both cases the dust opacity plays an important role and radiative 

heating inhibits fragmentation into low-mass stars. 

Massive stars might also promote black hole accretion by heating the gas in 

nuclear disks, raising the midplane temperature to 103 K or more in starburst regions27.  

This relatively high temperature may, in addition to suppressing star formation, alter the 

gas physics in ways that favour black hole accretion.  One possibility is that increased 

coupling to a magnetic field might allow magnetically-driven accretion processes to 

play a more important role.  Another possibility, following directly from the higher 

temperature, is that pressure disturbances and acoustic waves might play an increased 

role28,29.  Even if gravitational torques dominate, as is often assumed, such torques may 

be enhanced when the disk is heated because a higher temperature means larger-scale, 

more open spiral patterns and hence stronger torques28.  Disk heating by massive stars 

or other heat sources might then not only suppress star formation but promote accretion 

by a central black hole. 

Since substantial heating of a disk, whether by mechanical, magnetic, or radiative 

means, is possible only if the disk is optically thick, the onset of a high optical depth in 

a galactic nucleus may lead to a fundamental transition in the astrophysics from 

dominance by small-scale gravitational processes to more global processes that favour 

the growth of a central black hole.  If so, it may help to explain the relation between 

black hole mass and bulge velocity dispersion.  Also, the fact that the black hole mass in 

galaxies is typically about 3 orders of magnitude smaller than the stellar mass could 

readily be understood as following from the fact that the column density of about 1 

g cm−2 or 5×103 Mּס pc−2 at which the gas becomes optically thick to its cooling 

radiation is nearly 3 orders of magnitude higher than the column density of about 10 

Mּס pc−2 at which it becomes molecular. 
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A further prediction is that if star formation is suppressed when the gas surface 

density exceeds ~ 2 g cm−2 or 104 Mּס pc−2, there should be a maximum stellar surface 

density of this order in galactic nuclei.  It has recently been shown30 that the cores of 

many different stellar systems have a maximum surface density of order 105 Mּס pc−2, 

about an order of magnitude higher than the maximum stellar surface density predicted 

here.  Since the critical surface density needed to explain the MBH–σ relation depends on 

the square of the gas fraction, it would agree with the observed maximum stellar surface 

density if a larger gas fraction of 0.5 were assumed, a not implausible value for the early 

stages of galaxy formation.  The same simple model that accounts for the relation 

between black hole mass and bulge velocity dispersion might then also account for the 

observed maximum stellar surface density in galaxies.  

Since the physics of this simple model is entirely local, it does not depend on any 

particular scenario of galaxy formation.  For example, it can apply even if galaxies are 

built up from the inside out and if the nucleus and central black hole form first and the 

outer disks of spirals form later, as long as its assumptions are valid locally at the time 

of formation .  The basic dimensional relations in equation (1) also remain valid even if 

the mass distribution is not that of an isothermal sphere.  The results therefore do not 

depend sensitively on complex non-local physics such as that involved in feedback 

effects. 
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